On Robustness of Strongly Stable Semigroups
with Spectrum on /R

Lassi Paunonen

Abstract We study the robustness properties of strong stability of a strongly contin-
uous semigroup on a Hilbert space. We concentrate on a situation where the genera-
tor of the unperturbed semigroup has a finite spectral point on the imaginary axis and
the resolvent operator is polynomially bounded elsewhere on the imaginary axis. As
our main result we present conditions for preservation of the strong stability of the
semigroup under bounded perturbations.

1 Introduction

It is well known that exponential stability of a strongly continuous semigroup T'(¢) is
preserved under all sufficiently small perturbations of its infinitesimal generator A.
However, robustness properties of nonexponential stability types are considerably
less well-known. In this paper we are interested in strongly stable semigroups, i.e.,
those satisfying

lim ||T(r)x|| =0, vxeX.
f—o0

Unlike exponential stablility, strong stability of a semigroup is in general very
sensitive to perturbations, and it may be destroyed even by arbitrarily small per-
turbations. Recently in [10, 11, 12] conditions for preservation of strong stability
were presented for semigroups on Hilbert spaces under suitable assumptions on the
behaviour of the resolvent operator of A on the imaginary axis. The purpose of
this paper is to extend the perturbation results in [10, 11, 12] to a larger class of
strongly stable semigroups. The results have applications in the study of asymp-
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totic behaviour of linear partial differential equations, and in the control of infinite-
dimensional linear systems [13].

The references [10, 11] considered a subclass of strongly stable semigroups
called the polynomially stable semigroups. On a Hilbert space X, the polynomial
stability of T'(¢) is characterized by the property that the resolvent operator R(A,A)
exists and is polynomially bounded on the imaginary axis [4, 5]. The key to study-
ing the robustness properties of polynomial stability in [10, 11] was an observation
that since the stability is not exponential, the size of the perturbation A 4+ BC should
not be measured using the regular operator norms ||B|| and ||C||, but instead with the
graph norms ||(—A)PB|| and ||(—A*)YC*|| for suitable exponents 8 and 7.

In [12] similar methods were used to study the preservation of strong stabil-
ity for semigroups whose generators have spectrum on the imaginary axis. In
particular, it was assumed that for the unperturbed generator A the intersection
o(A)NiR = {iay }?'_, is finite and the norm of the resolvent R(i®,A) grows at most
polynomially near the points {ic; }?_,. It was further assumed that for large || the
norm of |R(i®m,A)]|| of the resolvent operator is uniformly bounded. Under these
assumptions, it was shown that the strong stability of the semigroup is preserved
under a finite rank perturbation A 4+ BC provided that the graph norms

IB||+ ||(iax —A) PB||,  and  ||C]|+||(—iex —A")C|

for suitable exponents fy, % > 0 are sufficiently small for every k [12, Sec. 2].

In this paper we study a situation that results from combining the assumptions
in [12] with those in [10, 11]. In particular, we assume A has spectrum on iR, and for
large |®| the norm ||R(iw,A)|| of the resolvent operator is polynomially bounded.
The main result in this paper generalizes the conditions for preservation of strong
stability given in [12] by not requiring that the norms ||R(i®,A)|| are uniformly
bounded for large |®|. For simplicity, we concentrate on a situation where the op-
erator A has a single spectral point 6(A) NiR = {0} on the imaginary axis. The
standing assumptions on the unperturbed semigroup 7' (¢) are summarized below.

Assumption 1 Assume A generates a strongly stable semigroup T (t) on a Hilbert
space X, o(A) NiR = {0}, and there exist oy, 0t > 0, @y > 0, My > 1 such that

[R(i®,A)|| < Malw|~% 0<|o|<1
[R(iw,A)|| < Mal@|* @] > ax.

Because 0 € 0(A), we necessarily have o > | in Assumption 1. Moreover, since
the semigroup T'(¢) is uniformly bounded, the Mean Ergodic Theorem [2, Sec. 4.3]
implies that 0 € 6,(A) Uo.(A). However, since 0 € 6,(A) would contradict the
strong stability of 7'(¢), we must have 0 € 6.(A).

Semigroups satisfying Assumption 1 were studied recently in [3], where it was
shown that the conditions on the growth of the resolvent on /R are closely related to
the nonuniform decay rates of the semigroup T'(¢). In particular, in [3, Thm. 8.4] it
was shown that Assumption 1 is satisfied, then there exists a constant M > 1 such
that
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% —(op+a) M
IT(t)(—A)®(1—A) x| < 7||x|| vxeX,t>0.

The result also has a converse counterpart, see [3, Thm. 8.4] for details.

