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Polynomial Stability Introduction
Main Results
Example

Stability of Semigroups
e X is Hilbert, A: D(A) Cc X - X

o A generates a uniformly bounded semigroup 7'(t)

Exponential: Polynomial: Strong:

IT()] < Me=! IT(t)z]| — 0
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Polynomial Stability

Definition

T(t) is called polynomially stable if
e T(t) is uniformly bounded,

e iR C p(4),

@ There exist &« > 0 and M > 0 s.t.

M
IT()A™Y < tT/i Vi > 0.

Since uniform boundedness is required, a polynomially stable
semigroup is also strongly stable.
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Characterization on a Hilbert Space

Theorem

If T(t) is a uniformly bounded semigroup and iR C p(A). For a
fixed o > 0 the following are equivalent.

M
(@) ITWA <52, >0

(b) ([ R(iw, A)[ < M(1 + |w[*)

(c)  sup [[R(A A)(=A4)" < oo
ReA>0

References: Borichev—Tomilov (2010), Batty—Duyckaerts (2008),
Batkai—Engel-Priiss—Schnaubelt (2006), Latushkin—Shvydkoy (2001).
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Robustness of Polynomial Stability

Assume T'(t) and a > 0 are such that

My

-1
|77 <

Problem
Consider stability of the semigroup generated by

A+ BC,

where B € L(CP, X) and C € L(X,CP).
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Robustness of Polynomial Stability

Assume T'(t) and a > 0 are such that

My

-1
|77 <

Problem
Consider stability of the semigroup generated by

A+ BC,

where B € L(CP, X) and C € L(X,CP).

Challenge: There exist B, C' with arbitrarily small || B||, || C|| s.t.
A + BC is unstable.
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Main Results on Polynomial Stability
Assume perturbation A + BC satisfies

R(B) € D((-4)) and R(C*) cD((-4)) (1)

for some 3,v > 0.
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Main Results on Polynomial Stability
Assume perturbation A + BC satisfies

R(B) € D((-4)) and R(C*) cD((-4)) (1)

for some 3,v > 0.

The operators B and C' are “more than bounded”.
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Main Results on Polynomial Stability
Assume perturbation A + BC satisfies
R(B) C D((-4)") and R(C*) C D((-4")") (1)
for some 3,v > 0.
The operators B and C' are “more than bounded”.

Theorem (LP 2012, 2013)

Assume 8 + v > «. There exists d > 0 such that if B and C
satisfy (1) and

I(=4)"Bl| <6,  and  [|(=A")C*|| <6,

then the semigroup generated by A + BC' is strongly and
polynomially stable (with the same exponent o > 0).

L. Paunonen Robustness of Strong and Polynomial Stability



Polynomial Stability Introduction
Main Results
Example

Example: 1D Wave Equation on [0, 1]

2 2
%;U(Z, t) = %(2, t) 4 [damp]  (Dirichlet BC's)
Damping N
Undamped equation Damped: pol. stable with

a =2 (dep'n on [damp]).
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For the Wave Equation

In the original wave equation on [0, 1]

d*w d*w ow
W(Z’ t) = ﬁ(z, t) + [damp] + bo ((w, c1)rz + <E’ 62>L2>
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For the Wave Equation

In the original wave equation on [0, 1]

9w 9w

W(Z’ t) = 92 (z,t) 4+ [damp] + bg ((w c1)rz + <8w 2>L2>

ot’

the polynomial stability is preserved if
bo,co € H*NHY  and ¢ € L(0,1),
and if the L?-norms

lbollz2s  N06ll2s  lleillzes  lleallzes  [Ichllr2

are sufficiently small.
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Part Il:
Preservation of Strong Stability
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Finite Spectral Points on 7R

Restriction:
: / Polynomial stability implies o(4)NiR = @
Problem

How to handle spectrum on iR?
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Solution

Study the situation where T'(¢) is strongly stable, o(A) N iR is
finite, and the resolvent growth is suitably bounded on iR.

iLUQ

o ? 7:(,&}]_
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Solution

Study the situation where T'(¢) is strongly stable, o(A) N iR is
finite, and the resolvent growth is suitably bounded on iR.

For a fixed o > 1:

iLUQ
[ R(iw, A)[| < o —wnl®

i . :::'— w . M
. / ! [R(iw, A)[| < o —n]®

sup || R(iew, A)] < oo
|w| large
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Main Problem

Problem
For a fixed o« > 1, consider stability of the semigroup generated by

A+ BC,

where B € L(CP, X) and C € L(X,CP).

General aim: Define suitable graph norms to measure the sizes of
B and C.
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Properties

The operators iw; — A and iws — A have unbounded sectorial

inverses
(z'wl — A)il and (iWQ — A)il
B : Use graph norms of the inverses in
studying robustness of stability!
’ . :.'..— iwl
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Robustness of Stability

Problem
For a fixed o« > 1, consider stability of the semigroup generated by

A+ BC,

where B € L(CP, X) and C € L(X,CP).

