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Abstract Both internal and boundary feedback exponential stabilization to
trajectories for semilinear parabolic equations in a given bounded domain are
addressed. The values of the controls are linear combinations of a finite num-
ber of actuators which are supported in a small region. A condition on the
family of actuators is given which guarantees the local stabilizability of the
control system. It is shown that a linearization based Riccati feedback stabi-
lizing controller can be constructed. The results of numerical simulations are
presented and discussed.
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1 Introduction
We consider controlled parabolic equations, for time ¢t > 0, in a C'°°-smooth

domain 2 C R located locally on one side of its boundary I = 942, with d a
positive integer. We will consider both the case of internal controls

M
Sy — vy + [y, Vy) + fo =Y uii; Ylr = g; (1)
=1

Duy Phan

Mathematics Laboratory, Tampere University of Technology P.O. Box 553, 33101 Tampere,
Finland

E-mail: duy.phan-duc@tut.fi

Sérgio S. Rodrigues
RICAM, OAW, Altenbergerstrafie 69, A-4040 Linz, Austria.
Tel. +43 732 2468 5241. E-mail: sergio.rodriguesQricam.oeaw.ac.at



2 Duy Phan, Sérgio S. Rodrigues

and the case of boundary controls

M
Sy —vAy+ f(y,Vy) + fo = 0; yp=9+> wl. (2
i=1

In the variables (¢,z,Z) € (0,+00) x 2 x I', the unknown in the equation
is the function y = y(t,z) € R. The diffusion coefficient v > 0 is a positive
constant; the functions g = g(t,7) € R, f: R x R? — R, and fy(¢,z) € R are
fixed.

The functions ¢; = P;(x), respectively ¥; = ¥;(Z), will play the role of
actuators, M is a positive integer, and u = u(t) € RM is a (control) vector
function at our disposal.

The problem we address here is the local exponential stabilization to tra-
jectories for systems and . That is, given a positive constant A > 0 and
a solution §(t) = (¢, -) of the (uncontrolled) system with v = 0, we want to
find a control function u such that the solution y(t) = y(¢,-) of the system,
supplemented with the initial condition

y(0) = y(0,2) = yo(x),
A

is defined on [0, +-00) and approaches () exponentially with rate 5, provided
y(0) —9(0) is small enough. In other words, for a suitable Banach space X and

positive constants C' and €, we want to have that

ly(t) = 9(8)[% < Ce™ [y(0) = §(0)[% ,  provided [y(0) = §(0)lx <& (3)

with € small enough. Notice that, the constants C' and € may depend on A,
but neither on §(0) nor on y(0).

We are particularly interested in actuators which are supported in a small
domain: supp(®;) € @ C 2, supp(¥;) C I. C I', where w and I, are given
open subsets of 2 and I

Internal and boundary actuators are taken from L2(£2) and H2(I'), re-
spectively. The linear span of the actuators will be denoted, respectively, by

Sg = span{®; | i € {1,2,...,M}} C L*(2),
Sy = span{¥; | i € {1,2,...,M}} C H?(I).

and the orthogonal projections onto the span of the actuators by Pys (using the
same notation for both internal and boundary cases will lead to no ambiguity)

Py L?(0) — Sg, Py L*(T) = Sy.

In order to state the main results let us denote the indicator operators:
.72 2 1wf($):f(l‘),ifl‘€w,
Lot L7(Q) = L2(42), {1wf(x) _0, ifze\m
z)=g(x),ifz € I,
0

1p,
Lp,: L3(I) — L*(I), {ngg ifze\T,
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Without lack of generality, in either case we suppose that the families of
actuators {®; | i € {1,2,..., M}} and {¥; | i € {1,2,..., M}} are linearly
independent. So, we consider the bijections Bg: RM — Sgp and By : RM — Sy,

M M
Bgu = E u; Dy, Bygu = E u; ;.
i=1 i=1

We will prove the stabilization results under a general condition on the
pair (4, f), say (§, f) € € for a suitable class € to be precised hereafter.

The space of continuous linear mappings from a Banach space X into
a Banach space Y will be denoted £(X,Y). When X = Y we write sim-
ply L(X) = L(X, X).

The usual Lebesgue and Sobolev spaces LP(§2)™ = LP({2,R™), with p €
[1,400], and H*(£2)™ = H*(§2,R™), s > 0, will be denoted by simply LP({2)
and H*({2), respectively, whenever there is no ambiguity concerning the su-
perscript m € Ny. Sometimes to shorten the formulas we will write simply LP
and H?, if there is no ambiguity concerning the domain 2. Same notation for
the spaces LP(I,R™) = LP(I") = LP, and H*(I',R™) = H*(I") = H*®.

1.1 Review on the general procedure and main tools.

To derive the local Riccati-based feedback stabilization results we follow the
following sequence of steps:

1. linearize the system around the reference trajectory.

2. find an appropriate set of actuators and construct a globally stabilizing
open-loop control for the linear system.

3. use the dynamical programming principle and Karush-Kuhn-Tucker The-
orem to find a time-dependent feedback control operator.

4. observe that the feedback operator satisfies a differential Riccati equation.

5. use a fixed point argument to prove that the same feedback operator also
locally stabilizes the full nonlinear system.

The most difficult step is to construct an open-loop stabilizing control for
the linearized system by means of a finite number of actuators supported in
small regions. This has been done in previous works in the case of internal
actuators, and a condition for stabilizability has been given in terms of the
orthogonal projection 1 — Py;. The main novelty of this paper is the construc-
tion of such stabilizing control with boundary actuators for parabolic equa-
tions, with a corresponding stabilizability condition in terms of the orthogonal
projection 1 — Py;. The second novelty is the consideration of a general class
of nonlinearities f, for both internal and boundary cases. The third novelty is
the presentation of numerical simulations for the boundary feedback control,
confirming the theoretical results.

Below we give further comments on the general steps above.

Linearization of the system around the reference trajectory. We
present the computations here because they will be useful to write down the
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conditions we ask for the targeted trajectory g and for the nonlinear function f
in an easier way. Namely, as (4, f) € €, with € defined in (8], hereafter.

We want the solution y(t) to go to the reference trajectory ¢(t) exponen-
tially. By direct computations, we find that z :== y — ¢ solves

%Z —vAz + f(ya Vy) - f(yv v?j) = LibBéu; Z|[‘ = (1 - Lib)kaua (4)
with ¢, = 1 for and ¢, = 0 for .
Writing (¢1,£2) € R x R? we denote 0, f = % and Oy f == %. Formally,

3 3

z

Fy,Vy) = [0, V9) = [01fl 594 %2 l4.99)] {Vz] + Fy(2) = Lz — N(2).
(5a)
with Lz == az + V - (bz) and

a=00flyvg —V %flgvy: 0=0fl;vy, and N(2)=-Fy(z),
(5b)
where the remainder A/ (+) : R — R either vanishes or is a nonlinear function.
We will be able to prove the local stabilization to the trajectory § provided
the triple (a, IA),./\/')7 defined by (7, f), satisfies

a € L>®(Rg, LY (2, R)), (6a)
be L2(Rg, L(2,RY),  V-be LZ(Ro, L' (2,R)), (6b)
with r =2 if d € {1,2,3}, r = 0o if d > 4, and for a suitable constant C > 0,
W (2) = M@ < Clz = 23 (L 205k + 2152) (I2le + 1215
+Clz — 23 (|25 +1215) (7a)
and

(J\?(z)—/\?(z),z—z

N—

L2
< C(L+ 2|5 + 1215) T (1 + |2l5e + |2152) % |2 = 2l |2 — 2 s
+ O+ |25 + 250 (1 + 2120 + 13152) |2 — 22, (7b)

with {e1,e2} € [0,400) and {e3,e4,¢5,26} € [2,+00).
That is, for our results to hold, the property asked for the pair (g, f) is that
it belongs to the class € defined as follows

¢ :={(g,f) | (a,b,N) is defined by () and satisfies (©) and @} (8)
We see that our goal is to find the control u, in system , such that
|2(t)|5% < Ce ™ |2(0)%, provided [2(0)]y <.

for suitable positive constants C' = C) and € = €.
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Construction of a globally stabilizing control for the linear system.
We consider system without the nonlinearity N,

%z —vAz+az+ V- (bz) = i Bou, z|p = (1 — tip) Byu.

Observe that z(t) goes exponentially to zero with rate % if, and only if, e%tz(t)
remains bounded. So, we consider the shifted system solved by e%tz(t):
%z —vAz+(a+3)z2+ V- (bz) = up Ba i, z|p = (1 — i) By
e For internal actuators, 1, = 1, we can write the system as
%szAz+(d+%)z+V~(l;z):PMn, z|p =0, (9)

where now we look for a stabilizing control € L?((0, +o0), L?(£2)), taking its
values in L?(£2) and such that z € L?((0,+00), H*(£2)). The key tool used to
find 7 is the null controllability of the system

%z—qu—&—(d—i—%)z—l—V-((;z)zlwn, z|p =0, (10)

at final time t = sq, for t € (sp,51), 0 < 59 < s1 < 400. Notice that we
cannot guarantee that {1,m(t) € L?(w) | t € (so,s1)} is a subset of a finite-
dimensional space, that is, 1,7 is an infinite-dimensional control, in general.
To find suitable actuators and a finite-dimensional control, suitable truncated
observability inequalities can be used as in [13] (together with the smoothing
property of the parabolic system). Another option is to use a suitable bound-
edness/smallness condition on the operator 1 — Py as in [17,29]. The latter
approach led to some estimates on the number M of actuators that allow us to
stabilize the system, for example for piecewise constant actuators. The main
idea is to construct a control recursively in each interval J* := (iT%, (i + 1)T%),
i € N such that |2((¢ +1)T%)|,; < p|2(iT%)|y, where p < 1. Then, we just
take the concatenation of such controls. The time-length T, is at our dis-
posal, but it will be chosen to somehow minimize “the” cost of null con-
trollability. The control in the interval J? is constructed as follows: firstly
from the null controllability of we can take a control 7 driving
from z(iT.), at time ¢ = T, to 2((i + 1)T,) = 0, at time t = T, + Tk,
such that |7]‘ig(J71)L2(Q)) < Che(Ty) |Z(iT*)|iz(Q), secondly we observe that the
difference d between the solutions of and (9) satisfies

Fd—vAd+(a+3)d+ V- (bd) = 1,(1 - Ps)len,  2[p =0,

and [d(s)[7. < T(T.) [1u(1 = Par)lul2 1201 () |2 (1% 72 o), Where for
suitable constants C7 and Cj, f(T*) = (0 TCy(T,). Therefore, if we
have that |1y (1 — Par)lulf 20y m-1(0) < p(T(TL)7L with 0 < p < 1,
then the solution of system (@D, issued from z(iT.) at time t = T}, satis-
fies |2((i + )T () = (i + DT2)[La (o) < p12GT0) L2(g)-
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The constants 7(T.) and M may be taken the same in each interval .J;,
i € N, due to the conditions (6). For further details we refer to [17][29}/30].
e For boundary actuators, ¢, = 0, we will find suitable actuators and construct
a stabilizing control for the system

%z—qu—i—(&—i—%)z—i—V(&)zO, z|p = Byu, (11)

so that z € L%((0,+00), H'(£2)). Again the smoothing property and the null
controllability of the system

%z—VAz+(&+%)z+V~(l;z):0, zlp=11n.¢ (12)

at final time t = s1, for t € (sp,81), 0 < s9 < s1 < 400, will play a key
role, where at each time ((t) takes values in a suitable infinite-dimensional
subspace of H2 (I).

The open-loop stabilizing control will again be constructed recursively in
the time intervals J* = (iT%, (i + 1)T%), for a suitable .