The main result of this paper introduces conditions for preservation of the sta-
bility of T'(¢) under perturbations of the form A + BC where B € .Z(Y,X), and
C e Z(X,Y) for a separable Hilbert space Y. Since A is injective and Z(A) is dense,
the operator —A has a densely defined inverse (—A)~!. The operators —A and —A*
sectorial in the sense of [8], and their fractional powers (—A)# and (—A*)? are well-
defined for all B,y € R. We also recall that if (e;);”_, is an orthonormal basis of Y,
then B € £(Y,X) is said to be a Hilbert-Schmidt operator if (Bey)7_, € £*(X). We
consider perturbations whose components B and C satisfy

R(B) C Z(-A)P)n2((-A)F),  2(C") C Z((—A")0)ND((—A)") (1)
for some B, B, %,y > 0, and for which
(=A)"PoB, (—A)PB, (—A*)"0C*, and (—A*)"C* are Hilbert—Schmidt. (2)

If Y is finite-dimensional, i.e., if the perturbing operator BC is of finite rank, then
the condition (2) follows immediately from (1). The following theorem is the main
result of this paper. The proof of Theorem 2 is presented in Section 2.

Theorem 2. Let Assumption 1 be satisfied and let By, B, Y,y > 0 be such that o =
Bo+7 and oc = B +7. There exists 6 > 0 such that if B€ L (Y,X)andC € £ (X,Y)
satisfy (1) and (2) and

1B +1I(=A) B +|I(-A)PB| <&, |[C]l+[|(=A7)70C"|| +[(-A%)"C*|| < 8,

then c(A+BC) C C~U{0} and 0 € o.(A + BC). Moreover, the semigroup gener-
ated by A+ BC is strongly stable and A + BC satisfies the resolvent growth condi-
tions in Assumption 1.

It should also be noted that if the exponents satisfy By, % > & and 3,7 > «, then
the stability of the semigroup is preserved even if the perturbation does not satisfy
the condition (2). Indeed, the uniform boundedness of the perturbed semigroup can
then be proved similarly as in [10, Proof of Thm. 5].

In this paper we also consider the robustness of stability of 7'(z) under pertur-
bations A + B where B € .Z(X) commutes with A. In this situation the analysis for
preservation of stability becomes particularly simple. The proof of Theorem 3 is
presented in Section 3.

Theorem 3. Let Assumption 1 be satisfied. There exists 8 > 0 such that if B€ £ (X)
commutes with A and satisfies Z(B) C Z((—A)®*)N2((—A)%) and

1B +1(—=A)" B+ | (=A)*B|| < 8,
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then 6(A+B) C C~ U{0} and 0 € o.(A + B). Moreover, the semigroup generated
by A + B is strongly stable and A + B satisfies the resolvent growth conditions in
Assumption 1.

If X and Y are Banach spaces and A : X — Y is a linear operator, we denote
by 2(A), #(A), and A (A) the domain, the range, and the kernel of A, respec-
tively. The space of bounded linear operators from X to Y is denoted by £ (X,Y).
IfA: 2(A) CX — X, then 6(A), 6,(A), 0.(A) and p(A) denote the spectrum, the
point spectrum, the continuous spectrum and the resolvent set of A, respectively.
For A € p(A) the resolvent operator is given by R(A,A) = (A —A)~!. The inner
product on a Hilbert space is denoted by (-, -).

2 Robustness of Stability with Respect to Perturbations A + BC

In this section we present the proof of Theorem 2. In the first part, we study the
change of the spectrum of A under the perturbation A + BC. Subsequently, the
preservation of stability is completed by showing that the perturbed semigroup is
uniformly bounded.

2.1 The Change of the Spectrum of A

The following result concerns the change of the spectrum of A under perturbations
satisfying the assumptions of Theorem 2. However, Theorem 4 does not require
(—A)~PoB, (~A)PB, (—A*)~C*, and (—A*)C* to be Hilbert—Schmidt operators.

Theorem 4. Assume Y is a Banach space, let Assumption 1 be satisfied and let
Bo, B, %,y > 0 be such that ay = Bo+ Y and oo = B + 7. There exists & > 0 such
that ifBe Z(Y,X) and C € £ (X,Y) satisfy Z(B) C Z((—A)P)n 2((—A)B) and
Z(C*) CZ(—A")P)N2((—A*)Y) and

1B +1I(=4) B +|(-A4)PB| <&, [[C]|+[|(=A7)70C"|| + || (=A%)"C*|| < 8,

then 6(A+BC) C C~U{0} and 0 ¢ 6,(A+ BC). In particular, under the above
conditions we have sup; &+ (o ||(I = CR(A,A)B)™!|| < oo.

In the proof of Theorem 4 we use the Sherman—Morrison—Woodbury formula
given in the following lemma.

