POLYNOMIAL STABILITY OF A
COUPLED WAVE-HEAT NETWORK

LASSI PAUNONEN AND DAVID SEIFERT

ABSTRACT. We study the long-time asymptotic behaviour of a topo-
logically non-trivial network of wave and heat equations. By analysing
the simpler wave and the heat networks separately, and then applying
recent results for abstract coupled systems, we establish energy decay
at the rate t~* as t — oo for all classical solutions.

1. INTRODUCTION

In this paper we study the long-time asymptotic behaviour of the system
of coupled one-dimensional wave and heat equations shown in Figure 1.

Wave 2

FIGURE 1. A wave-heat network with heat parts (red) and
wave parts (blue). The arrows indicate the directions in which
the spatial coordinates increase.

Along each of the blue edges we solve the wave equation yf(z,t) =
vk (x,t), for x € (0,1), t > 0 and k = 1,2, and along each of the red
edges we solve the heat equation wF(z,t) = Brw® (x,t), for z € (0,1),t > 0
and k = 1,2, 3, where 1, 82, 83 > 0 are constants. We impose the boundary
condition y;(0,t) = 0, together with the Kirchhoff-type coupling conditions

yi(1,t) = wl(0,t) = w3(1,1)
yE(1,8) — Biwl(0,t) + Bswd(1,¢) = 0
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at vertex 1,
wl(lv t) = wQ(Oa t) = yt2(07 t)v
ﬁlw;(L t) - ng%(o, t) - 1/127(0’ t) =0
at vertex 2, and

BowZ(1,t) — Bsw3(0,1) + y2(1,¢) =0

at vertex 3, in all cases for t > 0. We study the total energy of the wave-heat
system, defined as

2 1 3 1
1 1
k=1 k=1

for ¢ > 0, with the aim of establishing decay of this energy as t — oo for
initial data leading to either a mild or a classical solution of the corresponding
abstract Cauchy problem. The following is our main result.

{w?(l,ﬂ = w?(0,1) = y?(1,1),

Theorem 1.1. The energy of every solution of the wave-heat system satisfies
E(t) — 0 as t — 0o, and for classical solutions we have E(t) = o(t™*) as
t — 00.

Networks of PDEs have been studied extensively in the literature. Exis-
tence of solutions has been established for instance in [16, 18, 19, 22|, while
polynomial stability of networks of wave and heat equations has been stud-
ied in |20, 23] for certain particular network configurations and in [15] for
general star-shaped networks. Stability of various other types of PDEs on
networks has been considered in [2, 3, 4, 10, 13, 22, 26|, to give just a small
selection. This work also relates to the study of fluid-structure interactions
and wave-heat systems on spatial domains of one- and higher-dimensional
spatial domains; see for instance [5, 6, 7, 11, 12, 27, 28|.

In the present paper, we establish well-posedness and stability of our wave-
heat system by following the approach taken in [24] for composite systems
subject to abstract boundary couplings. The corresponding results were
already used in [24, Sec. 4] to investigate stability of certain types of net-
works of wave and heat equations. In this paper we investigate the structure
depicted in Figure 1, which is more complicated than the PDE networks
considered in [24, Sec. 4| on account of the fact that there are now multi-
ple vertices at which wave equations are coupled with heat equations. We
demonstrate how the abstract results in [24] can be applied, in a slightly
more intricate way than was necessary in [24, Sec. 4], to analyse this more
complicated model.

The method presented in [24] is based on a decomposition of the wave-
heat system shown in Figure 1 into two smaller networks; in our situation,
one “wave network” and one “heat network”. The decomposition of the full
network model and the interaction between the two subnetworks is illustrated
in Figure 2. We analyse these two simpler networks separately in Section 3
in order to prove Theorem 1.1 in Section 4. First, in Section 2, we reproduce
the theoretical results from [24] which will form the basis for our analysis.