The constructed control u in each interval J¢ = (iTy, (i + 1)T%) will belong
to H*(J*,RM) which implies that s = %u — Ju+cu € L?(J',RM). That is,
we have the control dynamics

Du=—cu+Ju+ s, x € L2(J,RM),

The advantage of having such a dynamical control is that we will be able
us to rewrite in a canonical extended form, where the control operator
is bounded. Indeed, for each actuator ¥; € H? (I'), we will take the exten-
sion ¥; € H 2(£2), which solves the elliptic system

—VA@i + C@i = 0, §1|F = Wi,

and set the bijection By : RM — Sy, with S = span{¥; | i € {1,..., M}},

M ~
Bgrk = Z KiW;.
i=1

Now, we can consider the extended system (cf. [5/42]) for the new vari-
ables (v, k) = (2 — Bgu,u) € H}(£2) x RM:

B |V —vA+L—2 ECB@ vl _ |-Bg
i [J-I—{ 0 2 g—% = 10 (13)

with Lw := aw+V-(bw) and L.w = Lw—2cw. Our (new) control function is .

In particular, the control operator is bounded, {_?5} € LIRM L2(02) xRM).

Remark 1.1 Usually the variable u stands for control. This is why we renamed
k = u to underline that in the extended system & is not a control (it is part
of the state). Of course we could simply take ¢ = 0, however, taking ¢ > 0 will
not bring additional difficulties and, as we observed in numerical simulations,
the value of ¢ may play an important role [35| section 9.5].
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Deriving the desired time regularity for the control. Proceeding as in
the internal case we may look for the control in in the form Pp;¢ where ¢
drives to zero at final time. As we will see this standard procedure will
give us a control u € H3(J{,RM). To obtain the desired extra regularity u €
H([0, +00), RM), we will use an extra suitable projection in L?(.J?) with range

contained in H}(J") < L?(J%), together with a suitable density argument. To
prove that (after concatenation) we will u € H*([0, +00), RM) we will use an
uniform property on ¢ (cf. Lemma .

Remark 1.2 In [42], the analogous result concerning the existence of an open-
loop boundary stabilizing control for the linearized Navier—Stokes equations
is proven, using the corresponding null controllability result [40] and suitable
boundary observability inequalities [41]. The procedure we follow here is dif-
ferent, instead of deriving the appropriate truncated observability inequalities
for parabolic equations, we give a condition for stabilizability depending on
the operator 1 — Py;. Then we find a set of actuators satisfying the condition.
Further, such condition allow us to derive estimates on the number M of ac-
tuators that will allow us to stabilize the system (for actuators taken from a
suitable class of functions).

Finding a feedback rule. Once we have the existence of a control stabilizing
an evolutionary linear system v = —A(t)v + Bu in a Hilbert space H, with
bounded control operator B € £(RM H), that is,

2 2 2
|VIL2 Ry 1) T Ul L2y r2ry < Cl0(0)],

we can look for the optimal control minimizing a suitable linear quadratic
cost. Then, through the dynamical programming principle and the Karush-
Kuhn-Tucker Theorem, we will conclude that the optimal control is given in
feedback form u = —BITv where (II(s)w,w)y is the optimal “cost to go” with
initial condition v(s) = w. For more details see [13}[30].

In both internal and boundary cases we can write our linearized system as

v =—Ax\(t)v+Bu (14)
where, in the internal case
H=1%0), Av=-vA+L—-32, and B= Py,
and, in the boundary case

VA+I-2 1B B
H = L2(02) xRM, A, = ”AT)L 2 L<B§}, and IB%—[ fﬂ.
S

T2

Differential Riccati equation. Computation of the feedback rule. In
case our linear quadratic running cost reads f;oo |MU(7‘)|?_I + \u(T)ﬁw dr,
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then the symmetric bounded feedback operator IT = II*: H — H will satisfy
the differential equation

%H — ITAy — AT — IIBB*IT + M*M = 0, (15)

For simplicity, let us denote
V =Hi(2) and D(A)=H*(2)N H}(N)
in the internal case, and
V =H}2)xRM and D(A) = (H*(2)N H}(2)) x RM

in the boundary case.
Formally, equality may be understood in the weak sense

((%H)Z,M)LQ(Q) — (HA)\Z,TU)LQ(_Q) — (Ajﬂz,w)La(Q)
= (IBB*IIz,w)12(0) — (M*Mz,w)r2(0), forall (z,w)e D(A).

see [13]. More precisely, we say that I satisfies (15, in the time interval (0,7,
T > 0, if for all z € D(A), see [20,30],

t
IT(6)2 = Ui T Wz + [ Uy (LIBE () = MO AUy, (16)

where L{("‘t_s)w, with 0 < s <t < T, stands for the solution of

y=—-Ayy, y(s)=w, with weH.

Remark 1.3 Notice that once I1(t)z is defined by for all z € D(A), then by
a density argument it can be extended for all z € H. Notice also, in particular,
that makes sense because B: H — H and and —A,: D(A) — H are
bounded. The boundedness of —Ay: D(A) — H will follow from (6)) (see
hereafter).

Notice that, IT = II has been obtained prior to its dynamics. Therefore,
at this point the existence of a solution for the Riccati equation is known.
The uniqueness can be guaranteed in the class of families P € L (R, £L(H))
such that P(t) is self-adjoint and positive definite for all ¢ > 0, and the family
{P(t) | t > 0} is continuous in the weak operator topology. See |30]. For further
references concerning the Riccati equations we refer to [19,47].

Stabilization of the nonlinear system. We consider the unshifted sys-
tem with the feedback control, and perturbed with the nonlinearity,

2v+ Agv + BB* II\v = N, v(0) = vp € H. (17)
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where A’ = A in the internal case, and N = ['/(ﬂ in the boundary case. At

this point, the linear system %v —Agv+BB*II v = 0 is known to be globally
exponentially stable, with rate 5. That is, \v(t)ﬁ{ < Ce M |v(0)\il

The space H is considered as a pivot space, H = H’. Since the Cauchy
problem for the nonlinear system is in general not well-posed for so called weak
solutions v € {LZ _((0,+00), V) | %v € L% (Ro, V')}, we need to guarantee

loc loc

firstly that the solution for the linear system is strong, v € {LZ _(Rg, D(A) |

loc

%v € L2 .(Ro, H)}. This is possible form conditions (6)), and from the com-
patibility condition v(0) € V.

Secondly, we will conclude the local exponential stability of the nonlinear
system, with the same rate %, by following a standard fixed point argument.

We look for the fixed point in a subset

2= {u € 12, (Ro, H) ‘ sup

A
ez’y < olv(0)3 &,

‘W((r,r+1),D(A>,H) = el )|V}
for an appropriate ¢ > 0. In particular, we need the strong solutions of
the linearized closed-loop system to go exponentially to zero in the H'({2)-
norm, \v(t)ﬁ, < Cre M |v(0)|i,, which will follow from the smoothing prop-
erty for parabolic equations, |v(s + 1)\3, < Cy |v(s)|§I (with Cs independent
of s > 0, due to @) Then from standard estimates on the linear parabolic
systems it also follow that, indeed the strong solutions v are in L2 _(Ry, D(A))

2 _ 2
and [0]yy (1), D)) < C3[0(r)[y < Cae ™ [0(0) [y,
The fixed point argument is based on the mapping v +— v where v solves

2v—Agv+BB* I\ =N0v, v(0)=1v5€V.

See . Such mapping will be a contraction provided |vg|y, is small enough.
Though, the fixed point argument above is standard, we would like to
mention that we will consider a general class of nonlinearities.

Remark 1.4 We look for, and find, the fixed point in Zé‘. Using this set we
will be able to use some results in previous works (e.g., as in Step 1 in the
proof of Theorem . It seems possible that by looking for the fixed point

in a subset of the more classical space e2* W (Rg, D(A), H) (with A < A) we
would be able to find it as well. However, the details should be checked.

1.2 The main results

Here we state the main results of the paper. Recall the class € defined in .

Main Theorem 1.1 (Internal case) Let § solve system with v = 0,

and let (9, f) € €. Then for any given A > 0, there is a constant T > 0 such
that: if

~

Lo(1 = Par) Lol ooy -1y < T4



10 Duy Phan, Sérgio S. Rodrigues

then there exists a family of linear operators {II\(t) € L(L*(2)) | t > 0} such
that the following properties hold true:

(i) the mapping t — II\(t) is continuous in the weak operator topology;
(ii) there exists € > 0 such that: if

Yo —fo € Ho(£2) and |yo - QO‘Hl(Q) <6
then the solution y of the system
Sy —vAy+ f(y,Vy) + fo=—Pull\(y—19), ylp =g, v(0) =,
exists, and is unique, in the affine space
§+ Lige(Ro, H*(£2)) N C([0, +00), Hy (12)),
and satisfies
ly(t) — 9(0) 31 () < Ce Myo — Gol3ri()y  forall t>0,

for a suitable constant C independent of (€,y0 — 9o)-

Now we introduce the space
H(Te) = {v € LOHE (D), HE (D) N LAD), HH (D) | suppy S Te} . (18)

Main Theorem 1.2 (Boundary case) Let § solve system with w = 0,

and let (9, f) € €. Then for any given A > 0, there is a constant T > 0 such
that: if R
11— Parlyyry <771

then there exists a family of linear operators {II(t) € L(L*(£2) xRM) | t > 0}
such that the following properties hold true:

(i) the mapping t — II\(t) is continuous in the weak operator topology;
(ii) there exists € > 0 such that: if

yo —Go € H'(2),  (yo—do)|p € Sw,  and  |yo — Golpr(o) < 6
then the solution y of the system
Sy —vAy+ f(y,Vy) + fo=0, yl, =g+ Bur, y(0) =1y,
« — 4§ — Bzk _ .
pi o= [By 1] 1T [y L } , K(0) = (Be) ™ ((yo — 90) )
exists, and is unique, in the affine space
g + LIQOC(R07 HQ(‘Q)) ﬂ C([()) +OO), Hl(Q))a
and satisfies
ly(t) = 5(1)| 0y < Ce My — Goliri )y forall t>0,

for a suitable constant C independent of (€,y0 — 9o)-
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Remark 1.5 In the Main Theorems and we have the conditions (yo —
90)| = 0 and (Yo — 90)| € Sw, respectively. These are compatibility con-
ditions which are necessary to have strong solutions in W (Rg, H2(£2), L?(£2))
for the system solved by y — ¢. In fact, to have strong solutions v €
W (Ro, D(A),H) for the linearized system (14)), we will need that v(0) € V.
Strong solutions will guarantee the existence and uniqueness of the solution
for the nonlinear systems.

In terms of the difference to the target y — g, in the internal case the feedback
control is given in linear form: y — § — Kint(y — §) with Kiny = Py Il €
L(L?*(£2),84). In the boundary case the control function u = r is given in
dynamic form. In terms of the difference to the target y — ¢, the boundary
feedback is given in integral linear form

Yl = g+ (o — 50) |, + Bo ( / e Ky (y(7) — ymw)

(Bo)"o(-]p)
The operators 11 may be taken as the solution of the corresponding Riccati
equation .
The constant 7 = 7(T,) will depend on (and increase with) the cost of
null controllability of systems and in intervals (T, (j+1)T%), j € N,
which are used to construct recursively an open-loop stabilizing control.

with Kpary = [BS — 1]11, [1 ~((By)~to ('F))] € L(H(2) + Sz, RM).

Since a key tool for the procedure is the null controllability of the linearized
system, we would like to refer to a short list of works related with null con-
trollability, observability inequalities, and exact controllability to trajectories.
Namely to [6,26-28L|40,/51], see also references therein.

Though the details must be checked, it is plausible that the entire procedure
can be followed (adapted) for systems of several coupled parabolic equations,
provided we have the null controllability of the linearized systems [1},2].