Lemmal. Let A € p(A), Be L(Y,X), C€ L(X,Y). If 1 € p(CR(A,A)B), then
A ep(A+BC)and

R(A,A+BC) =R(A,A) +R(A,A)B(I— CR(A,A)B)'CR(A,A).



On Robustness of Strongly Stable Semigroups with Spectrum on iR 5
Throughout the paper we use the operators
A= (-A)(1-A) e Z(X) and A.=(1-4)"'e2(X).

Both A and A.. are sectorial, and for By, 8 > 0 we have AP = (=AY (1—A)Fo,
and AL = (1—A)~P [8, Prop. 3.1.9]. We also have %’(Aoﬁo) = #((—A)P) and
%(Ao[f) = 9((—A)P), and Ago and A have inverses Ao_ﬁ0 =(1—A)Po(—A)Po and
A=P = (1-A)B with domains Z(A, P) = Z((—A)P0) and 2(A=P) = D((—A)P),
respectively. We also define

Afgga) = Ag AL = (—A)% (1 —A)"(®*%) € 2(x).

The operator A (g, o) is injective, and sectorial by [3, Prop. 3.10] and the identity

2 —1\ %+ — .
(—A)@re(1-A)"") = (—A)%(1 —A) (@+®) The most important compo-
nent in the proof of Theorem 4 is the following fundamental property introduced
recently in [3].

Theorem 5. If Assumption 1 is satisfied, then

sup  [R(A,A)A gy o < o
A€CT\{0}

Proof. See the proof of Theorem 8.4 in [3]. a

Lemma 2. Let Y be a Banach space and let By, B, Y%,y > 0. There exists My > 1
such that

146 oAz ﬁB||<MA (|| ﬁ°B||+||< 45|
1(Ag ) (AST)CII < My ((=AT) TR+ || (-AT)7C7))
whenever Be Z(Y, X) and C € .,2”( ,Y) satisfy Z(B) C Z((—A)P)n 2((—A)P)

and Z(C*) © Z((—A*)0) 1 D((—A")7).

Proof. We begin by proving the first estimate. If By = 8 = 0, the claim is clearly
true. Let By, > 0 be such that By + 8 > 0. We have from [8, Prop. 3.1.9] that
P((—A)P+BY = P((1 — A)Po+B). The operator (1 —A)Po+B is a closed opera-
tor (its inverse is bounded) from the Banach space Xy = (2((—A)Po*B) ||-|| +
[(—A)PotB.||) to X. Since (1 —A)Po+B is defined on all of X,, we have from the
Closed Graph Theorem [6, Thm. B.6] that (1 —A)Po*P ¢ #(X,,X), which implies
that there exists M’ > 1 such that

(1= < bl + 1 (- Bxl), Ve D((-AYD).

If B€ Z(Y,X) is such that Z(B) C Z((—A)P) N 2((—A)P), then for every
y €Y we have (—A)‘ﬁOBy S @((—A)ﬁfﬁﬁ) and
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149 P AZP By|| = ||(1 - )PP (—a)PoBy|
< M' (||(=A) By +[|(=4)R P (—a)Popy| )

—M (H(fA)_BOByH + II(fA)ﬁByII)

Since y € Y was arbitrary, choosing M, = M’ concludes the proof of the first es-
timate. Because (A, )" = (1 —A*)"(—A*)"% and (A~ ")* = (1 —A*)?, the second
estimate can be proved analogously by replacing A with A*. a

Lemma 3. Let Assumption 1 be satisfied and let By, Yo > 0 be such that By+ Y = Q.
There exists ' > 0 such that if B€ £(Y,X) and C € £ (X,Y) satisfy Z(B) C
R ((—A)Po) and % (C*) € #((—A*)0) and

IBI +1I(~4)B| <& and | C*|+|(-A")70C| < &,
then 0 € 6(A+BC)\ 6,(A+BC).

Proof. Choose 0 < fB; < g and 0 < 7 < 9 in such a way that B; + 7 = 1.
Assume ||[(—A)"PiB|| < 1 and ||(=A*)""C*|| < 1. Since 0 < 3 < 1, we have
H(—A) C Z((—A)") C X, which implies Z((—A)~") = X due to the fact that
0 € o.(A). Because of this, the operator C(—A)~" has a unique bounded extension
Cy, € Z(X,Y) with norm ||Cy, || = [[(=A)""C*|| < 1.

Because ||(—A) ~P1BCy, || < ||(—A) P B]|||Cy, || < 1, the operator I — (—A)~P1BC,,
is boundedly invertible, and

(A+BC)r=—(~AYP (1 - (~A) P1BCy,)(-A)x

for all x € Z(A + BC) = Z(A). Since (—A)Pt and (—A)" are injective and at least
one of them is not surjective, the operator A 4 BC is injective but not surjective. This
implies 0 € 6(A+BC) \ 6,(A+BC).