We use standard notation and terminology throughout. All normed spaces
will be considered over the complex field. Given normed spaces X and Y, we
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FIGURE 2. Decomposition of the network into a wave net-
work (the two blue edges) and a heat network (the three red
edges) which interact via coupling at the three vertices.

write B(X,Y") for the space of bounded linear operators from X to Y, and
we write B(X) for B(X, X). We denote the domain of a linear operator L by
D(L), and we endow this space with the graph norm. We denote the kernel
of a linear operator L by Ker L, and we write p(L) for the resolvent set of L.
Furthermore, given a bounded linear operator T € B(X) on a Hilbert space
X, we denote by ReT the self-adjoint operator %(T + T%), and given two
self-adjoint bounded linear operators S, T € B(X) on a Hilbert space X we
write T' > S to mean that (Tx — Sz,z) > 0 for all z € X. If p and ¢ are
two real-valued quantities we write p < g to express that p < Cq for some
constant C' > 0 which is independent of all parameters that are free to vary
in a given situation. We shall also make use of standard ‘big-O’ and ‘little-o’
notation.

2. BOUNDARY NODES AND AN ABSTRACT STABILITY RESULT

In this section we present the abstract setting we shall use to analyse our
wave-heat network, and we recall the main result of [24]. Let X and U be
Hilbert spaces, and let L: D(L) C X — X, G,K: D(L) C X — U be linear
operators. The triple (G, L, K) is said to be a boundary node on (U, X,U) if

(i) G,K € B(D(L),U);
(ii) the restriction A of L to Ker G generates a Cy-semigroup on X;

(iii) the operator G has a bounded right-inverse, i.e. there exists G" €
B(U,D(L)) such that GG" = I.

The boundary node (G, L, K) is said to be impedance passive if
Re(Lz,x)x < Re(Gz,Kx)y, x € D(L),

and in this case the Cip-semigroup generated by A is necessarily contractive,
by the Lumer—Phillips theorem [14, Thm. I1.3.15].

If (G, L, K) is a boundary node on (U, X, U) and A denotes the restriction
of L to Ker G, we define the transfer function P: p(A) — B(U) by P(A\)u =
Kz for all A € p(A) and u € U, where z € D(L) is the unique solution of
the abstract elliptic problem

(A=L)x =0, Gz = u.
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Existence of P follows from [25, Rem. 10.1.5 & Prop. 10.1.2]. Recall also
from [24, Prop. 2.4(b)] that if the boundary node (G, L, K) is impedance
passive then Re P(\) > 0 for all A € p(A)NCy. As in [24], we do not distin-
guish notationally between P and its analytic extensions to larger domains.
For more information on boundary nodes, see [17, Ch. 11], [21].

Let (G1,L1,K1) and (Ga, Lo, K3) be two impedance passive boundary
nodes on (U, X1,U) and (U, X5,U), respectively, where X, Xo and U are
Hilbert spaces, and consider the coupled system

z1(t) = L1z1(2), t=>0,
Z9(t) = Lazo(t), t>0,
Gr21(t) = Ka22(t), t>0,
Gaza(t) = —Ki2z1(), t>0,
21(0) € X1, 22(0) € Xo.

We may reformulate this coupled system as an abstract Cauchy problem

i(t) = Az(t),  t>0,
{Z(O) =2

for z(:) = (21(-), 22(-)) " on X = X; x Xy, where zp = (21(0), 22(0))" € X
and A = diag(L1, L2): D(A) C X — X with

D(A) = {(l‘l,xg)T S D(Ll) X D(Lg) : Glxl = KQQZQ, G2$2 = —Kll‘l}.

For j = 1,2 we denote by A; the restriction of L; to Ker G; and we denote
the transfer function of the boundary node (G, L;, K;) by P;.

The following is a special case of |24, Thm. 3.1]. The result makes it
possible to deduce a growth bound for the resolvent of A from information
about the boundary nodes (G1+ Ky, L1, K1) and (G2, L2, K2). Here we may
think of (G1 + K1, L1, K1) as a boundary-damped version of the boundary
node (G1, L1, K7). For instance, in our wave-heat network (G1+ K1, L1, K1)
describes a wave network with dissipative boundary conditions. Note that in
the coupled system this boundary-damping is replaced by the interconnection
with the boundary node (Gg, Lo, K32).