We are particularly interested in stabilization to time-dependent trajec-
tories, which are important for applications where external forces depend
on time, fo = fo(t). Notice that in such cases, the free-dynamics (uncon-
trolled) trajectories are necessarily time-dependent. That is, the uncontrolled
system has no equilibria (steady states). Of course, when time-independent
solutions do exist, then it makes sense to consider the problem of stabiliza-
tion to an equilibrium, which has been studied for the last years by many
authors for several systems and is by now quite well understood, we refer
to [7TH12,23,/241|341|361(37,[39,[48] and references therein. At this point we must
say that the spectral approach used in the case of a targeted time-independent
solution are not (or, seem not to be) appropriate to deal with the case of time-
dependent targeted solutions, as the examples in [50] do suggest.
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1.3 Contents and notation

The paper mainly focuses on the case of boundary actuators. Section [2] con-
cerns the boundary stabilization to zero of the linearized system (L1f), pro-
vided the pair (a, I;) satisfies (@ We prove that there exists a family of actu-
ators {¥; | i € {1,2,..., M}} (satisfying the conditions in Main Theorem |1.2))
and x € L?(Rg, RM) such that the solution of the system satisfies, in par-
ticular, (v, k) € L2(Ro, (HE(2)NH?(£2)) x RM)_ if (v(0), x(0)) € HE(2) x RM.
In Section [3] we deal with the feedback boundary stabilization to zero of the
nonlinear (full) system

ot S g

provided the nonlinearity N satisfies . Recall that if (v, k) satisfies the
dynamics of the latter system, then (y,x) with y = v + § + Bgr satisfies
the dynamics of the system in the Main Theorem The case of internal
controls is briefly revisited in Section [ In Section [§] we show that our condi-
tion (g, f) € €, that is, (6) and (7)), is satisfied for regular enough § and for
some polynomial nonlinearities, which appear in several models of real world
evolution processes. Finally, Section [6] contains the results of some numeri-
cal simulations, for both internal and boundary actuators, showing that the
feedback control can stabilize systems whose free dynamics is unstable. The
Appendix gathers the proofs of auxiliary results needed in the main text.

Notation. We write R and N for the sets of real and nonnegative integer num-
bers, respectively, and we define R, := (a, +00) for all a € R, and Ny := N\ {0}.

We denote by 2 C R", n € Ny, a bounded C*°-smooth domain with
boundary I' = 042.

Given an open interval I C R, and Banach spaces X and Y, we write
W(I,X,Y):={f € L*(I,X) | &f € L*I,Y)}, where the derivative 3 f is
taken in the sense of distributions. This space is endowed with the natural

1/2 . . .
norm | flw(r,x,v) = (|f|i2(I’X) + |%f|%2(l’y)) /2 1f the inclusion X CYis

continuous, we write X — Y; we write X £> Y, respectively X < Y, if the
inclusion is also dense, respectively compact. If X < H and Y — H for a
Hausdorff topological space #H, then X NY is a Banach space, with |-| v, =
(% + 1)z

Given a Hilbert space H, with scalar product (-,-)y and a subset S C H,
the subspace orthogonal to S will be denoted S+ = {h € H | (h,s)g =
0 for all s € S}, as usual.

6@1,“”%] denotes a function of nonnegative variables a; that increases in
each of its arguments, and C,C;, i = 1,2,..., stand for positive constants.
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2 Boundary stabilization of the linearized system

We start by briefly recalling some classical results in Sections 2.1 and 2.2.
Then in Sections 2.2, 2.3 and 2.4 we construct a stabilizing control provided
a suitable stabilizability condition depending on 1 — Py is satisfied (cf. Main
Theorem and Theorem [2.4)). This stabilizability condition is one of the
main results of the paper. In Section 2.5 we present a family of actuators sat-
isfying the stabilizability condition. Finally in Section 2.6 we briefly revisit the
procedure on the construction of a stabilizing feedback rule once the existence
of a stabilizing control is known. R

We consider a system in the form —, without the nonlinearity N
In order to study such system we start by denoting the Hilbert space H =
L?(2,R) which we will consider as a pivot space, H' = H. We also denote
V = H}(£2,R) and D(A) := VN H?(2,R), which are supposed to be endowed
with the scalar products

(’U7 w)V = (Vv, Vw)L’z(Q’Rd) and (U, w)D(A) = (A’U, A’U})H,

1 1
and corresponding norms |v|y, = (v,v){; and [v[p(4) = (v,v){»)- We have

d, d, d, d,
D(A) <5 v S HES v S5 pay,
and the sequence of repeated eigenvalues «;, i = 1,2,..., of —A satisfies
O0<ags<as<az<..., lim «; = +o0.
1—-+00

Furthermore, (v, w)y v = (v,w)y, for all (v,w) € H x V.

Boundedness assumption. For m € Ny, for simplicity we denote
W = L®(Rg, L4(2,R)) x L°(Ry, L=(£2,RY)). (19)

We fix a and B, and a constant Cyy, > 0, satisfying
2

PNE 12 i
(a,b) " = |a|L<>°(]R0,L”’(Q,]R)) + |0

< Cyy. (20)

L3 (Ro, L (2,R%)

Remark 2.1 Notice that is weaker than @ Condition is sufficient
for the existence and uniqueness of weak solutions (for the linearized system).
We use @ to derive the existence and uniqueness of strong solutions.

Throughout this paper I stands for the bounded time interval I = (sq, s1),
with 0 < s9 < 51 < 400, whose length is denoted by |I| := s1 — sg.

We will look for weak solutions in W (I, H'(£2),V’) and strong solutions
in W(I, H?(£2), H). The corresponding traces on the boundary are denoted

GYI,T)=W(,H (2),V")|, and G*(I,I')=W(I,H*(2),H)|,
respectively. As usual, we endow the trace spaces with the norms

|7|G1(I,F) = i_nf ‘U|W(I,H1(Q).,V/)7 MG?(I,F) = i_nf |U|W(1,H2(Q),H)~
Y=urp y=4p
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2.1 Weak solutions

Here we recall some regularity results for the weak solutions for systems as .
We start considering the more general system

%zquz+&z+Vo(lA)z)+h:0, (21a)
zlp =7, 2(s0) = 20. (21b)

where the control is replaced by a general external force.

Existence and uniqueness of week solutions can be derived by standard
arguments, by using the estimates in the following Lemma, whose proof is
also standard and is omitted.

Lemma 2.1 We have, for z € H*(£2) and y € V,

1 1 1 1
(az,y)vv < Clalpa |25 |2 o) Wi WIS, for de{1,2}.
(az,y)v' v < Clalpalzly lyly Jor d=3.
(V- (b2),y)vr,v < Clblpe |2l [yly » for d>1.

for a suitable constant C' > 0, depending only on (£2,d).

Lemma 2.2 Given (d,l;) € W satisfying , h € L*(I,V'), v = 0, and
20 € H, there is a weak solution z € W(I,V, V') for , which is unique and
depends continuously on the data:

2 — 5 0

lw vy < Cfinew.) (\ZoIH + IhILZ(LV,)) :
Furthermore |z(s)|2 < oSt Cw(s—s0) |2 |2 +1 |h|2 forsel
) H = OlH P L2((s0,s),V") )’ .

Lemma 2.3 With (a,b), h, and zo as in Lemma and vy € GY(I,T), there
is a weak solution z € W (I, H(2,R), V") for (1), which is unique and de-
pends continuously on the data:

2 - 2 2 2
2w r), vy < C[|1|,cw,%] (|ZO|H + |2 vy + \’Y|G1(1,r)) .

In the Appendix, Section we present the proof of Lemma For the
nonhomogeneous boundary case v # 0 we recall that we can define weak
solutions by a standard lifting argument (e.g., see [40]).

2.2 Strong solutions

For strong solutions we need further regularity for (a, l;) Roughly, we will need

further regularity for the reference trajectory ¢ (cf. system ) We denote
Wit = {(a,b) € W | Vb€ L (Ro, L(2,R))}, (22a)
with r=2 if de€{1,2,3}, and r=o00 if d>4, (22b)
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(cf. and @) We fix G and b, and a constant Cw,, > 0, satisfying

1

@ D), = (@) + 1V i g ir(zy) < O (23)
Now, we have the following estimates for the convection term
V- (02)|22 = [(V - 0)z + b+ Vzlpz2 < (VD12 |2l o + bl |2
and, by using the Agmon inequalities,

~ ~ 1 1 ~

[V - (b2)|r2 < C[(V - b)[r2 |2[7: |2 Fn + bl [2]ga s for d=1. (24a)
-~ ~ 1 1 ~

IV - (b2)| 2 < C\(V - )12 |212s 2150 + [blies |20, for d=2. (24b)
~ ~ 1 1 ~

V- (b2)|p2 < C(V D)2 |22 |22 + Blooe |2l e, for d=3. (24c)

The Agmon inequalities can be found in |45] chapter 11, Section 1.4] for d >

2.Ford =1and 2 = (I,r) with [ < r, the inequality reads ||, . < 22 |z|1% |z\é
and follows from the fact that, for all 1 € £2,

x1
2 2 2
o)y = e = OB =2 [ 0)20) 0 < 22lsa 0y [ ooy

For d > 4, the Agmon inequality does not allow us to bound the L*°-norm
by the D(A)-norm. This is the reason we (need to) take different spaces in (22)).
Notice that

V- (02)| 2 < |V bl oo 2|2 + [bl e |2] e, forall d>1, (24d)

We have the following results concerning the existence of strong solutions,
whose proofs are standard.

Lemma 2.4 Given (&,I;) € Wst satisfying , h € L*(I,H), v = 0, and
zo9 € V, then there is a strong solution z € W(I,D(A), H) for (21)), which is
unique and depends continuously on the data

2 - 2 2
2lw rpa),m < Clirom,, 1] (|Zo|v + |h|L2(I,H)> .

Lemma 2.5 With (a,b) and h as in Lemma v € GXI,T), and 2y €
H(2,R), with zo| = v(0), there is a strong solution z € W (I, H*(2,R), H)
for , which is is unique and depends continuously on the data
2 = 2 2 2
12l (1,52 (0R), 1) < C[|1|,CWS“%} (|ZO|H1(Q) + |2 my) + |7|G2(I,F)) .
We also have a smoothing property as follows.

Lemma 2.6 Let (&,IA)), h, and v be as in Lemma and let zg € H. Then
the weak solution z of system satisfies (- — so)z € W(I, H*(2), H), and

= 2
(I(- = 50)z|%/V(I,H2(Q),H)) < C[\I\,CWS“%] <|ZO|%{ + ‘h|L2(I,H) + |7|2G2(1,F)) :
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Proof Since z solves , then also w = (- — s¢)z does, with different data:

%w—qu—i—&w—l—V-(l;w)+(~—so)h—z:0,
0

wlp= (s w(0) =

From Lemma we can derive that, with h := (- — so)h and ¥ := (- — s0)7,

2 - 7 2 v 12
(Wl (1, m2002),m) < C[m,cwsw%] (‘h L2(1,H) + 2]ty + |7|Gz(1,r)> .

The result follows from [2]72; gy < 2[5y (1. 510y 5r-1(12)) and Lemma 0

2.3 Controls supported in a subset

Consider, in the cylinder I x {2, the controlled system

%z —vAz+az+ V- (bz) =0, (25a)
z|p = B¢, 2(80) = 2o, (25b)

where B € L(Z,G(I,I)) is to be seen as a control operator, and Z a given
Hilbert space. Given an open subset I, C I', we define the spaces

G(I, 1) ={y € G'(I,T) | v|p\;r = 0}, with i€ {1,2}.