Finally, The Moment Inequality [8, Prop. 6.6.4] implies that there exists 6’ > 0
such that ||[(—A)"P1B|| < 1 and ||[(—A*)""C*|| < 1 are satisfied whenever ||B]| +
|(~A) B < & and [[C]| + ]| (~A%)HC*]| < 8. 0

Proof of Theorem 4. Let By, B,%,7 > 0 be such that By + % = o and § +y = «.
By Theorem 5 we can define M| > 0 by

M= sup [R(LA)A gyl <.
A€CT\{0}

LetO < c¢ < 1,and let My > 1 be as in Lemma 2. We choose
5:min{ﬁ,5’} >0,
VMiMp

where 8’ > 0 is from Lemma 3. Let B € Z(Y,X) and C € .Z(X,Y) be such that
Z(B) C Z((—A)P0YN2((—A)B) and 2(C*) € B ((—A*)0) N D((—A*)Y), and
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IBI|+[[(—A) PoB| +[|(-A)P BI| < &
IC* [+ I(=A")T0C™|| + [[(-AT)C™|| < 6.
Let x,y € Y be such that ||x|| = ||y]| = 1. Then Bx € Z((—A)%) N 2((—A)P) and
C'y € Z((—A*)M) N D((—A*)7), and using ALAZAP AL = AP AL = A gy o) We
get
(CR(A,A)Bx,y)| = (AP AZR(A,A) AR ABATPAZP Bx, (A5 )" (AZY) Cy)]
= [{R(2,A)A g c0Ag P AP B, (A6 )" (ALT)C7y)|
< IR(A,A) Ay o 149 P AZP B [x] [ (Ag ™) (AZTY*C* Il
<Mt (I(-4) B+ | (~A)BY ) (I(~A") €+ | (~a") 7T )
<MM38% <c.

This shows that ||CR(A,A)BH = suPHxH=||y||=1|<CR(17A)BX’Y>| <c< 1 forall A €

C+\ {0}. The Sherman-Morrison—-Woodbury formula in Lemma 1 therefore con-
cludes that (A +BC) C C~ U{0}. We also have 0 € 6(A+ BC) \ 6,(A + BC)
directly from Lemma 3. Finally, a standard Neumann series argument shows that
for every A € C\ {0} we have ||(I—CR(A,A)B)~!|| < 1/(1 —c), which concludes
the final claim of the theorem. ad

2.2 Preservation of Uniform Boundedness

To show the preservation of strong stability of 7'(¢), we in particular need to show
that the perturbed semigroup is uniformly bounded. For this we use the conditions
in the following theorem (the proof can be found in [7, Thm. 2]).

Theorem 6. Let A generate a semigroup T (t) on a Hilbert space X and let 6(A) C

C—. The semigroup T (t) is uniformly bounded if and only if for all x,y € X we have

oo

Zugé (IR(E +in A)xl + [R(E +in,A)y[[*) dn < oo.
> —oo

The following two lemmata are used in the proof of Theorem 2.

Lemma 4. Assume A generates a uniformly bounded semigroup on a Hilbert space
X. IfY is a separable Hilbert space and if B € £ (Y,X) is a Hilbert-Schmidt oper-
ator, then

sup & [ [R(E+im A)B|Pdn <. sup & [ [R(E+in,4)B[dn <.
5>0 — §>0 —o0

Proof. By [14, Rem. 3.2] there exists M > 0 such that
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ZUI()) & [ IR(E +in.A)xl|*dn < M|x|?, zug 5/ IR(E +im,A)*x|[2dn < M]|x||?
> - > -

for all x € X. If Y is a Hilbert space with an orthonormal basis (e);_; C Y and if
(Bex)7_, € £*(X), then

Z sup § HR & +in,A)Be;|*dn < MZ‘,HBekII2 < oo
—1&>0 - k=1

Moreover, for every R € Z(X) we have |[RB|*> < ¥5_,||RBey||*>. Together these
properties imply

sup & [ R(E +in A)BPdn < Y sup & [ R(E +in. APl <=
>0 k=

The second claim can be shown analogously. ad
Lemma 5. Let Assumption 1 be satisfied, let By, B, %,y > 0 satisfy oo = Bo+ %
and oo = B+, and let B € ZL(Y,X) and C € L(X,Y) be such that Z(B) C
Z((—A)P)Y N D((—A)B) and #(C*) C Z((—A*)10) N D((—A*)Y). Then there ex-
ist constants My,M. > 1 (depending on B and C) such that
IR(A, A)B[ICR(A,A) || < Mo||R(A,A)A, P AP B||!=Fo/ e
X [R(A,A)"(Ag )" (AST)"C !0/

for A € CT\ {0} with ImA| < 1, and

IR(A,A)B[[CR(R,A)|| < Me|[R(2,4)A P AP B[P/
X |IR(2,A) (Ag ) (ALY) €|

for A € CT\ {0} with [ImA| > 1.

