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@ In reality, it is natural to consider limitations in the actuators.

@ Linear systems subject to input saturation
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z(0) = xo,

Here ¢ is a saturation function where the input u(t) takes
values in an interval [Umin, Umaz]-

@ Output regulation of infinite-dimensional linear systems
subject to input saturation:

For given y,e¢(t) and wy(t), construct u(t) so that
ly(t) — yret(t)]| = 0, as t— oo

for all o € X.
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Semi-global output regulation problem

We consider class of abstract SISO systems of the form

i(t) = Aw(t) + Bo(u(t) + Bawa(t), 2(0) = o,

on a real Hilbert space X. Here z(t) € X is the state, u(t) € R
the input, y(¢) € R the output, and wy(t) € R™ an external
disturbance.
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Semi-global output regulation problem

We consider class of abstract SISO systems of the form

i(t) = Aw(t) + Bo(u(t) + Bawa(t), 2(0) = o,

on a real Hilbert space X. Here z(t) € X is the state, u(t) € R
the input, y(¢) € R the output, and wy(t) € R™ an external
disturbance. The saturation function ¢ is defined as

¢(u)
u,  Jul <1 L7
d(u) =91, u>1
-1, u< —1. u
—————————— -1
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Comments

@ The considered class of systems arise in the study of systems
with collocated actuators and sensors.

@ Output regulation has been studied actively for
finite-dimensional saturated systems. For DPS, results mainly
focus on PI control (constant y,ef(t) and wy(t)), esp.
[Logemann—Ryan—Townley '98—, Logemann et. al., '00
Oostveen '00]

o We consider time-varying yres(t) and wq(t). Our results
extend the finite-dimensional theory in [Saberi et al., 2003].
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The Reference and Disturbance Signals
We consider references y,.¢(t) and disturbances wy(t) of the forms
9 9
Yret (1) = D ay cos(wy, + O), wq(t) = > by, cos(wk + ¢x)
k=1 k=1

for known frequencies wy, amplitudes ay, by, and phases 0, ¢j.
Such yef(t) and wy(t) can be generated by an exosystem

o(t) = Su(t), v(0) =y € RY, |4
E F

wa(t) = Bu(b), SEFL

Yref

Yref (t) = —Fv(t)

where § € R9%4, F € R1¥4, [ € R™*4, and vy are determined by
Wk, Ak, b, Ok, and @j. In particular, o(S) = {Liwi }_;.
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Semi-Global Output Regulation Problem.
Consider a compact set Wy C R?. Find a linear control law in the

form
u(t) = —ky(t) + Lo(t)

such that k > 0, L € R'*? and
Q 0 € X is a globally asymptotically stable equilibrium of system

z(t) = Az(t) + Bo(—ry(t)), z(0) = xo.

@ For all zg € X and vg € W, the error between the output
y(t) and the reference signal y,.f(t) satisfies

tlirgo ’y(t) - yref(t)’ =0.

Comment: u(t) is based on output feedback + ye£(t) and wy(t).
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Why “Semi-global”?

“For all zgp € X and vy € W), the error between the output y(t)
and the reference signal y,..f(t) satisfies |y(t) — yrer(t)] — 0.”

Input u(t) required to produce reference output yyef(t)
)\ AN
NN/
N
/ _

@ The problem is unsolvable for ¥, and wg with large
amplitudes, which corresponds to large ||vg]|!

@ No limitations for xg.
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Results Solvability conditions and control law

Main Assumptions

&(t) = Az(t) + Bo(u(t)) + Bqwq(t), x(0) = zo,
y(t) = Ba(t)

Assumption 1
We assume

@ The operator A generates a Cy-semigroup T'(t) of
contractions on X,

@ Be L(R,X) and By € L(R™, X),
@ The operator A — kBB* generates a strongly stable
contraction semigroup T_,.pp~(t) for any k > 0.
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Theorem 2

Consider the compact set Wy C R4. Under the given Assumption
1, the semi-global output regulation problem is solvable if there
exist I1 € L(RY, X) with R(IT) C D(A) and I € R'*? such that
they solve the regulator equations

IIS = AIl + BI' + B4FE
0=B'II+ F

and there exists a § > 0 such that sup,> [T'v(t)| < 1§ for all
v(t) = ety with vy € Wy. In this case, for any k > 0 the
feedback law

u(t) = —ky(t) + (kB*'II+T)v(t)
solves the semi-global output regulation problem.
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@ Our main result is an infinite-dimensional generalization of a
result of [Saberi et al., 2003].