Theorem 2.1. Let (G1, L1, K1) and (Ge, Lo, K2) be two impedance passive
boundary nodes on (U, X1,U) and (U, Xo,U), respectively, and let Ay denote
the restriction of Ly to Ker(Gy + K1). Suppose there exists a non-empty set
EC{seR:ise p(Ay) Np(A2)} and that

(2.1) sup ||(is — A;) 7| < o0
sek
for j =0,2. Suppose furthermore that there ezists a function n: E — (0,00)

such that Re Pa(is) > n(s)I for all s € E. Then A generates a contraction
semigroup on X, 1E C p(A) and

()
(s
where p(s) = 1+ || Po(1 +is)||? for s € R.

=

Iis = AT S ==, s€E,

~—
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Remark 2.2. Note that [24, Thm. 3.1] is in fact more general than this. In
particular, in [24, Thm. 3.1| the space U is allowed to be different for each of
the two boundary nodes, and in addition we may replace (2.1) by the weaker
condition that the norms of the two resolvents can be estimated from above
along the imaginary axis by functions which need not be bounded.

3. ANALYSIS OF THE WAVE-HEAT NETWORK

We begin by expressing the dynamics of the wave-heat network as an
abstract Cauchy problem on a Hilbert space X = L?(0,1)7. To this end, we
define

Z(t) = (yals(‘vt)a ytl('7t)7y§<'7t)ayt2('vt)7 wl(.,t),w2(-,t),w3(-,t))T

for t > 0. We note that the total energy of the solutions of the wave-heat
network satisfies

1
E(t) = §||Z(t)||27 t>0.
The evolution of the state z(-) is described by the abstract Cauchy problem
3(t) = Az(t t>
(31) Z( ) Z( )’ — 0)
2(0) =29 € X,

where the generator A: D(A) C X — X is defined by

T
ACC = ('Ui, ’U,&, ’Ué, u/27 5111)3/, 62wg7 /83wg)

for = (u1,v1, ug, va, w1, wo,w3) ' in the domain
D(A) = {(ul,vl,uQ,vg,wl,wg,w;;)T S Hl(O, 1) X H2(0 1) UI(O) 0,
v1(1) = w1(0) = w3(1), wui(1) — frw)(0) + Bzwy(1)

wi(1) = w2(0) = v2(0),  Frwy(1) — B2wh(0) — u2(0)

wa(1) = w3(0) = v2(1), Powsy(1) — Bzws(0) + ua(1)

0,
0,
0

}-

As will become clear in Section 4 the operator A generates a Cp-semigroup
(T'(t))e>0 of contractions on X. We recall that the mild solution of the
abstract Cauchy problem (3.1) is given by z(t) = T'(t)zo for t > 0, and that
z(+) is a classical solution if and only if zp € D(A); see [14, Sec. I1.6].

In order to apply the results in Section 2, we express A and D(A) in terms
of two boundary nodes (G1, L1, K1) and (G, L2, K3) on (C3, L2(0,1)*,C3)
and (C3, L%(0,1)3,C3), respectively. We achieve this by decomposing the
state z(+) into two parts, one related to the two wave equations, the second
related to the three heat equations. More specifically, for t > 0 we write
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With respect to this decomposition the operator A can be expressed in the
form A = diag(L1, L2), where

/
Ly = /
V2 ub,

with domain D(L1) = {(uy,v1,us2,v2)" € H'(0,1)* : v1(0) = 0} and

w1 prwy
Ly [ we | = | fowshy
w3 Baws

with domain D(Ls) = {(wl,wQ,wg)T € H2(0, 1)3 cws(1) = wi(0), wi(l) =
w2(0), we(1) = w3(0)}. In addition, we define G, K1: D(L1) — C3 by

U1 U
—ul(l) _Ul(l)
G Zl = UQ(O) s K 21 = —UQ(O)
v; —u2(1) vz —oz(1)
and GQ,KQZ D(Lg) — (Cg by
wy wy (0) wy Baws(1) — Srwi(0)
Go w2 | = [ w2(0) |, Ky | w2 | = [ Brwy(1) — Bawy(0) |,
ws ws3(0) w3 Bawy (1) — Bawy(0)

noting that these definitions ensure that D(A) = {(z1,22)" € D(L1) x
D(L3) : Giz1 = Kaxe, Goxg = —Kjx1}, as required in Section 2.