Proof. Assume By, B,70,7 > 0. The remaining cases are simpler and can be handled
similarly as in [12, Lem. 19]. In the proof of [3, Thm. 8.4] it was shown that

sup |R(iw,A)A;°|| <,  and sup |R(i®,A)AZ|| < oo.

lo|<1 lo]>1

Since T (¢) is uniformly bounded, the Hille-Yosida Theorem shows that there exists
M > 1 such that [ReA|||R(A,A)|| < M . Using this and the resolvent
identity R(A,A) = R(iw,A) + (iw — A)R(A,A)R(iw,A) we have that for every A =
& +io with & > 0 and |@| > 1 we have

IR(2, )AL < [IR(iw,A)AZ [ + IEIR(A, A) [ [R(i, A)AL]]
< (1+M)|[R(iw,A)AL],

andif £ >0and 0 < |w| < 1, we have
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IR(A,A)AGC || < [[R(i0,A)Ag® || +E[IR(A,A) || R(ie2,A)AG® |
< (14+M)||R(iw,A)Ay°|.
Finally, if @ = 0, we can use oy > 1 to estimate
- -1
IR(,A)AGC || = IR(§,A)(—A) (1 -A)'AGO ||
_ —1 — -1
< (L4 E[IRE, DI =A)THIIACT < (1M [[(1=A) 1A .
These estimates conclude that we can define M|, M, > 0 by

My= sup ||AJ°R(A,A)[|<e and Ma= sup [AZR(A,A)| < oo
reCH\{0} 2eCH\{o}
[Im(2)[<1 |Im(2)[=1

Denote Bg, g) = A(;ﬁOA;ﬁB and C(, ) = (A ®)*(A=")*C*. For A € C+\ {0}
with [ImA| < 1 we can use the Moment Inequality [8, Prop. 6.6.4] to estimate (de-
noting R = R(A,A) for brevity)

IRy BI = 1A ALR A P AP B| < AL A Ry B, )|
< M| AL IR,B g, ) I P/ || AGO R, B g, || P/
< MM AL 1B (g, ) |0/ 0| Ry By, |~/
and using |[CRy || = [|R; C*|| we get
ICRA[ = [[(AQ) (ALY R (A ™) (AST)*CH[| < [ALII(AG) PR, Cip |
< M"|AZI[IR; o I' 707 1 (AGE) "R C o 1
< MM AL Cy 170/ |R5 Ci 110/,

where M, M" > 1 follow from the Moment Inequality [8, Prop. 6.6.4], and are in-
dependent of B, C, and A. We have 3y + % = 0 by assumption and if we choose

Mo = M'M"My||A|[||B g, ) 1P/ | AL | C oy p 1070,

then the first estimate in the legna is concluded.
On the other hand, for A € C+\ {0} with ImA| > 1 we have

|R2BI = 145" ALR,AG P AP B < AT ALR; B, |
< M| A 1R B, ) I “IIAZ R, B gy ) 1P
< MM A 1B, ) 1P R B P

and
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ICRA = 11(AQ) (AL)* Ry (A6 ™) (A7) C* [ < [ AR I1(AZ)7R; Cop |
< M" [ AL RS Co 7" 1(AL) " R; o 17

< M" MY AL IC o 17 IR o I 1

where again M"' ,M"" > 1 follow from the Moment Inequality [8, Prop. 6.6.4], and
are independent of B, C, and A. If we choose (and use B + 7y = )

Mo =M"M"" Mo || AP |[1B (g, 5y 1P/ I AL IC iy 17,
we arrive at the second estimate in the lemma. O

Proof of Theorem 2. Let § > 0 be as in Theorem 4. Assume B € Z(Y,X) and
Ce Z(X,Y) satisfy Z(B) C Z((—A)P)n 2((-A)B), %(C*) € Z((—A*)0)N
P((=A")), |B]| + (=A) Bl + | (~A)PB| < 8, and |C|| + [[(—A")0C*| +
| (=A*)YC*|| < &, and assume (—A) PB, (~A)PB, (—A*)~1C* and (—A*)C*
are Hilbert—Schmidt operators. By Theorem 4 we can choose Mp > 1 such that
(I — CR(A,A)B)~!|| < Mp for all A € C*\ {0}. We begin the proof by showing
that the semigroup generated by A + BC is uniformly bounded.