Following a standard argument, see [40, Section 4] and also [23] and refer-
ences therein, we can construct open subsets w with

QNw=0, I'NdaCTl,, and 2:=0UaU(NW), (26)

such that §2 is still a smooth domain. _
Let us be given (G,b) € W, and let @ and b be, respectively, the extensions

of & and b by zero outside £2. Notice that we still have (a,b) € W (cf. ([9), @)
W = L= (Ro, L2, R)) x L (Ro, L°(2,RY), |(@b)]3; < Cw.  (27)

However, for given (?1,13) € W, see (22)), we cannot guarantee that we still
have (a,b) € Wk,

Wt = {(a,b) eW|V-beL§(RO,LT(§,R))}, (28)

with r as in . We need a smoother extension for the vector field b, given by
the following proposition whose proof is given in the Appendix, Section [A2]

Proposition 2.1 There exists w satisfying and there exists an exten-
sion b of b such that the linear mapping (a,b) — (a,b) is continuous.
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Remark 2.2 In the literature we may find some results allowing us to con-
struct /extend vectors fields satisfying some divergence constraint. See the re-
sults in [3/4;14], for d € {2,3}. See also [46, chapter 1, Theorem 2.4]. We
were not able to use those results to “construct” an extension Wg — Wst.
Proposition in some sense, generalizes some results in |14, Section 3] to
higher dimensions and for essentially bounded vectors b. Furthermore, the ex-
tension b constructed in the Appendix will be divergence free if so is 5, see
in the Appendix. Thus, Proposition also generalizes to higher dimensions
the result in Proposition 4.2 presented in [40], for d = 3.

It is known, see for example [21], that we can find a family of internal
controls {fj(w) | w € L3(2)}, with 77 € L(H, L*(I,L*(£2))), such that the
solution z¢ of the system

D25 — VA 4+ @z + V- (b2°) = 157(=5), (29a)
2°|F =0, 2(s0) = 2§, (29b)

where z§ is the extension of zg by zero outside (2, satisfies z2¢(s1) = 0 and

N 2 5 00l | )2 500l 2
11(26) 121,123y < eCen® 261 12(3) = 2% (20, (30)
; I._ a b
with ©, =6 (V\I\, ;’LOO(I,Ld(ﬁ))’ ;’Lz?(I,Lm(ﬁ)),d), and
1
O(r,01,02,d) = 1+0f+d6§+;+r(01 +db3) , (31)

and where C (, is a constant depending on w and (2.

Moreover, if 29 € V then z§ € H}(§2), and we have that 2¢ is a strong
solution, which implies that z := 2¢|,, solves ([25)), with Z = G2(I,I), ¢ =
2°| ., and the inclusion operator

B=.} € L(GYI,T),G*(I,T), B¢=¢.

Furthermore, we find that

2 €2 Val Cz.06! e 2
ISle2r,ry < 120w (1 w28, 12(5)) < Clirl,oma, 2] (1 +eree ) 12(50) 3 (3)

sty
<20} eSO |2 (so) 3

‘Il aCWSt 7%]
and, since the choice of such subset w is at our disposal, we can conclude that
there exists a constant Cr. » > 0 depending on I, and (2, such that

2 Vol I 2
Clez.ry < O, 11877 1a(so)ly -

st v

Therefore we have the following.
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Theorem 2.1 Let (a,b) € Wy and B = 1, . Then, there is a family {((z0) |
20 € V}, with ( € L(H,G2(I,T)), such that the solutions z = z(z0,((20)) to
@5) satisfy z(z,C(20))(s51) = 0 and, for a constant Co = C(I, £2), we have

1C(z0)

Theorem 2.2 Let (a,b) € Wy, B = L%C, and si, € I. Then, there is a
family {C.(20) | 20 € H}, with . € L(H,G%(I,T)), such that the solutions

z = 2(20, ((20)) to satisfy z(20, Ce(20))(51) = 0 and, for a constant Co =
C(I,$2), we have that

Yal Coo!
< C“ILCWsp%]e 0P |ZO|V

Cool2 | |2
|Ce(20 |G2(1 ry <Ll C[|I|,Cwst,%]e 7 Jzolh -
where Iy = (80, 51/,) and Iy = (815, 51).

Proof Firstly we apply zero control for time ¢ € I; in this way, see Lemma
we arrive at a vector z(si;,) = 2(20,0)(s1,) € V and the mapping z(sg) =
2o + 2(20,0)(81/,) is linear and continuous:

2
|Z(ZOaO)(51/2)|V < [L]™ C[|11| Cyge 2] |ZO‘H
Next we apply, in I3, the control Z(Z(Sl/z)) given by Theorem [2.1] Thus

IA

6[ Co®;2 }2(31/2)|V.

_ 2
|<(Z(31/2))’G§(12,F) \Iz|7CWsw%]

,2 - Coo
< |L| [|11\ CW%,V]C[|12| C’Wst,y]e 0% 203 -
It remain to check that the concatenated control

Colz) = 0, iftel
0T a0, 0) (s0)), it E I

is in G2(I,1). It is clear that the control is supported in I'. It is enough to
check that the following weighted concatenation of the corresponding solutions

5(t) = {¢(t)z(2070)(t), iften
2(2(s1), C(2(512)))(1), if t € I

isin W (I, H?(£2), L?(£2)), for some smooth function v vanishing for ¢ € [sg, r1]
and taking the value 1 for ¢ € [rg, s1/,], with s9 <1y < 72 < 51/,. Notice that 1)
does not change the trace on the boundary, 2|, = 2| . Since

2|, € W(IL, H*(2),L*(£2)) and Z|, W(I1, H*(2), L*(12)),
and recalling that (cf. [32) chapter 1, sections 3.2 and 9.3])
{v(s1.) v € W(Ih, H*(2), L*(12))}
= H'(2) = {v(si),) | v € W(I, H*(£2),L*(2))},

it follows that the concatenation is in W (I, H?(§2), L?({2)), because by con-
struction (2]} )(s1.) = (2],)(s1,) € V C H'(£2). O
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2.4 Stabilization to zero by finite dimensional controls

Here (@,b) € Ws. We look for stabilizing controls, of the form Byu(t) =
M ,
S ug ()W (z), with u € H'(Rg, RM). Each actuator %; € H2(I') is supposed

i=1
to satisfy 15 ¥;(x) = ¥;(z), that is, supp ¥;(z) C I.

We will construct the finite-dimensional stabilizing control from the con-
trol (.(z0) € G2(I,T), given by Theorem Notice that the range of (.(2g) is
not necessarily finite-dimensional. Note that, if we take PJWQTC(Z()) instead, then
such control takes values in the span Sy = span{¥; | i € {1,2,..., M}} of the
actuators. Recall that Py, is the orthogonal projection in L?(I,R) onto Sy.
Moreover, writing v = (By) ! Pp(c(20), that is, Py(c(20) = Byu, we do
not necessarily have that u € H'(I,RM), as we show now by recalling the
characterization of G(.J,I") in terms of (fractional) Sobolev-Bochner spaces.

We consider (cf. [25] section 2.1] and 38|, section 2.2], see also |33] chapter 4,
section 2]) the following subspace of W (J, H(£2), H=1(£2)) defined by

W(J, H'(2), HH(2)) = W(R, H'(R?), H T (R)) | .
— W(J,H'(2),H(12)),
and the corresponding trace space
G, 1) =W (T H(2), H(2))p = GN(J.D).
Analogously, we consider the space
W(J, H?($2), L*(82)) = W (R, H*(R), L*(R))|
= W(J,H*(2), L*(£2)),
and the corresponding trace space
G2(J.T) = W(J, HY(2), IN(@2) | = G2(J.T).
Notice that (cf. |38, section 2.2]) for a general domain 2 C R%, we have
W(J, H?(2), L*(2)) = W(J, H*(2),L*(2)),  G*(J,I') = G*(J,I),
W(J, HY(2), HH(2)) # W(J, H'(2), H1(2)), G'(J.T) # G (J,T).
We have the following characterizations in [25, Theorem 3.1],
GY(J,T)=G"(J,I) == L*(J,H>(I"))NH>(J,H *(I')),  (32a)
G*(J,I) = G*(J,T) == L*(J,H*(I')) N Hi(J, L*(I)). (32b)

That is, by taking Py(.(20) we will obtain a control u in H%(I,RM),
but not necessarily in H'(I,RM). In order to obtain the desired regular-
ity H'(I,RM) for the control, we will take controls of the form QMPMEC(,ZO)
where @77 is a suitable orthogonal projection in L?(I) with range contained
in H}(I).
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2.4.1 Further regularity in time variable for the control

The stabilizing control in Ry, = (sg, +00), so > 0, will be constructed recur-
sively in intervals of the same length, as J7 := (sg + jT%, so + (j + 1)T%), with
j € N, where the length T, will be fixed.

Let J == (0,7%) and let &; € HJ(J ) be the orthonormalized eigenfunctions

of the Dirichlet Laplacian Ay = gt 57 in L?(J), that is,

&(t) = (£)zsin(FL), As& =6, with 0< ;= (£)%2 = +oo.

We define Q37 as the orthogonal projection in L?(J) onto the finite dimensional
subspace span{¢; | j € {1,2,..., M}}

Then for each interval JI, with j € N, we define the orthogonal projec-
tion QJJ\7 in L2(J7), with range QJM(L2(JJ‘)) C HY(J7), b

QJ]’\Zf 7-50+JT QM —so—j7T« f (33)

where 7, is the translation operator 7, f = f(- — ).
Let us now fix A > 0 and j € N, and consider, in J7 x 2, the system:

O —vAz+ (a—3)2+ V- (bz) = (34a)
Z|F:Q1\7PMCC( ) (30 +]T) *ZOv (34b)

where 2 € H and (.(2})) € G2(J7,T) is given by Theorem H with (6 — %)

in the place of a. To fix ideas we take the point 5./, = so + (j + )T of J7 in
Theorem I = (so+ jTs,s0 + (j + 2)T%) and I = (so + (j + 2)T%, s0 +
(j + DTs).

Proposition 2.2 Py € L(GZ(I, ') and Q%_Py € L(GZ(J7,T)).

The proof of Proposition is given in the Appendix, Section
Let z solve with the identity in the place of QJMPM, and let zps

solve . Then, d = z — zp; solves
2d—vAd+ (a—3)d+ V- (bd) =0,
dlp=(1=QLPu)le(),  d(so) =0.

Notice that zp(so + (7 + 1)T%) = —d(so + (j + 1)7%). From Lemma and
Theorem it follows, with R :=1 — QJMVPM,

12

J T \—277 CoOl2 | _j
Ce(2) S (%) C[T*,Cwst,é]e ’ S (35a)
2
lza(s0 + (G + DT |7 < Z(T) |R|2(G3(Jj,p),cg(ﬂ,r)) ‘Zé‘Ha (35Db)
‘ZM|L<>c JiH) S (C+ =(T) |R‘2L(G§(J.i,r),Gé(J.jf))) 20|, (35¢)
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with C = é[T*chw“A)l] and, where for 7 > 0,

D@(“—;,
€

|| = .

a_ A |g| d
2v Loo Ry, Ld(2)) | LS9 (Ro,Lo°(2))

v

E(T) = 47'_26[7_70\/\)“7)\7%]

=2
= |CC|£(H,G3(I,F)) ’

We can see that when (& — 3, b) = (0,0) then the system
Grz—vAz+(a—3)2+V-(b2)=0,  z[,=0,

(cf. system- is exponentially stable. Therefore from now we consider the
case (@ — 3,b) # (0,0) where we can see that it holds

lim Z(7) =400 and lim =Z(7) = +o0.
T—>+00 T—0

Hence we can set T, > 0 such that

2.4.2 The first stabilizability condition

We show that a stabilizing control can be constructed, under a boundedness
condition on the operator Q%/TPM. Let us consider, in Ry, x {2, the system,

Sy —vAz+(a—3)2+ V- (b2) =0, (37a)
2(s

2| = Cel20), 0) = 20, (37b)

where the control 55(20) is defined recursively as follows.

1. In the interval J° = (so,s0 + T\) we take the control as in system (34)),
CC(ZO)|JO = Q%‘/I’PMCC(ZO)

2. Once the control has been constructed for time ¢ € (sg, so+j7%), j > 1, we
solve the system and take the final state z; = z(so + j7T%). Then we take

again the control Cc(zo) | = QZMPMEC(zj) as in system (34).