We now show that (G, L1, K1) and (G2, Lo, K3) are impedance passive
boundary nodes, and that the restrictions Ay and Ay of Ly to Ker(G1 + K1)
and of Lo to Ker G2, respectively, have uniformly bounded resolvents along
the imaginary axis. Furthermore, we derive bounds for the transfer function
P of the second node. Once these objectives have been met, Theorem 1.1
will be a straightforward consequence of Theorem 2.1 and the stability theory
of strongly continuous semigroups.

3.1. Analysis of the wave network. In this section we analyse the wave
network and show that (G1, L1, K1) defines an impedance passive boundary
node on (C3, X1, C3), where X; = L?(0,1)*. From the above definitions it is
clear that G, K1 € B(D(L1),C?), and since G1 is surjective and C3 is finite-
dimensional we know that G has a bounded right-inverse. We note that the
restriction A of Ly to Ker G has the structure A; = diag(A;,1, A1,2), where
A1, A1 (u,0) T = (v, /)T with respective domains D(A; 1) = {(u,v)" €
H1(0,1)% : u(1) = 0,0(0) = 0} and D(Ay2) = H}(0,1) x H'(0,1). Since
both Ay and A; > generate strongly continuous contraction semigroups on
L?(0,1)2, A; generates a contraction semigroup on Xi. Thus (G, L1, K1)
is a boundary node. A straightforward computation using integration by
parts shows that Re(Lix,z) = Re(Giz, Kqz) for all z € D(L;), so the
boundary node (Gi, L1, K1) is impedance passive. Arguing as for instance
in [17, Ex. 9.2.1] for the wave equations along each of the blue edges in
Figure 2 it is possible to show that the semigroup generated by the restriction
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Ap of Ly to Ker(Gy + Ki) is uniformly exponentially stable. In fact, by
adapting the argument given in [9, Sec. 1| we see that this semigroup is
even nilpotent in our case. Either way, it follows that iR C p(Ap) and
supgep [ (is — Ag) 7! < oo

3.2. Analysis of the heat network. It remains to analyse the heat net-
work. In this section we show that (G2, L2, K2) defines an impedance passive
boundary node on (C3, X5, C3), where Xo = L?(0,1)3, and we analyse the
transfer function P» of this boundary node. It would certainly be possible to
establish the boundary node property and stability of (Ga, Lo, K2) directly
from the definitions of Lo, G2, and K. Instead, however, we demonstrate
how the analysis can be simplified by viewing the boundary node as an in-
terconnection of three individual heat equations. This approach allows us to
use the interconnection theory developed in [1| to show the boundary node
property and impedance passivity of (Ga, Lo, K3), and also provides an ef-
ficient way of deriving a formula for the transfer function P». We begin,
therefore, by analysing a single heat equation with two inputs and two out-
puts. In what follows we use the principal branch of the logarithm to define
the complex square root.

Lemma 3.1. Let X = L?(0,1) and 8 > 0, and define L: D(L) C X — X
and G, K: D(L) — C? by D(L) = H?(0,1) and

o=t Gu= (1), mw= (G00)

for w € D(L). Then (G,L,K) is an impedance passive boundary node on
(C2%, X, C?), the semigroup generated by the restriction A of L to Ker G is
uniformly exponentially stable, and the map w — (Gw, Kw) " is a surjection
from D(L) onto C*. Furthermore, the transfer function P of the boundary
node (G, L, K) satisfies

_(p1(A) p2(N) o
PQL—Q&M ;OD’ X e Cy,

where

P\ = ﬂ
tanh \/\/5’
for X € C\ {0} and p1(0) = —p2(0) = 3.

Proof. Tt is straightforward to establish that (G, L, K) is an impedance pas-
sive boundary node on (C2, X,C2), that the semigroup generated by A is
uniformly exponentially stable, and that the map w +— (Gw, Kw) ' is a sur-
jection from D(L) onto C*. In order to determine the transfer function P,
let A € C; and v = (ug,u2)’ € C2 Then P(\)u = (—Bw'(0), fu' (1)),
where w € H?(0,1) is the unique solution of the problem Aw — fw” = 0
subject to the boundary conditions w(0) = u; and w(1) = ugz. Solving this
boundary-value problem yields w(x) = uj(1—x)+ugx for x € (0,1) if A =0,
and

___ VM
sinh \/\/

u u )
w(z) = uy cosh(vzx) + (sin1211/ — tanLy) sinh(vz), x € (0,1),

if A € C; \ {0}, where v = \/\/B. The formula for P()) follows at once. [
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The following is the key result in analysing the heat part of our system.