Let x € X and denote Ry = R(§ +in,A) and Dy = I —CR(& + in,A)B. Using
the Sherman—Morrison—Woodbury formula in Lemma 1 and the scalar inequality
(a+Db)? <2(a®+b?) for a,b > 0 we get

sup & HMé+mA+BQﬂ%n=mmé/Imﬂ+RﬂmiGhN%n
>0 —o° £>0 —o°
<25 & [ (IRl + 1R8I0 P CRAIP )
~0 " e
<2sup & [ [IRyx]*dn +2Mp)|x|* sup é/ IR BII*|CRy [*dn.
>0 —° £>0 —o
Similarly, using || (RyBD; 'CR,)*|| = ||RyBD;'CRy || < Mp||RyBI|||CR;, || we get
sup & [ [IR(E +in,A+BC)*x|*dn = sup é/ IR x+ (R.BD; 'CRy. ) "x||*dn
£>0 oo E>0 oo
<2sup é/ [|R3 x[[*dn + 2M ||| sup é/ IRABII*|CRy||*dn.
£>0 —o >0 —

In both cases the first supremums are finite by Theorem 6. Because of this, The-
orem 6 implies that in order to show that the semigroup generated by A + BC is
uniformly bounded, it is sufficient to prove that

Z%é [R(E +in,A)B|*||CR(E +in,A)|*dn < . 3)
Al
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Let My, M., > 1 be as in Lemma 5 and denote B%ﬁ) = A(;BOA;ﬁB and C(Vo#) =

(Ag ®)*(A<?)*C*. If (ex)_, is an orthonormal basis of Y, then as in the proof of
Lemma 2 we can see that

1B, gyeell® < 23 ([(~A) PoBeg >+ |(~4)P Bei )
ICppeill® < 2M7 (I(=A")C ex|* +[|(-A")"C ei]) -

Since (—A)PB, (—A)BB, (~A*)~MC*, and (—A*)?C* are Hilbert-Schmidt by as-
sumption, the above estimates imply that also B(g, gy and C‘(YM) are Hilbert—Schmidt.

Assume By, 8, 7,7 > 0. The remaining cases are simpler and can be handled
similarly as in [12, Lem. 19]. By assumption, we have 1 — fBy/ot0 + 1 — 10/ =

—(Bo+1)/00 =1.1f we choose g = 1/(1 — By/) and r = 1/(1 — /), then
the Holder inequality and Lemma 4 imply that

1
Zuléi IHR(ﬁ+in,A)BH2HCR(§+i177A)H2dTI
o -

| N
<M3sup £ [ IR(E +in.A)B | IR +in1,4) G P an

E>0 Y1

-1 q
< M; [Supﬁ IR(E +in,A)B(g, p) |2d77] [Sup 5/ ||R &+, A) Cpyppl*dn

is finite. Moreover, 1 —B/a+1—7y/aa =2 — (B +y)/o = 1, and if we choose
g=1/(1—B/a)and r=1/(1—y/a), then by the Holder inequality and Lemma 4

sup § 1HR(§+in,A)BH2HCR(€+i177A)H2d77

&0 Jnl=
<M2Zup0€ - IR +im,A)B(g, p) PO-B IR+ im, Ay Cop 20 Bl
>

r

q
<M [SUP§ IR(E +iTI,A)B(ﬁO,ﬁ)||2dTI] [Supé IR(E +in,A)*Cyp lI7dn
E>0 Jin|>1 &>0 Jin|>1

is finite. Combining the above estimates yields
up & [ IRE+in,A)BIP|CR(E +in,A)|*dn
> o
1
< sup &/ IRGE +in,A)B|]*|CR(§ +in,A)|dn
>0 J-

+sup & IR(§ +in,A)B|*||ICR(§ +in,A)[|*dn < o.
E>0  Jnl=t
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This concludes (3), and thus the semigroup generated by A + BC is uniformly
bounded.

Since the perturbed semigroup is uniformly bounded and X is a Hilbert space, the
Mean Ergodic Theorem [2, Sec. 4.3] shows that 6(A +BC)NiR C 6,(A+ BC)U
0.(A+ BC). In addition, by Theorem 4 we have that 6,(A+BC)NiR =@, 0 €
6(A+BC), and iR\ {0} C p(A+ BC). We must therefore have 6(A +BC) NiR =
o.(A+BC)NiR = {0}. Since the set 6(A +BC) NiR = {0} finite and since we have
o) (A+BC)NiR = @, the Arent-Batty—Lyubich—Vi Theorem [1, 9] concludes that
the semigroup generated by A + BC is strongly stable.