In Theorem we will give a stabilizability condition in terms of the

norm § = Denoting also, for each j € N, &/ :=

2

|1 - QMPM|L(G3(J,F),G3(J,F))'

‘1 - QL M‘ , we observe that the dependence of &7 on j is
(G2(J3,I),GL(Ji.I) } }

only terms of the length |.J7| of JJ. Since |J7| = |J| = Tk, then & = &,

Theorem 2.3 The system is exponentially stable with rate 6 > 0, if

1 QMPM‘L(G’Q 5,0),GLr)) S © T (3%)

2
< 1—«9%”* |z0|§{, for a suitable constant C' > 0.

EC(ZU)

Furthermore,

GZ(Rsg,17)
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Proof From and , we find that the solution of satisfies

|2(s0 + (G + DT < ™ [2(s0 + 5T < e U [z,

|Z|2L°<>(JJ‘,H) <(CHe ) e |z

Since for t € J7 we have that t = so + jT% + 7T, with r € (0,1), it follows that
JjT, =t —s9 — rT,, and

2O < (C+e") e 07) 2(s) 3, ¢ 2 s0.

2

v - 2
Finall bserve that < T that
mally we observe hat &)L, € 5 Qe T2 e the
. 2
is z <O Y e 0T 512 < —C o 120l3. O
is, [Cc(20) 2y, = jGZN olg < == |20l

2.4.3 The main stabilizability condition

Notice that involves spaces of functions defined in the cylinder J x I". Here
we present the main stabilizability condition in terms of spaces of functions
defined on I" only.

The norms of the spaces G*(J, I') have been introduced as the trace norm in
Section[2] Here, the (fractional) Sobolev-Bochner spaces G(.J, I') and G2(J, I'),
in above, are supposed to be endowed with the usual norms (based on
the Fourier Transform). See [41, Section A.2] and references therein. That is,
the norms may not coincide, but they are equivalent

2
D? I"gl(J,F) < |'|Q1(J,F) < Dﬁ |'|g1(J,F) ) (39a)
2
D g2y < Ileeinry < DEllga ey - (39b)
The constants D? and Dg, 1 € {1,2}, depend on the length |J| of the interval J.

Recall the space H(I) defined in (I8). We have the following result.

Theorem 2.4 The system is stabilizable to zero with rate 6 > 0, if

Db
1— Pyl . < —2e 0Tyt 40
| M|7-L(FC) = 4D§ (40)

Furthermore, there exists M = Ciuy so that, with ule(z0) = (By)~e(20),
where Co(20) is as in Theorem we have the estimate

2 2

2(z0, Bwuic(z"))

+PMm
)

C 2
< C[Cwst,k L Te 5.7] |ZO|H'

L2(R507H HI(RSO,RM) - IR7R N

For the proof of Theorem [2:4 we will need the following auxiliary results.
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Proposition 2.3 Let us be given Banach spaces X1,Y1, X2, Yo and Hausdorff
topological spaces Z1, Zy such that X; < Z; and Y; — Z;, i € {1,2}. Then for
any given A € L(X1,X2) N L(Y1,Ys), we have that A € L(X; NY1,XoNY3)

and [Al 2 x,av, xanve) < Alecx xa) T 1AL )
The proof is straightforward and is omitted.
Lemma 2.7 We have the continuous inclusions
G*(J,I') — His (J,H3(I'))H3(J,H1(I) = G'(J, ).

Proof The inclusion H1e (.J, Hs (') (VH= (J, H3(I')) — G*(J, I") follows eas-
ily from (32). From and |41, Lemma A.12] we find that G*(J,I") —
HS(J,H7(I'). Then, using again [41, Lemma A.12], we also obtain the inclu-
sion Hi(J, L2(I(HE(J,H3(I")) < His(J, Hs(I)). O

Lemma 2.8 We have that for big enough M = 6[M},

2 D} 2
’1 - QMPM‘L(Gg(J,F),Qg(J,F)) = 417%3 - PM|H(FC) ’

where D? and D} are as in (32).
Proof For simplicity we denote
Ge=Ge(1, 1) =G (L D)NGLL D),  G= G D),
Ge ={y€G"(J,D) [ vpr =0}, G2 ={y e G*(LD) | vpr =0},
and
I(r) = {y € B (J, H (D) (HE (J,HE(D)) | suppy € Te
From R :=1—- Q7 Pyv =1~ Py + (1 — Qg7) P, we have
Rizc.an < 210 = Pulzagy + 210 - Q@) Pulpce ey (4D
Now recalling and , we find
1= Purlzar ) < lzworan U= Purlee on eezoz)

Dt 2
< D*EH*PM\H(FC)v (42)
because, for any w € G2, and denoting for simplicity Py; == 1 — Py,

(= Payully = [Pl + Pl

(J,HZ(I)) (JLH™2(I)

112 2 12 2

< |PM}£(H%(F),H%(F)) |w|L2(J7H%([‘)) + |PM|[:(L2(F),H’%(F)) ‘w|H%(J7L2(F))
12 2 12 2

< |Pailect ory.at oy [l aday t | Pat | eagry.3 () wly2 ey

< |Pﬁ}i(rc) ‘w@f :
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Recalling Lemma [2.7] and Proposition we find

2 2 2
|(1 - QM)PM‘L(Gg,Qg) = }1 - QM‘L(PMI(FC),QQ |PM|£(G§,I(FC))
2 2
<[1- QM}L(H%(J,PMH%(I‘)),LQ(J,PMH%(F))) [Prl a2,z
2 2
11 = Qurloirss gt (ry.arb pa s oy Ptz 2
— 2 2
< O (|1 - QM|L(H%(J),L2(J)) + ’1 - QM’[,(H%(JLH%(J))) :
Above we considered the fractional Sobolev spaces H*(J), s € [0,1], being
endowed with the norm defined through the Fourier Transform. Recall that
we can also see H*(J) as being the domain H{(J) of the fractional opera-

tor (—Ay +1)3, where we recall —Aj; +1: H2(J) N HY(J) — L?(J), with the
equivalent norm

+o00 too
ey = S4B, with w= Y g € HO(J) = HE().
=1 =1

In particular, observe that for 1 > r > s > 0, and
+o0o
2 s—r r—s s s—r 2
195y = (L B3 S (L4 B (L4 B2 < (1+ B lgly ) -

i=1

This allow us to conclude that

2
(0= Q) Pl ez
< Ch (01(1 +B5) E (14 gﬁ)n%) < 205C (1 + B) " .

with C3 = max{Cy, Cy}. Therefore, by setting M € N so that
_ NS _
1+ B3 > (2C3C0n) " (5) 8|1 — Pulyiry » (43)
. 2 ! .
we arrive at |(1 — QM)PM|L(03,Gg) < %E |1 — PM|3—L(FC) and, by using
. 2 D! 2
and ([42), we obtain |1 - QAA/[’PM{L(Gg,Gg) < 4D—§ 11— Purrl3yr)- O

Now, Theorem [2-4] follows as a corollary of Theorem [2.3] and Lemma [2.8]

Proof of Theorem |2.4] Let us set M asin Lemma From (40)), we find that
the stability condition is satisfied. Then by Theorem we have that

system is exponentially stable with rate 3, and the control ube(0) =
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(Bg,)*lzc(zo) (e, z|p = Cuc(zo) = Bwufc('z")) satisfies

B iy 2 B iy 2
B0 —%\( 0) 70|
: -1)2 F ?

S ?gg }(BLP) |[)(Q§WPMG3(J",F),H1(Ji,RM)) 326;1 Cc(ZO)|J.7‘ G2(J3,I)
Cr |éao)| ;

= C1 |Ge(20) G2 Ry T) 11_67_57"*|ZO|H‘

Note that ’(BW is independent of i, that is, the

—112
) |C(Q;7PN1G(23(J1',F),H1(Ji,RM))

supremum coincides with Cy = |(BW O

—112
) ’E(QMPMGE(J,F),Hl((]7RM))~

2.5 An example of suitable actuators. Estimate on the number of actuators.

Here we present a set of actuators which allow us to stabilize the system, that
is, such that the stabilizability condition is satisfied.
Let us take as actuators the functions (cf. [41}/42]),

span{¥; = 9E, ¢3(7) | 1 < i < M} (44)

where the ;s are the first eigenfunctions of the Laplace (Laplace-de Rham)
operator Ar, under homogeneous Dirichlet boundary conditions on I,

Ar; = o, with 0 <oy <041 — 400,

and where IE(}C stands for the extension, to I', by zero outside I, and ¢ €
C?(I) is function with supp ¢ = I'.. For simplicity we suppose that the bound-
ary Ol of I, in I' is either empty or C'°°-smooth.

We see that

11— Parlzry = 11 = Pul 11— Pyl

2
ccadaymatay T L(LA(D),H™ 3 (I))

< Op((L+oa) ™+ (L+on)77) < 2041+ our) 73,

for a suitable constant depending on |¢|C2( - Therefore, the stabilizability
condition is satisfied if

8C, DiTesTs \
1+ o > (%) . (45)
We may expect (as it is the case when I is flat, see [31]) that, opr > CyMTT,
for a suitable constant Cy; > 0. Then, we would obtain a sufficient condi-
2
tion for stabilizability in terms of the number of actuators as 1 + CyM -1 >

d—1

2

8Cs DiTeSTs . 8C, Diret >

(% , which follows from M > [ === .
2 Ci D3
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Remark 2.8 Note that the mapping ¢-: f — ¢ f is in L(H?(I")) (" L(L*(I"))
with @[z g« (r)) < Clolez(ry, for all s € {0,2}. Then by an interpola-
tion argument, we can also show that the inequality holds for all s € [0, 2],
and from (@f, 9)g—=ry,msr) = (f,#9)5-+(r),ms(), We can conclude that
9| z(rre(ry) < Cléloe(ry for all s € [-2,2].

Remark 2.4 In the beginning of Section we ask the regularity H 2 (I") for
the actuators, in order to have strong solutions. We take the function ¢ above,
because the functions span{E}, 1;(z) | 1 <i < M} as above are not in H3(I')
in general, though we have v; € H(I.) ( H} (I%).

2.6 Feedback stabilizing rule

We assume, in this section, that the actuators {¥; | i € {1,2,...,M}} allow
us to stabilize the system. That is we assume that there exists a family of
controls u = u(zp) € H*(R,,,RM), so that the system

S0

%zfuﬂz— %z+zz:07 z|p = Bou(zo), 2(s0) =20 (46)

. . . 2 2 2
is exponentially stable, with [2|7> & g1y F|ul(r,, ry) < C2|20[- We can
rewrite (46)) in the variables (v, k) = (2 — Bgu,u), in the form of the extended
system (|13). Then as explained in the Introduction we can follow a standard
procedure to find a stabilizing feedback control operator Fy = Fo(t), in the

form Fol(t) m = - [_?ﬂ o = [_Jf@} [-Bz* 1] 11 m where IT = II(s)

can be taken as the solution of a differential Riccati equation as . That is,
the solution of

R I 14 R RO e R
satisfies, with C independent of (vg, kg ), the estimate
|(v,®)(t)|F < Ce™|(vo, ko)|7y, forall t>0. (48)
Recall the notations H=H x RM V=V xRM  D(A)=D(A) x RM.
Theorem 2.5 If (vg, ko) € V, then the solution of satisfies

et (v, k)(t)

2

2
‘ < C|(vo, k0)3r,  for all t >0,

A

ez’ (v, k) Cl(wo, ko) ¥

sup
t>0

<
L2((t,t+1),D(A)) —
with C' independent of (vo, ko). The solution (v,k) is, and is unique, in the
space L2 (Ro,D(A)) NC([0,+00), V).

loc
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The proof is omitted. It follows from and from the smoothing property
for parabolic equations (cf. (2.6))). For further details we refer to [42]. Here we
just note that we can rewrite the system with a general external forcing h
in the place of the controller as

22+ Az+Rz+Cz+h=0, z(s0)=z. (49)
with z = [U}, Zo = {UO], the diffusion term A = [_VAU 0], the re-
K Ko 0 SK

a(v+ Bgk) — 2<Bg K

action term Rz = , and the convection term Cz =

0
[V ' (b(va— B@K))} . In this case, from and Lemma we can obtain the
analogous estimates
(Rz.2)v v < Clal |eld |y |2l 2y, for de {12},
(Rz,2)v' v < C a4 |2l |7y for d>3.
(Cz,z)v' v < Olb| o |2|g |Z]y » for d>1.
for all (z,z) € V x V, and
|Cales < O|(V - D)\ laliy |2l + bl [zl . for d=1.
|Cales < OV - D)1 |2 213 4 + 1Bl I2ly . for d=2.
(Cales < OV - B)p= [2§ l2lg 0 + Bl 2ly . for d=3.
|Cz|y < CIV-b|,w |2|g + b= 2]y for d>1,

for all (z,z) € D(A)xD(A). Where C > 0 is a positive constant. In particular,

d, d, . .
notice that D(A) <5V &5 H. The estimates above allow us to derive the
analogous regularity properties for system as in Lemmas [2.2] and
3 The nonlinear systems

To derive the local stabilization result for the nonlinear system, we con-
sider with A as a perturbation:

N R <

Ay m [_VAO +L Eiaj] and NQZD _ [J\?@JB B;n)} .

with

The procedure is analogous to the one in [13,[30], however, since we are con-
sidering a general class of nonlinearities, we will recall the main steps.