@ Our approach for showing the asymptotic convergence of the
regulation error is motivated by the techniques in
[Curtain and Zwart, 2020].
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Outline of the Proof:

@ By using strong stabilizability of the system by negative
output feedback and uniform Lipschitz continuity of the
saturation function, we have from [Curtain and Zwart, 2016]
that the origin of the system &(t) = Ax(t) + Bo(—kry(t)),
x(0) = xq is globally asymptotically stable.

e We introduce a variable £(t) = x(t) — ITv(t) which is the mild

solution of
§(t) = A&(t) + Blp(—rB*E(t) + Tw(t)) — Tw(t)]
£(0) =&

on X.
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By using the assumptions of the theorem, we can show that
&(t) = x(t) — w(t) decays to zero asymptotically. This implies

y(t) - yref(t) = B*x(t) - yref(t)
— BYE() + (BT + Fo(t) = 0
~———

N——
—0 =0

as t — oo due to the fact that II satisfies B*II + F' = 0 by
assumption.
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Lemma 3 ([Byrnes et al., 2000])

Suppose Assumption 1 holds. The regulator equations are solvable
if and only if +iwy do not coincide with the transmission zeros of
the system (A, B, B¥).

e Equivalently, G(+tiwy) # 0 for all k, where
G(-) = B*(-I — A)"!'B is the transfer function of the system
(A, B, B*).

@ In this case, II and I have explicit formulas determined by

IId, = (ilu,k — A)fl(BF + BdE)(I)k
PPy = ~Gipk) (B (i — A) 7' BaE + F) Py,

k=1,2,---,q, where iu; and ®; are the eigenvalues and the
corresponding orthonormal eigenvectors of S
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We consider a dynamic model of a flexible satellite
[Bontsema et al., 1988, He and Ge, 2015]

o(u(t)), y(t)
Figure: A flexible satellite model

Wy (€, t) +w)"(€,t) + Buin(E,t) =0, =1 <€ <0,t>0,
W (&, 1) +w)" (&) + 5 (§,8) =0, 0 < €< 1, >0,
we(t) = w]"(0,t) — w0, ) + d(u(t)) + wa(t),
f.(t) = —w] (0,t) +w!'(0,1).
with measured output

y(t) = we(t).
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The boundary conditions are given by

w/(=1,t) =0, w/(-1,t) =0,
wq/f(l,t) =0, w;’/(l,t) =0,
wy(0,t) = w,(0,t) = we(t),
w](0,t) = w}.(0,t) = Oc(t).
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@ The satellite model can be written in the form
[Govindaraj et al., 2023]

#(t) = Aw(t) + B(u(t) + Bawa(t), (0) = o,
y(t) = Ba(t)

where the operator A generates an exponentially stable
contraction semigroup on the state space
X = L%(—1,0;R?) x L?(0,1;R?) x R2.

@ It can be also verified that A — xBB* generates an
exponentially stable contraction semigroup on X for any
k> 0 [Govindaraj et al., 2020].
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Our goal is to track the reference signal 4, ¢(t) = 0.09 sin (1.5t)
and reject the disturbance wy(t) = 0.08. We choose the exosystem

0 15 0 0
o(t)=|-15 0 0|wv(t), v(0)=]0.09],
0 0 0 0.08
yres () == [1 0 0] w(t),

wa(t)=[0 0 1]v(t).

@ The eigenvalues are given by {0, £1.5:}.

@ Moreover, the satellite system does not have any transmission
zeros at 0, 1.57 and —1.5¢ [Govindaraj et al., 2023]
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The control parameters I" and II can be obtained by using

P, = (ip, — A)"Y(BL + B4E)®,
I'®), = —G(ipe) " (B*(ipe — A) "' B4E + F) %,

and the formulas lead to

Tw(t) = 0.09|G(1.57) ! sin (1.5t + ) + 0.08,

0 = tan1(8/a), @ = Re(G(iw)), § = —Im(G(iw))
B*TTv(t) = 0.09sin (1.5t)

in the control law
u(t) = —kry(t) + (kB*IIL + T')v(t)
where G(-) is the transfer function of the satellite system.
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Output tracking is achieved using the control input
t

u(t) = —ry(t) + (kBT + T)o(?).

44
5
t

Figure: The output y(t) (blue), reference yyet(t) (red), and the saturated

control input ¢(u(t)) (right) for k = 100.



Conclusion

@ We considered class of strongly stabilizable
infinite-dimensional linear systems with collocated actuators
and sensors subject to input saturation.

@ We proposed a linear output feedback control law that solves
the semi-global output regulation problem.

@ The results are illustrated with an example of a flexible
satellite model subject to input saturation.
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