It remains to show that the resolvent operator R(A,A + BC) satisfies

sup |0|®||R(iw,A+BC)|| <o and sup || *|R(iw,A+BC)|| <eo. (4)

0<|o|<1 |w|>1
The Sherman—Morrison—Woodbury formula in Lemma 1 implies that
|R(iw,A+BC)|| = ||R(iw,A) + R(iw,A)B(I — CR(iw,A)B) " 'CR(iw,A) ||

< ||R(iw,A)|| + ||R(iw,A)B]|||(I — CR(i»,A)B) " || |CR(i»,A) |
< |R(iw,A)|| + Mp||R(i®,A)B| | CR(iw,A)]|

forall @ € R\ {0}. Since By/ 0o+ /0o = 1, for 0 < |@| < 1 the previous estimate
together with Lemma 5 and Assumption 1 imply

|0|“[|R(iw,A + BCO)|| < || *||R(iw,A)|| + || *Mp||R(iw,A)B|||CR(iw,A)||
< || |R(i@,A) ||+ MpMo||B(g, g I/ [ C 1 0] * | R(ic2,A) |
< My + MpMol|B g, )|/ [ Cry |/ %M < o

Since the bound is independent of , this concludes the first part of (4). On the other
hand, if |@| > 1, then we similarly have

|| /IR (i0,A +BO)|| < ||~ *|R(io,A)|| +|o| “Mp||R(io,A)B| |CR(i®,A)|
< (14 MoMaa||B(g, )|/ Cyy 1) o]~ |[Ric0, )|

< (-2 B ) 1P i |7/ ) M

since B/o+ y/o = 1. This concludes the proof. O

3 Robustness of Stability with Respect to Perturbations
Commuting with A

In this section we prove Theorem 3. We begin with an auxiliary lemma.
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Lemma 6. Let Assumption 1 be satisfied. There exists &' > 0 such that if B € £ (X)
commutes with A, satisfies #(B) C Z((—A)™), and ||B||+ ||(—A)~%B|| < &', then
0€ .(A+B).

Proof. Since o > 1, we have Z(B) C Z((—A)%) C Z(A). Assume B is such that
|[A='B|| < 1. Then the operator I +A~'B is boundedly invertible and (A + B)x =
A(I+A~'B)x for all x € Z(A+ B) = 2(A). Since A is injective, we have that 0 ¢
0,(A + B). Moreover, Z(A+B) = Z(A) # X and Z(A+B) = #Z(A) = X. This
concludes that 0 € o.(A +B) if |A~'B|| < 1. If o = 1, we can choose §' = 1 and
the proof is concluded. On the other hand, if ¢ > 1, the Moment Inequality [8,
Prop. 6.6.4] implies that there exists M’ > 1 (independent of B) such that

IA™"' B = |(=A4)~'B|| < M'||B||' "/ || (~A)~*%B|]"/%
< M (max{||B]}, [ (=A)"B|[})' /% (max{||B], | (~A4)~*%B||})"/*
< M max{||B||,[|(=A)"*B||} < M'(||B]| +[|(-4)"*B)).

In this situation we can therefore choose 8’ = 1/M’ > 0. 0

Proof of Theorem 3. We can define My = sup; & (o, [R(A,A)A(gy,0)l| < oo by The-
orem 5. Since A(;('). @) = Ay DAz by Lemma 2 there exists M4 > 1 such that

A Bl < Ma ([|(~A4)%B|| +||(~A)B)

for all B € Z(X) satisfying Z(B) C Z((—A)™)N2((—A)%). Let 0 < ¢ < 1 and

choose 5:min{Mj'w , ’} > 0, where 6’ > 0 is from Lemma 6. Let B € £ (X)
1MA

satisty 2 (B) C Z((—A)*)NZ((—A)*) and || B +[|(=A)~“B|| +[|(-A)*B[| < 5.
We then have from Lemma 6 that 0 € 6,(A + B). Moreover, for every A € C*\ {0}
we have

IBR(A,A)| = 1BAG, o Aty RAA) [ < 1AL, oy BIIR(A, A) Ay al
<M ([(A)*B| +||(=A)"®B||) My < MiMp8 <c < 1.

Because of this, / — BR(A,A) is invertible for all A € C*\ {0} and a standard Neu-
mann series argument shows that ||(I —BR(4,A))~'|| < 1/(1 —¢). Since

R(A,A+B) =R(A,A)(I—BR(A,A))"' = (I —BR(A,A))"'R(A,A),

this in particular concludes that (A + BC) C C~ U{0}.