28 Duy Phan, Sérgio S. Rodrigues

Let us define z = [Z} . Note that we we can identify v+ Bgr € V@B@RM,

with its components (v, k).
It follows that A satisfy, for a suitable C; > 0, estimates in the form

N(2) — N @) < Culz = 2 (1+ 1215 + 1213 (Ielba) + 20 a))
+Cilz — 2D a) (215 + [2/3) (51a)
and
(N(2) -~ N(2),2 — 2)
<O+ 23 + 219)7 (1 + [2lf 4 + (25 4) 7 12— 2y |2 — 2l
T2 A+ 124y + 12D a)) |2 — 25 (51b)

with {e1,e2} € [0, +00) and {e3,e4,¢5,86} € [2,+00).

With we will be able to follow the argument used in the internal
case in [13,30] to prove the following result, saying that the feedback control
stabilizes the nonlinear system to zero locally. Notice that Theorem |2.5| says
that the feedback controller stabilizes the linearized system to zero globally.

Theorem 3.1 We assume that is stable, with Fo € L(H), and that the
estimates in Theorem hold true. Then there exists € > 0 with the fol-
lowing property: if we have that |(vo, ko)|lv < €, then there is a solution for
system , in Ry x 2, which is in L2 (Ro, D(A))NC([0, +00), V), is unique,
and satisfies

+61(1 + |Z

(v, K) () |v < Ce (v, ko)|v, for all t >0, (52)
for a suitable constant C independent of (e, (vo, ko))-

Proof We sketch/recall the main steps. We define the Banach space

2hi={ne b (Ro. H) | Jal2n < o0}

AL
e2'z . We also set

endowed with the norm |z = su ‘
22> Pr2o W ((r,r+1),D(A),H)

Zli\)c = {Z € leoc (]R()aH)) ‘

Al
€2 Z

< 00, foralerO}.
W((r,r+1),D(A),H)

For a given constant o > 0 we define the subset

ZZJ\ ={z¢ 2| |zf3s < olzol3}

with zg = [ZO} € V, and the mapping ¥: Zg‘ — Z)

oer Z + z, taking a given
0

vector z to the solution z = {Z} of

L2+ Aoz + Foz =N (z), 2(0)= 2. (53)
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® Step 1: a preliminary estimate. Proceeding as in [13] we can conclude that
the solution of the system with a general g € L (Ro,H) in the place
of NV (z) satisfies

k+1
A, — s
sup e 2(-) [fy ((r,r+1) D2y 1) < C (IZol%ﬂLsup/ **1g(s) [ d8> - (54)
>0 keN Jk

with C = C[CWscv/\’§!TT*v6’T].

(® Step 2: ¥ maps Zg‘ into itself, if |zo|v is small. Now we will replace g by

N(z) in (54). From (51d)), with (z,2z) = (Z,0), and from e2% > 1 since Sse >0,
we find that

k+1 ok
sup/’c e |IN(2)(s)|% ds < sup Cy /]C \efri(r)ﬁ)(m dr

keN keN

with Cp = sup C) (|e%SZ(s)|%, + |e%SZ(s)|%,+E1 +|e25z(s) V) Therefore
s€k,k+1]

k+1
sup [ W@l ds < G (falb + fal3 + [21257).
keN J
because W ((k,k +1),D(A),H) — C([k, k + 1], V) uniformly with respect to
k € N. Thus, inequality with ¢ = M (z) and z € Z;‘ gives us

()21 < T (Jzoff + G (|2fs + Iz\;fl +1237))

%) lzol%

‘2+81

+ 0 |Zo|v+Q e

_ _44en _e3+2
and if we set p = 4C5 and € < min {g‘l, o 2(2Fe1) o7 2 } , then we obtain

3+2
@) < O (1402 4+ 077 5 1075 ¢ ) <dCilzol}y = olaol,

(55)

if |zo|v < €, which means that ¥(z) € Zé\'

® Step 3: ¥ is a contraction, if |zo|v is smaller. Let us take two functions
21,25 € Z, and let ¥(z;) and ¥(z3) be the corresponding solutions for (53).
Set e = Z; — Zo and d¥ = W (%) — ¥(22). Then d” solves with d¥(0) =0
and g = N (z1) — N(z2) in the place of N(Z). Therefore, by (54)), we have

. t+1
@0 < Cswp [ W) - Mz frds,
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and from 2|\ (zy) — N (22) |3 < |e?%e(s)|2,51 + e2%e(s )|]23(A)52, with

£92 N 2
(s bl
Vv D(A)

€1

== (1+ e? °z1(s)| + 6%322(5)
v

(1]

2= (I 2 ()[g +[ed 25
it follows that
|d”|%5 < Csle|Za (14 21|20 + [22]2)) (12115 + 22|50 + 21|20 + (2212

and since z; and Z, are both in Z;‘, we arrive to

07 2s <Calel2a(1+ 0% 120l + 0% 12015 ) (20l0f% + 0% 120157 + 0 20/ )

Choosing € > 0, smaller than the one in Step [2] such that

. - 441 _e3+2
e<minqo™ ', 0 2(te) o7 26 o

2 (1 _1 _1 2 L 1
(et G S e )% e,

Nl=

then we have that ¥ maps Zg‘ into itself and
|d”[%5 < Calel%a (1 +oTe + 9%2652> (2962 +oTer + 9574654)
2
< C3|€|2Z>\33%3,

provided |zo|3, < e. That is [¥(z1)—¥(22)|%, < 7|21 —22|%, . Furthermore, we

can see that € can be taken independent of (1, €2, ...,e6) € RZ x R3, because
the function t — ?ii?, t > 0and (c1,ca,c3,c4) € RY, is monotone if ezt +c4 #

0 for all ¢ > 0. Indeed, we can take ¢ = min{gfl,g 3 (182 )2g bl } That

is, € depends essentially on the constant C in and on the constant ol
in (51). From [13, Section 4.2] we can see that the constant C in will
essentially depend on the constant C' in Theorem

(8 Step 4: Fixed point argument. We can conclude that if zg € V is sufficiently
small, |zg|?, < €, then there exists a unique fixed point z = ¥(z) = z € Zs
for ¥. It follows from the definitions of ¥ and Z¢ that z solves the system ,
with Z = z. We can conclude that z solves . Further, inequality can
be concluded from .

(® Step 5: Uniqueness. Finally we show the uniqueness of the solution for
in the space Z = Lloc(Ro,D(A)) N C([0,+00), V) D Z;. Let z; and zp be
two solutions, in Z, for . It turns out that e = z1 — 79 solves . with

g=N(z1)— N(zz) in the place of N(z). Using (51b), and following standard
arguments, we can obtain that

2 2 2 2
T lelir < Ca(1+ |21 + [22|7) (1 + |21 [ a) + |22l a)) L€l -
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Notice that the function
51 G(s) = Ca (L [21 (91 + [22()3) (L4 |21 () o) + 22(5) ) )
is locally integrable, which allow us to write
le(t)[ < elo 9924 |e(0))2, =0, forall t>0.

That is, the uniqueness holds true: z; — z, = e = 0. O

4 Proofs of Main Theorems [I.1] and [1.2]

Let us be given a solution ¢ for the uncontrolled system (with w = 0)
with sg = 0 and g := §(0) € H. We suppose that (g, f) € €, with € defined as
in . That is, we suppose that A and (a, l;) defined in ([5) satisfy (7)) and ,
respectively, for suitable nonnegative constants C and Cw,, -

By taking the Riccati feedback Fo(t) {Z} = _IB@} [-Bg" 1|11 [ﬂ, as
in Section 2:6] we see that the Main Theorem in the Introduction, is a

corollary of Theorems and
Notice that the condition (vg, o) € V xRM in Theoremleads to the the

compatibility condition z(0)|, = Bwk(0) € Sy, that is, (y(0) — 9(0))|, € Sw.

The case of internal controls. The analogous of Theorems [2.4] and 2.5] for the
case of internal controls can be found in |17, Theorem 2.10 and Corollary 2.15],
where the stabilizability condition reads (see also [29]),

(1= Pa)lo|Z gy <77 (56)
Observe that the computations in Section [3] can be followed by just us-
ing instead of and replacing the triple (H, V,D(A)) by (H,V,D(4)).

Therefore, we arrive at the analogous of Theorem for the internal case. As
a corollary we obtain the Main Theorem as in the Introduction.

5 Examples of covered nonlinearities

Many systems modeling real evolutions involve polynomial nonlinearities, for
example Fisher-like equations [22,/49] modeling population dynamics, Burgers-
like equations [18,30] modeling fluid (e.g., traffic) flow, and the Schldgl equa-
tions [43] modeling certain chemical reactions. Here, we check the property

@ f)ec

we ask/assume for the pair (g, f). See . That is, we investigate whether both
(©) and hold true, in case the function f(y, Vy) takes (or can be written
in) the form

fy, Vy) = fi(y) + fe(y) - Vy,
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where f; and f. = [fo; fes --- feq]', are polynomials:
P ) Pk _
fely) =Dy and  foy) =D v,
§=0 j=0
with 7; and 7 ; real numbers, and p, € N for k € {1,...,d}.

It is enough to analyze the case of monomials, with degree greater than or
equal to 2:

fly) = y"™ with n > 2
and
(W, VYy) =y 00y = FA50.,y™ ™, with n > 1 for some k € {1,...,d}.

In this case, recalling the notation in Section for a given trajectory g, we
obtain respectively

nj"t, b=0,

a
and

a=ny""10, 5~V -b=0, b=1[b by ... bg]", with Bk:{o if k # k,

g if k = k.

For illustration, we consider here the case d = 3. The following estimates
will be also valid for d € {1,2}, though in those cases better estimates may
hold true. On the other hand, some of the following arguments will not work
in dimension d > 4, in that case some changes are needed.

5.1 Checking the conditions on the pair (@,b). Case d = 3

Observe that in the case of a reaction nonlinearity f(y) = y®, we find that
condition (6] is satisfied provided § € L (R, L3™~1). In the case of a con-
vection nonlinearity f(y, Vy) = y"0,,y, we find that conditions (6] is satisfied
provided § € L3 (Ro, L*°) and 9,,§ € L>(Ro, L?).

5.2 Checking the conditions on the nonlinearity A/. Case d = 3

For simplicity, we restrict ourselves to the case § € L (Rg, L*°).