Proposition 3.2. The triple (Ga, L2, K2) is an impedance passive boundary
node on (C3, X3, C3), and the semigroup generated by the restriction Ao of
Lo to Ker Gy is uniformly exponentially stable. Furthermore, the transfer
function Ps satisfies

|Po(1+is)| S1+1s]'/%,  seR,
and, giwen any € > 0, there exists a constant cc > 0 such that
(3.2) Re Py(is) > c.(1+ |s|'Y?)I,  seR\ (—e¢,e).

Proof. We begin by considering a boundary node (G, L, K) on (C%, X5, C5)
defined by three separate heat equations, each of the form in Lemma 3.1.
More precisely, let L: D(L) € X5 — X5 and G, K: D(L) — C° be defined
by

§ wy (1 prwi(1

(o) = (k). e o) <m0 (o) = [ 2o
2 272 2 wa(1) |7 > Bawy(1) |~

w3 Baws w3 w3 (0) w3 —B3ws(0)

ws(1) Pawy(1)

respectively, for (w1, ws,w3)" € D(L) = H?*(0,1)3. We note that we may
recover our original heat network from the decoupled heat equations by
choosing three inputs w1, u2,u3 and three outputs yi,¥y2,y3 in a suitable
way, namely wq(0) = ws(1) = up and y; = Bswi(1) — frw(0), wi(l) =
w2(0) = ug and yo = Srw](1) — Bowh(0), and finally wo(1l) = ws(0) = us
and y3 = Bow}(1) — Bw4(0). Since these interconnections fit into the frame-
work of [1], the properties in Lemma 3.1 and [1, Thm. 3.3 together with [24,
Rem. 2.2] imply that (Ga, Lo, K2) is an impedance passive boundary node
on (C3, X5, C3). Furthermore, using the diagonal structure of the restriction
Ay of Ly to Ker G4 it is easy to see that the semigroup generated by Ao is
uniformly exponentially stable.

It remains to establish bounds for the transfer function P, of the boundary
node (Ga, Lo, K3). Let A\ € p(A2) and v € C3. From the definition of the
transfer function we have Py(\)u = Kaz, where x € D(Lsg) is the unique so-
lution of the abstract elliptic problem (A — Lg)x = 0 subject to the boundary
condition Gox = w. From the properties of the interconnections described
in the previous paragraph it is clear that = solves this problem if and only if
it is the unique element of D(L) solving the problem (A — L)z = 0 subject
to the boundary condition Gz = R u, where

10 00 01
R=(10 11 0 0 O
000110

Since Kyx = RKx, we deduce that Py(\)u = RP(A)R"u, and hence Py()\) =
RP(M\)R'. Now from Lemma 3.1 and the diagonal structure of L it is clear
that P(\) = diag(P*(\), P2(\), P2()\)) for A € p(Az), where

k k .
Pop= (B0 ). e
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with
ABy /\/Bk
k % k \%
A= YR A= VAR
= VN B N =-ah VN B
for A € C, \ {0} and p¥(0) = —p5(0) = B for k = 1,2,3. A straightforward

computation now gives

pi(N) +pi(N) p3(N) P3(N) _
Py(\) = p3(N) pi(A) +pi(N) p3(N) ,  AeCy.
P3(N) p3(\) PN +pi(N)

From the formulas for p¥ and p§ for k = 1,2, 3 it follows easily that || Py(1 +
is)|| <1+ |s|'/? for s € R. Finally we establish a lower bound for Re Py (is)
when s € R\{0}. To this end, let us write q;?(s) for Rep;?(is), where j = 1,2,
k=1,2,3 and s € R, so that

at(s) + ¢ (s) a3(s) @ (s)
Re P(is) = 5(s) i (s) +ai(s) % (s) ,  seR
4 (s) % (s) ai(s) + ¢ (s)