To prove the uniform boundedness of the semigroup generated by A + B, let
x € X and denote Dy =1 — BR(& +in,A) for A = & +in. As we saw above, there
exists Mp > 1 such that ||D;L1 | < Mp for all A € C+\ {0}. Using R(A,A+B) =
DZIR(A,A) = R(/'L,A)D)I1 we get
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sup & [ |R(E+m,A+B)xldn =sup & [ DR +in.A)eldn
>0 — E>0 —oo
<Mjp sup E [ IR +in,A)x|*dn < o,
>0 —

and

—oo

sup & [ [R(E+m,A+B)"x%dn =sup & [ 1D R +in.A)x|Pdn
£>0 E>0 —oo
<Mpsup & | |[R(E+in,A)x|Pdn < eo.
>0 S

Theorem 6 concludes that the semigroup generated by A + B is uniformly bounded.
Since 6(A+B) C C~ U{0} and 0 € 6.(A + B), the Arent—Batty—Lyubich—Vi The-
orem [1, 9] further implies that the semigroup generated by A + B is strongly stable.

It remains to prove that the resolvent operator R(A,A + B) satisfies the conditions
in Assumption 1. For all im € iR\ {0} we have an estimate

IR(i0,A + B)|| = ||R(i0,A) (I — BR(i,A)) ™" || < Mp||R(ie,A)],
which together with Assumption 1 immediately implies

sup |@|*[[R(i®,A+B)|| <Mp sup |o|®|R(iw,A)|| < e
0<|o|<1 0<|w|<1

sup |o|"*|[R(i®,A+B)|| < Mp sup || “[R(i®,A)|| < ee.
1

|o[=1 o[>

This concludes the proof. a

4 A Diagonal Example

In this section we present an example on perturbation of a strongly stable semigroup
T (t) generated by a diagonal operator. Let X = ¢2(C) and define

o 1 > 1
Ax = Z %<x,ek>ek—|—];1(—k—a+ik)<x,ek>ek,

k=—oco

7(4) = {xex | ;|k2<x,ek>2 <o)

where {ey }rcyz are the natural basis vectors of X and ¢ > 0. The operator A generates
a strongly stable semigroup 7 () and satisfies 6(A) NiR = {0} C o.(A). Since for
0 < || < 1 we have |R(iw,A)|| = dist(io,c(A))"" = |o|~!, and ||R(iw,A)| =
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O(|w|*) for large =1 and
o> 0.

For 8 > 0 fractional domains of —A are given by

9((-aP) = {rex | LkPIinenf <o},

and for x € Z((—A)P) we have an estimate (since |—1/k% +ik|? = 1 /k** + k> < 2k?)

2B
| (x e ?

—1

I(=A)Px? = ) Ik\zﬁ [ (%,

k=—o0

—k?+lk

< Z |(x, e) > + 2ﬁZk2B\xek>\ .
k=—oc0

On the other hand, for By > 0 we have

A(-A)P) = {xex\k;ﬁ | {x, ) < oo}

and for every x € Z((—A)P) we can estimate

-2y

1
———i—lk |<x,ek>|2

1(=a)~Fox? = Z KPP0 x, ) |2

k=—o0

< Z |k|2ﬁ0 (x,ex) |2+Z| (x,ex)]
k=—oo

since |—1/k% +ik|? = 1/k** + k> > 1 for all k € N. Because
. <1 1
Afx = Z k(x exyer + Z(—— —lk)<x7ek>ek
k=—o0
with domain Z(A*) = Z(A), we similarly have

1 oo
(=A< ) (v e P+27 Y K27 (x e
k=—o0 k=1

(—A") 0a? < Z k10| (x, ex |2+Z\xek

k=—oo

We consider the preservation of the strong stability of 7'(¢) under a rank one
perturbations A + (-, ¢)b with b, ¢ € X. Theorem 2 together with the earlier estimates
implies that the semigroup generated by the A + (-, ¢)b is strongly stable if for some
Bo, B, %, > 0 satisfying By + % = 1 and B + ¥ = « the weighted norms
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—1 oo —1 =)
Y kPP bre) P+ Y KPP |(bren) P and Y (KPP ()P + Y KT (e en)
k=1 k=1

k=—o0 k=—o0

are finite and sufficiently small.

5 Conclusions

In this paper we have studied the preservation of strong stability of a semigroup 7'(¢)
under perturbations of its generator A. The results have applications in the study of
the asymptotic behaviour of linear partial differential equations. We have limited
our attention to a situation where the generator A has a single finite spectral point
on the imaginary axis. However, the techniques in [12] can be used to extend the
results in this paper to the case where A has a finite number of spectral points on iR,
and the resolvent operator ||R(i®,A)|| is polynomially bounded for large |o|.

Acknowledgement: The author is grateful to Yuri Tomilov for suggesting the ex-
tension of Theorem 2 from finite rank perturbations to perturbations where B and C
are Hilbert—Schmidt operators.
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