Ezample 1 In case N'(z) = ™z, m € N, conditions hold true. We may
write

2 m - 12 12 | am2 -2
W(z) =N @)y = 19"z = 2)(z+ 2|y < |z = 25 19" 1 |2 + 21w s

2 12 -2 2 ~12
W(2) = NGy < Clg™ e 12 = 213 (IR ) + D))
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which shows that holds true. Furthermore, we find

(

=

(2) =N((2), 2= 2)u < |9™(z = 2% (2 + 2| <91z + Zlp=|z — 2|32

< C1(|2l e + El )|z — 232 < 25C1(|2f5 + |2]70) 2] — 2132
< Call2ly 12lpeay + 1Zly Zlpgay) Bz — 212

< Cs|2ly + 12y + |2lDa) + 2154y 22 — 213

< Ca(L+ 12l + 1215)2 (1 + |2lpa) + 121D a)) 212 — Zlalz — Zlv,

which shows that holds true.

Ezample 2 In case N(z) = §™2", m € Nand n = {3,4,5}, holds true. We
may write, for suitable nonzero constants r;,

N() = NG =™ = 5)'S 2z,

J=0

where in the sum we have monomials of degree n — 1. For example for 21272,

by standard (yet appropriate) Young, Holder, Sobolev, and Agmon 1nequah—
ties, we may write

2. 2z2n—4 z2n—5
)72z ‘ |L1

|(z = 2)2'2"~ Q\H—|(2—Z < |2 = 27 |2l e 2] o |22

~ 2n—>5
< Cilz =2y |2 = Zlpa |Z\v |Z\D(A) |Z|v \Z|D(A 2|6 |21 ne(zq 5

6(2n—5)

and, since H(2) — L°(2) — L™ 5 (02),

el 1+42(2n—>5)

|(Z - 2)z13" 2| <Flz- Z|v |2lp(a)1Zlp(ay +C2 |2 = Z|D(A)|Z|V 2]y
< G Iz =21y (Jolha + 18l ) + Ca lz = 3ibay (121770 +12157°).
Furthermore, we find
(2= 2)2'2"2 2 = ) w < 212" 2 pee |2 — 2|72 < Cu(2l7=" + 127202 — 27
< Cs(I2y Izlptay + 12107 Elpia)lz — 23
which implies the inequality

(2 = £)2'2" 7%, 2 = B)i < Cr(lalyr + 127 ) (2fBa) + 1ElDa))l2 = 222,

with 6, =2, forn=5 and §,= % for n € {3,4}.

where we have used, for n € {3,4}, the Young inequality

n—1_4
2107 el < Collely™ =7 + [alpiaT 7).
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For the other monomials we can obtain analogous estimates, which give us
N(2) = NI < Cs 1573 |2 = 213 (12D ) + 12
+ Co |9 e |2 = 2y (110 + 12177°))
(N(2) =N(2),z = D) < Co(L+ |21y + 121%) (12D a) + 1ED(a))lz — 222,
which show that hold true.

Ezample 3 In the case N(z) = §™z%, we were not able to derive (7a)). Pro-
ceeding as above, for suitable nonzero constants r;,

N(z) = N(Z) = §7(z— 3) 32y 55,

Jj=0

where in the sum we have now monomials of degree 5. If for example for z'z4,

we proceed as above and write

(2 = 2)2' 2%}, = (2 — )%28°| 1y < |2 = 2l |2l e 12l e [ 227

R N S .
< Crlz =2y |2 = Zpay 1219 2[5 a) 1213 125 4) 227 1 s

we cannot bound the term |227]L1 by the V-norms of z and Z (for d = 3). Try-
ing to use again the D(A)-norms, we were not able to arrive to (the D(A)-
norms will appear with a power strictly greater than 2).

Ezample 4 In the case N'(z) =V - (g(§)z"), where n € {2,3} and g: R — R3
is a smooth function, estimates (7)) hold true provided g(§) € Wy. We will
consider the cases n = 2 and n = 3 separately.

The case n = 3. We write, for suitable nonzero constants r;,

N =NE) = V- (gi)z = 2) 3 ry29227)

=0

where in the sum we have monomials of degree 2. For example for zZ we find
V- (9(9)(= = 2)=2)[}y
<[(V-9(@)*(z = 2222 L, +19(D) 1 [(V((= = 2)22))°| .,
< (V- g@)7s |2 = 270 [2°2] o
190 ([(V( = 20| 1 12227 o + 12— 23 (VG20 )
< Ol = 2y el 27w + Clz = 2ly |2 = 2l (1217 El7m + |21 1217)
<Cylz -zl (M%/ + |5|\2/) <|Z|2D(A) + |5\2D(A))
+C1lz = 2y |2 = ey (1213 121y BElpay + 121y 2py )
< Calz =2 (a5 + 12 +1) (12 + 120

~12 6 ~16
+ Calz = ) (I21% + 121 ) -



Stabilization to trajectories for parabolic equations 35

We can obtain analogous estimates for the other monomials, and obtain
(2 <12 2 2 2 )
N () = N @ < Calz =215 (12l + 121 +1) (sl + 12 )
212 6 |6
+ Cs ]z = Z[p ) (MV + |Z|V) .
which shows that holds true. Furthermore, we also obtain

(V- (9(8) (2 — 2)23) , 2 — )i = (9(§)23(2 — 2), V(2 = 2)) L2 (2.
< 9@ Lo (2,r) 22| Lo (2r) |2 — ZlH|2 — Z|v
< Cu(l2lv |2l BV 2l (ay) 22 — 2|2 — 2|y

< Cs(121} + 12R) 2 (1213 ) + 2B ) 2 |2 — Zlulz — 2lv
and
- - - 1 - 1 - -
N(2) =N(2), 2 — D) < Coll2ly + 12)2 (|21 ) + |21 a)) 2|2 — 2|2 — 2y
which shows that holds true.

The case n = 2. We write, for suitable nonzero constants r;,
N(z) = N(2) = V- (9(5)(z = (02" +712"))
Again, we consider the monomials in the last sum separately, and find

. Sy N2
V- (9(9)(z = 2)2)[y
212 112 ~ ~ 2
S Clz =2y |2lpe + Clz = 2y [2 = Zp ) 2]y
S22 ) ~12 2
< Cilz—Zfy ‘Z|D(A) + %(|Z e Z|D(A)) 2]y
S22 212 2
< Colz = 2y |2lpa) + § 2 = 2l 21y -
We can obtain analogous estimates for the other monomial, and conclude that
(2 ) 2 212 <12 2 122
N(2) = N )3 < Cs [z = 213 (120 )+l ) ) +Cs |2 = 2y (1215 + 121 )-
which shows that holds true. Furthermore, we also obtain

(V- (9(9)(z = 2)2),2 = 2)u = (9(§)2(2 = 2), V(2 = 2)) 12 (2,re)
§ C4|Z‘Loo|2 — 5|H|Z - 2|V S C5|Z|D(A)|Z - 5|H|Z - 2|V

and
N(2) = N(2), 2 = D) < Coll2lda) + 121D a)) Flz — Zlulz — Zlv

which shows that holds true.
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6 A numerical example

The simulations below have been done by considering a finite element ap-
proximation for the space variable based on the classical piecewise linear hat
functions. For the time variable we have used the Crank-Nicolson scheme.
Since the manuscript is already long we skip the details on the discretization.

We consider the following nonlinear parabolic equation, for time ¢ € [0, 7],
with 7' = 8, in the unit ball 2 =D = {z = (z1,22) € R? | 23 + 23 < 1}.

1
sy —vAytesyt towtay+ oV () + fo=0, ylp =g, (57)
y(o) = Yo,
where ¢, ¢o, and c3 are constants in R, and fj is a fixed appropriate function.
Let us fix a smooth function ¢ which we will take as our reference trajectory.
Then, as external forces, we (must) take the functions

. . . . . L1 A
fo=fo(9) = — (é)ty — VA + e3P 4 2t + e+ 3V (yQ,yQ)) ,

9=9@) =79,

(58)

We will also set the parameters
v=02, (c1,¢c,c3)=(-2,-1,-3), A=1.
In the simulations below we will take reference trajectory
9(t) = (223 + x3) sint,
and the external forces as in .

Remark 6.1 To make a smooth function §(t, z) a solution of (57), we have just
to set the appropriate external forces fo and g as in .

Our internal actuators will be defined as follows. We define the rectangle

w:=(0,%) x (0,%). (59)
Then, we take a regular partition of w into M = mn subrectangles
wip = (B2 ) x (2L L) (I1,1) € {1,2,...,m} x {1,2,...,n}.

We take the M actuators 1y, , . Thus, at any given time instant, in each
subrectangle wy, ;, the control is constant. As an illustration, we plot a linear
combination of 4 piecewise-constant actuators in Figure a), corresponding
to the arrangement (m,n) = (2,2).

For the boundary control case, our boundary, once parametrized by arc
length, is I" = [0, 27). We use M boundary actuators whose form is

_(i(60—0 .
T;(0) = 1(g,.6,) Sin (élooo)) . i=1,2,..., M, (60)
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(a) Piecewise-constant actuators. (b) The boundary actuator ¥s.

Fig. 1 Internal and boundary actuators.

with 6y = 7 and 6; = %”. As an illustration, the boundary actuator ¥y is
plotted in Figure [[(b).

The feedback operators have been computed by solving the Riccati equa-
tion , with @ and b as in , with M = 6, and with A = 1. In the boundary
case we have taken ¢ = 8. In the internal case the actuators are those corre-
sponding to the arrangement (m,n) = (3,2).

The initial condition has been taken in the form yo = §(0) + evg, where vy
is the (numerical) solution of the elliptic system

M
—0.5Av0 + 0.1vg = cos(3x2)? + sin(zy) + 2; volp = Z 0:%;,
i=1

and o = (1,1,0,0.5,0,0) in the boundary case and ¢ = (0,0,0,0,0,0) in the
internal case. The corresponding functions are shown in Figure 2]

1%
EAVAANAYY

(a) For boundary case. (b) For internal case

Fig. 2 Perturbations of initial condition.
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6.1 The case of boundary actuators

We will confirm that the feedback control is able to stabilize locally system (57)
. P . A .

to the targeted trajectory g with exponential rate 5, see Main Theorem
That is, the solutions of the system

Ly —vAy+ f(y,Vy)+ fo=0, ylp =g+ Bwr, y(0)=ryo, (61a)

) o * y_Q_B~’i _
§n+§mf[35 1}]])\[ . q’}, k(0) = €ep (61b)

with yo = §(0)+e€vp, go exponentially to §, with rate %, provided e |v0|H1(Q) =
[yo — 9(0)[ g1 () is small enough, that is, provided e is small enough.

In Figure [3[a) we observe that under the boundary feedback control, the
system is stable and the solution y goes exponentially to § with rate %, for
small |e|p. The feedback fails to stabilize the system to g for bigger magnitudes
of €, as we see in Figure (b) In Figure c) we see that the uncontrolled system
is not stable, and the solution may explode even for small .

1 A logly(8) — 9O /levoly) - logly(t) — §(#)[/levolzy) log |y(t) — (1) |3/l evol%)

—e = —0.005
——€ = +0.005
—€ = +0.058

— e = +0.0575, time time ¢ 0 time ¢
- 0
0 2 4 6 8 0 1 2 3 4 5 1 2 3 4

(a) With feedback. Small e. (b) With feedback. Larger €. (c¢) Uncontrolled solution.

Fig. 3 Boundary actuators. Controlled versus uncontrolled solutions.

Remark 6.2 In the theoretical results we have asked the boundary actuators

to be in H?(I'). The actuators in are in H*(I') for all s < 3, but not

necessarily in H3 () (cf Chapter 1, Section 11.3, Theorem 11.4]). This
lack of regularity was neglected for the simulations.