Let ay(s) = (|s|/(28%))"/? for k =1,2,3 and s € R. Then

b (s) = 5kak(s)COSh a(s) sinh ay(s) 4 cos a(s) sin ag(s)

?

sinh? ay(s) + sin? ag (s
g5(s) = —Brar(s)

for k =1,2,3 and s € R\ {0}. We thus see that ¢¥(s) > 0 for & = 1,2,3 and
s € R\ {0}. A standard calculation shows that

)
cos ag(s) sinh ag(s) + cosh ax(s) sin ag(s)
sinh? ay(s) + sin? ay(s)

Br|s| sinh? ag(s) — sin? ag(s)

2 sinh?ay(s) + sin? ax(s)’
and in particular |gF(s)| > |¢5(s)| for K = 1,2,3 and s € R\ {0}. Hence
the matrix Re Py (is) is strictly diagonally dominant, and in particular non-
singular, for all s € R\ {0}. It follows that there exists a continuous map
n: R\ {0} — (0,00) such that Re Py(is) > n(s)I for all s € R\ {0}. Since
q¥(s) = |s|"/? as |s| — oo while |¢5(s)| — 0 exponentially fast as |s| — oo
for k = 1,2, 3, we obtain the lower bound in (3.2) for arbitrary ¢ > 0. O

6i(s)* —d5(5)* =

4. ENERGY DECAY

In this final section we combine the results presented in Sections 2 and 3
in order to prove our main result.

Proof of Theorem 1.1. We consider the abstract Cauchy problem correspond-
ing to our wave-heat system as explained in Section 3. The observations
made in Section 3.1 together with Proposition 3.2 imply that the boundary
nodes (G1, L1, K1) and (G2, Lo, K3) satisfy the conditions of Theorem 2.1
with E =R\ (—¢,¢) for any € > 0. Therefore the operator A defined in Sec-
tion 3 generates a contraction semigroup (7'(t))¢>0 on the space X = X x Xo.
Proposition 3.2 also tells us that || Py(1+is)||?> < 1+ |s| for s € R and that,
given any ¢ > 0, there exists ¢ such that Re Py(is) > c.(1 + |s|'/?)I for all
s € R\ (—¢,¢). It follows from Theorem 2.1 that {is: s € R,|s| > e} C p(A)
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and ||(is — A) 71| < 14s|'/? for |s| > €, for any given € > 0. Next we estab-
lish that 0 € p(A). We first note that since both A; and Az have compact
resolvent, it follows from [24, Thm. 3.7] that A, too, has compact resolvent.
It therefore suffices to show that A is injective. To this end, suppose that
x = (uy,v1,u,ve, wy, we,w3) € Ker A. Then the functions uy, vy, are con-
stant for £ = 1,2, and the functions wy, are affine for k = 1,2,3. Moreover,
the coupling conditions in D(A) give
v1(0) =0, vi(1) =wi(0) =w3(1), wui(1)— Brwi(0) + Bzws(1)
wi (1) = wa(0) = v2(0),  Brwy(l) — Bowy(0) — u2(0)
wa(1) = w3(0) = v2(1), Pawy(1) — Bzwy(0) +ua(1) = 0.
Since f1,P2,P3 > 0, it follows easily that x = 0. Hence A is injective,
and therefore invertible. By choosing € > 0 in the previous part of the
argument to be sufficiently small we may therefore deduce that iR C p(A)
with || (is — A)7Y| < 1+ |s|'/2 for s € R. Thus the semigroup (T'(t));>0 is
strongly stable by an application of the theorem of Arendt, Batty, Lyubich
and Vi [14, Thm. V.2.21], and by [8, Thm. 2.4] we obtain || T(t)zo| = o(t~2)
as t — oo for all zp € D(A). Since the energy of a solution with initial
data 29 € X is given by E(t) = 3| T(t)20||? for all ¢ > 0, the conclusions of
Theorem 1.1 follow immediately. (]

=0,
=0,

Remark 4.1. We may alternatively consider the wave-heat system with the
Neumann boundary condition y.(t,0) = 0 for ¢ > 0 at the left end of the
first wave equation in Figure 1. The analysis is largely the same as in our
case, with the important difference that the point 0 becomes an eigenvalue
of the operator A.
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