Assume perturbation satisfies
R(B) C D((iw; — A)™P) and R(C*) C D((—iwy — A*)7)
R(B) € D((iwa — A)™?) and R(C*) C D((—iwy — A*)77)

for some 3,y > 0.
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Robustness of Stability

Assume
R(B) C D((iwy — A)~7),  R(C*) C D((—iwg — A*)77)  (2)

for some B,y >0 and k =1,2.

Theorem

Assume 3+ > a. There exists § > 0 such that if B and C
satisfy (2) and

|B| + || (iwx — A) P B|| < 6, and
| C|| + ||(—iws — A*)YC*|| < 6

for k = 1,2, then the semigroup generated by A + BC' is strongly
stable.
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Main Problem

Strong Stability Main Results
Example
Example
Consider X = ¢2(C) and A € L(X) by A
io: l ser)er € L(X) —O——0—0-000CT—
k

and A+ (-, ¢)b with b, c € X.
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Main Problem

Strong Stability Main Results
Example
Example
Consider X = ¢2(C) and A € L(X) by A
i 1 s ex)er € L(X) — 00—V ——
k

and A+ (-, ¢)b with b, c € X.
Now o(4) NiR = {0} and oo = 1.

Inverse (—A)~! unbounded, self-adjoint, positive. For 3 > 0

(—A) Pz ="Kz, er)er,
=1
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Main Problem

Strong Stability Main Results
Example
Example
Consider X = ¢%(C) and A € L(X) by A
Z s ex)ex € L(X) —o—0—0-000c——»

and A + (-, ¢)b with b, c € X.

Conclusion: A+ (-, ¢)b is stable for 5+~ =1, and for small norms

I(=4) 70> = > K10, ex)|?
k=1

I(=A)ell* = D k{c, ex)]®

k=1
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Comparison of Properties
Semigroups Generated by Operator Matrices

Discussion

Compare

Polynomial stability: Strong stability:

A:DA) C X - X A € L(X), with o(A) N iR = {0}

A
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Discussion

Compare

Polynomial stability:
A:DA)Cc X -+ X
Resolvent growth:
[ R(iw, A)|| < M|w|*

for |w| large.
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Comparison of Properties

Semigroups Generated by Operator Matrices

Strong stability:

A € L(X), with o(A) N iR = {0}

Resolvent growth:

M
[R(iw, A)|| < —=

jwl*

for |w| small.



Comparison of Properties

Semigroups Generated by Operator Matrices

Discussion

Compare
Polynomial stability: Strong stability:
A:DA) C X - X A€ L(X), with o(4) N iR = {0}
Decay for x € D(A) Decay for x € R(A)
IT(#)z]| < 1/OlHAﬂcH 1T (t)z] < tl/a A"l
for all ¢t > 0. for all ¢ > 0.
(Batty, Chill & Tomilov '13)
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Comparison of Properties

Semigroups Generated by Operator Matrices

Discussion

Compare
Polynomial stability: Strong stability:
A:DA)C X > X A€ £(X), with o(4) N iR = {0}
Conditions for A + BC:" Conditions for A + BC:
Graph norms with 6 +~v =« Graph norms with §+~v =«
I(=A)"Bl|, [[(=4)7C*| I(=A)~7B], [I(=A")~7C*|
small = Robustness. small = Robustness.
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Comparison of Properties

. . Semigroups Generated by Operator Matrices
Discussion ’

Further developments
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Comparison of Properties

Discussion Semigroups Generated by Operator Matrices

Similar techniques can be used to study polynomial stability of a
semigroup T'(t) generated by an operator matrix A of the form

_ A1 BC _ A1 Bng
A=10 4, o A=lpo 4
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Comparison of Properties

Discussion Semigroups Generated by Operator Matrices

Similar techniques can be used to study polynomial stability of a
semigroup T'(t) generated by an operator matrix A of the form

_ (A1 BC [ A BiGy
A(o A2> o A<3201 A2>'
Triangular case (BC finite rank):

For 5/a1 + 7v/aa > 1 range condition
R(B) C D((-41)")  R(C*) € D((—45)")

implies polynomial stability of 7'(¢) (exponent a = max{ai, as}).
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Comparison of Properties

Discussion Semigroups Generated by Operator Matrices

Similar techniques can be used to study polynomial stability of a
semigroup T'(t) generated by an operator matrix A of the form

_ (A1 BC [ A BiGy
A(o A2> or A<3201 A2>'
Full case (B Cy and By () finite rank):

For Bi/ay + vi/ay > 1 for k, 1 € {1,2} a graph norm condition
I(=A0)% Bl - [|(= A7) CF || - (= A2)* Ba|| - (= A3)2 G5l < 6

implies polynomial stability of 7'(¢) (exponent o = max{ai, as}).
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Semigroups Generated by Operator Matrices

Discussion

Conclusions

@ Conditions for the preservation of strong and polynomial
stabilities of a semigroup

@ Comparison of results.

Thank Youl
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