6.2 The case of internal actuators

We will confirm that, with By, = 1, Py 1, = Py, the solutions of the system

Ly —vAy+ f(y,Vy)+ fo= —BuByI\(y—9),  ylr =9

y(0) = §(0) + evo, (62)

go exponential to the targeted trajectory g, with rate %, provided € |vo] ;1 @) =
[yo — 9(0)] g1 () is small enough.
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In Figure [f{a), we observe that for small || the feedback control is able

to stabilize the system to ¢ with exponential rate % Figure a) shows that

for bigger magnitudes of € the feedback controller is not able to stabilize the
system to g. In Figure c), the uncontrolled system is unstable and exploding,

even for small e.

S A+ logly(t) = g0 /lewold) . logly(®) — GO/ levolz) log [y(t) — (1) %/ levol?)

€=—0.221

—e=-0.1
-5 —e=-001

€= +0.005
—e=+0.01
—c=+0.238

=)

time ¢ time ¢ - time ¢

-10

5 0
0 2 4 6 8 0 1 2 3 4 5 6 1 2 3 4

(a) With feedback. Small e. (b) With feedback. Larger e.  (c¢) Uncontrolled solution.

Fig. 4 Internal actuators. Controlled versus uncontrolled solutions.

6.3 On the computation of the solution of the differential Riccati equations

We cannot solve numerically the differential Riccati equations backwards in
the time interval [0, +00). So we solve them in a finite interval [0,T], and we
refer to [30} sections 5.3.2 and 5.3.3] for a procedure to find an appropriate
final condition IT(T'). Here we have followed essentially the same procedure
where in particular I7(T') will be the solution of a suitable algebraic Riccati
equation. To solve such equations we use the software in [15] (see also [16]).

Though, the numerical issues are not the subject of this work we must,
however, mention that it is well known that as our discretization is refined
solving the Riccati equation becomes a very hard and challenging numerical
problem.

Another remark is that the function fjy in the discretized systems has been
taken as the function which makes g a solution of the discrete system. This was
done to somehow avoid the effects of the numerical error which is propagated
over time. See the discussion on [30, Section 7.2].

Acknowledgments. The authors acknowledge the support from the Austrian
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PhD duration. The authors are also grateful to the anonymous referees for
their constructive comments and suggestions, which have helped the authors
to improve the paper.
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Appendix
A.1 Proof of Lemma [2.2]

Observe that given z solving , with v = 0, by rescaling time ¢t = ~ and defining (1) =
2(Z), a(r) = a(Z), b(r) = b(Z), and h(r) = h(Z), we find

v
0rf—As+ 824V (b4 E—0  z.=0  Zwvso) =20
Then, by standard arguments, we can find

c?q _
5(vs)| < e vz OWsTveo) (|z(uso)\?{ + 5|k

)

Lz((Vso,Vs),V’))

vsy o o
2w 12200, 1 4y = Hwso)ly — [Ews)ly + / G2+ V- B+ E gy par
0

<0y |32 +3]E[ + 152

= Y1 R[pee (vl H) VL2, vy L2(vI, V)"
with C1 = (14 302]2 +302]|% . Therefore,

VLo (vi,Ld) YILo (vI,Lo°)

c? _
(@) < eTOWE0) (x50l + 2 b2y 0y )

2 c? 2 2 2
22wy < (35 + 355 1@y 12l 1y + 53 Bl v
s
|4

< (V +Clalpoo(r,pay +C lb‘L;f’(I,LDO)) |zl2(r,vy +1PlL2(r,vry s

L2(1,v7)

which imply the statement of Lemma [2.2) O

A.2 Proof of Proposition 2.]

We construct an extension for b = b(t, ) independent of ¢. We consider a different local
system of space coordinates w, in order to flatten the boundary. We use some basic concepts
from Riemannian manifolds, see chapter 1, Section 13 and chapter 2, Section 2].
Change of coordinates. Up to a translation and rotation, we may suppose that locally
the boundary I' = 942 is the graph of a smooth function A, with @ = (w1, wa,...,w4_1),

w— Gy(w) = (w, A(w)) € T,

weDI = {w e R |wf fwd 4+ wdoy <7,
with (small) » > 0. Locally, a tubular neighborhood is given by
T=Tou={z€R? |0 = Ga(@) +wang ), wi=(@wa) DI x (-1}, (A1)

with (small) I > 0. Where ng , () stands for the unit outward normal vector at G4 (w) € I'.
Let us denote O~ = D! x (—=1,0) and O+ = D! x (0,1). Notice that the points
outside 2 correspond to those in OF. We may suppose that xo = G4(0) € I'. C I'NT, that
is, in Proposition we may take & corresponding to a subset of O1.
The new coordinates (w1, w2, ..., wq) induce the vector fields

d

Do — Dm0 1.4, (A.2)
w; i=1 “wi 9xj

<!
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defined in O = D! x (=1,1). We can see the neighborhood 7 (endowed with the usual
Euclidean scalar product) as the Riemannian manifold (O, g) by taking the metric tensor

d
— . _ 9 1o}

g= Z gijdw; ® dw;, with g;; = (T'wi By ) .
i=1j=1 7 /R

where (-, -)pa stands for the usual Euclidean scalar product in R4,

d
The divergence of a vector field V = Y VZE)i reads, in the new coordinates,
i=1 Wi

d
1 a(Vj/3
Vw-V:(—l)dﬁ E %7

=1 7

where g := det[g;;] stands for the determinant of the matrix whose entries are the coefficients
of the metric tensor. Recall that in our setting /g coincides with the Jacobian ‘det [g—i} ‘

of the the smooth diffeomorphism w — z, because

d
[9:] = Oz Oz | _ [%} [%]T
(¥ = Ow; Ow; Hw Ow ’

T
where [g—z] is the transpose matrix of [g—z]
w w

d
The extension. For a given vector field V=~ = 3 V,~ Bi defined in O, we consider
i=1 v

R
i

the following vector field defined in O%:

d +— _ — (= P
eSS (@S = V@, i
= w; Vi (w,s) = Qw)V, (w,—s),
where s € (0,1) and
o) = V@0,
\/gl(ﬁ,s)
Then, denoting the mapping o: Ot — O~ (w, s) — (W, —s), we find
4 avtvE)
Vala,e) (D (Vo Ve =D —4—|
j=1 J (w,s)
AV Vi)oo) AV V@)oo) L o va)
g)oo g)oo g
= dawd _ *Z o _ _72 5|
' @,s) =1 J (@,s) j=1 J (w,~s)
which gives us
(Vw - V+)|(m,s) = —Q(w)(Vw - V_)‘(m,_s) : (A4)

For S C O, let us denote Wa(S) = {v € L>(S,R%) | (Vo - v) € L5(S,R)}, with r €
{2,00} (cf. (28)). In particular, since Q(w) is a smooth function, we observe that V* €
Wo(O1) if V= € Wa(O7). Here, (f, h)Lg(S,R) = [¢ fhdO, dO = /gdwi Adwz A... Adwg.

It is also clear that the linear mapping V'~ — VT is continuous. Finally, we prove that the
function defined by

V- (w), ifweo,

V™=V, with V(w):= {V+(w) fwe ot
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maps W2(O7) into Wa2(O). We need to prove that V. -V € Lg((’),R). For a smooth
function ¢ € D(O) = C(O,R) with support contained in O we find, in the distribution
sense, with I'p := {w € O | wqg = 0},

(Vu -V, 0oy ,p0) = =V, Vud)poy,p0) = —(V, Vwd)r2(0,r)
_ - v —_—
= (Vu - V.d)r200- 1 + (Vu - V. 8) 120+ 1) _/pfg (voia%) =g (V* 52) dyl.

Notice that ai is the unit outward normal at Iy C 00 ~.
wy
Now, since g (V*, %) —g (VJr, %) =V, 7Vd+, from Vul7L (W, s) = Qw)V, (W, —s)
wg wg
for all s > 0 and Q(w,0) = 1, we can conclude that V,; — Vd+ necessarily vanishes at Ip.

Hence, the boundary term vanishes, and we can conclude that V., -V € Lg(@, R). We may
write

(Vw - Vid)poy p©) = (Vu - Vid)r2(0- gy + (Vu - Vi) 20+ 1) = (Vu - V. 9) 2 (0.r)-

Therefore, if in addition we have Vi, - V™ € Lg°(O7,R) then from (A.4) it follows
that V. -V € LP (O, R).
Tt is also clear that the mapping V'~ ~— V maps Wa(O~) into W2(©O) continuously.

In the original coordinates the extension above reads: given b=b; 2 3., we firstly rewrite b
Iz

in the new coordinates b = b -2~ = V=, next we extend V= to V = Vlai (through V+
w;

i D,
as above), finally we rewrite V in the original coordinates: V = Vl Ba; =:b.
The continuity of (a, b) — (a, b) from Wy into Wst follows stralghtforwardly. [}

Remark A.3 In , Proposition 4.2] we find, for d = 3, the result we present here in Propo-
sition |2.1] n Our of borrows the idea from | . Appendlx] We still present the proof in

here because in [40], when computing the vector fields 5> fori=1,2,...,d—1, as in

o(ng , )i
above, the terms wd#ai have been missed, see Eq. (A.2)].

w, T ;

wq

A.3 Proof of Proposition [2.2]

From chapter 4, Section 2.5, Theorem 2.3] we know that u +— (uo,u|y), maps the
space W(Ro, H2(2,R), L?(£2,R)) continuously onto the product space

{(z9) € H'(2,R) x (L2(Ro, H3 (I R) ( H (Ro, LA(TR)) ) | 9(0) = 21 }

In particular, this implies that G2(I, I')) = L2(I, H3 (I, R)) H i (I, L(I}, R)).
Now, it is not difficult to check that

Pag € L(LA(1, H? (I,R) N £(H (I, L3(I R))).
Indeed, we may suppose, without loss of generality, that the family of actuators is or-
thonormed in L?(I',R), and in that case we obtain, for a Hilbert space X — L?(I'|R),

M 2

|PMC|2LQ(I,X) :/1 Z(C(S)vlpi)L2(F,R)Wi

i=1

M
ds < MZ/I IC) 32 rmy Wil % ds

X
S Mlénax |¢I ‘X |<|L2(I L2(FR)) = CK'LZ(I X) El

2 5 M ?
LZ(I,X) :ﬁ 87; L2(1—‘IR)W

2
ds—‘PMatC Cl5m X
X

‘ 5}

o)
2p
‘Bt MG L2(I,X) ~
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Now, from Py; € L(L?(I,L%(I,R))) N L(H(I, L?(I,R))), by an interpolation argument, it
follows that Py € [,(H%(I, L2%(I,R))). See [32} chapter 1, Section 5.1] and [33, chapter 4,
Section 2.1]. Finally, Py, € £(L2(I, H? (I, R))) "\ L(H 3 (I, L2(I}R))) implies, by Proposi-
tion [2.3] that Py € £L(G2(I,1)).

Finally, we prove that Q% P € L(GZ(J7,T)), with J7 = (so + jTs, 50 + (j + 1)T%).
Since, by setting I = J7, we have Py; € L(G2(J%, T)), it is enough to prove that Q%vf S
L(PapG2(J3,T),G%(J7,T)). Notice that

Py G2(J3, 1) = L2(J9, PyyHS (1)) N HE (J9, Py L2(I)),

and PMH%(F) = Sy = Py L2?(I"). Since the space Sy = span{¥; | i € {1,2,...,M}}
is finite-dimensional, it remains to observe that Q]FJ\Z e L (LQ(Jj,RNI) N H%(Jj,RM)),

which follows from QZM € L£(L2(J9,R)) N L(H? (J7,R)). Finally, observe that looking
at Hi (J9,R) = Hi (J7,R) as the domain of (—A ;; + 1)% (cf. proof of Lemma ) we can
)= 1= ‘QL

2
M’L(H?(JJ,R))' 0

2
conclude that ‘QL )
Mlc(L2(J9 R)
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