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Abstract—1In this paper the output regulation of a linear
distributed parameter system with a nonautonomous periodic
exosystem is considered. It is shown that the solvability of the
output regulation problem can be characterized by an infi-
nite-dimensional Sylvester differential equation. Conditions are
given for the existence of a controller solving the regulation
problem along with a method for its construction.

I. INTRODUCTION

Output regulation of distributed parameter systems has
been studied extensively during the last thirty years [15],
[17], [1], [3], [16] and many of the most essential results
of finite-dimensional control theory have been generalized
to infinite-dimensional systems. Even though the theory has
been extended to infinite-dimensional systems, it has been
customary to assume that the reference and disturbance
signals are generated by a finite-dimensional exosystem

0 = Sv, v(0) = vy € W. (1)

Recently there has been interest in generalizing the theory
to include more general classes of reference and disturbance
signals [7] and in studying how general signals can a
distributed parameter system regulate [8]. The direction of
this research on more general signal generators has been to
allow the signal generator (1) to be an infinite-dimensional
differential equation and the operator S to be a diagonal [7],
[5] or a block-diagonal [13], [12] generator of a Cy-group
on a Hilbert space W.

In this paper we take a different direction in generalizing
the classes of signals to be regulated by considering output
regulation of a linear distributed parameter system together
with a periodic nonautonomous exosystem. By this we mean
that the signals to be regulated and rejected are generated by
an exosystem of form

o(t) = St(t),  v(0) = vo,

where S(t) is a periodic function, i.e. there exists T > 0
such that S(t + T) = S(¢) for all ¢ € R. Using this type
of exosystems it is possible, for example, to regulate and
reject all the usual signals generated by a finite-dimensional
time-invariant exosystem but in addition it is possible to con-
sider signals containing periodically modulated frequencies
and signals related to other oscillatory phenomena, such as
parametric resonance.
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The theory presented in this paper generalizes the theory of
output regulation of linear finite-dimensional time-invariant
systems together with time-periodic exosystems presented in
[18] to distributed parameter systems. On the other hand,
the results also generalize the theory of output regulation
of time-invariant distributed parameter systems developed in
[4], [12] to the case of a time-dependent exosystem.

We consider a time-invariant infinite-dimensional system
whose system operator generates an analytic semigroup and
a finite-dimensional periodic signal generator. Our approach
leads to an infinite-dimensional nonautonomous closed-loop
system. To deal with these types of systems we use the theory
of evolution families [2], [14] associated to nonautonomous
Cauchy problems on Banach spaces.

Our main result is that the solvability of the periodic output
regulation problem can be characterized by the properties
of the periodic solution of a certain infinite-dimensional
Sylvester differential equation. This result is a generalization
of the results in the time-invariant case where the solvability
of the output regulation problem can be characterized by the
solvability of a constrained Sylvester equation [5].

One of the most essential tools in the theory are the
infinite-dimensional Sylvester differential equations of form

S(t) + 2(t)S = A (t)S(t) + Be(t) 2)

where A.(t) and B, (t) are T-periodic operator-valued func-
tions of the closed-loop system and S is a finite-dimensional
operator associated to the signal generator. In order to use
these equations we need results on their solvability. To this
end we show that under suitable assumptions the Syvester
differential equation (2) has a unique periodic solution.

In addition to characterizing the solvability of the periodic
output regulation problem, we also present conditions for
the existence of an observer-based controller solving the
regulation problem and a method for its construction. This
is done by generalizing a controller for time-invariant finite-
dimensional linear systems given in [6] to our case.

The paper is organized as follows. In Section II we intro-
duce notation, recall the definition of a strongly continuous
evolution family and state the basic assumptions on the
system, the exosystem and the controller. In Section III we
formulate the periodic output regulation problem for infinite-
dimensional systems and characterize its solvability using the
properties of certain infinite-dimensional Sylvester differen-
tial equations. In Section IV we construct an observer-based
controller solving the periodic output regulation problem.
Section V contains concluding remarks.



II. NOTATION AND DEFINITIONS

If X and Y are Banach spaces and A : X — Y is a
linear operator, we denote by D(A) and R(A) the domain
and the range of A, respectively. The space of bounded
linear operators from X to Y is denoted by L(X,Y). If
A: X — X, then 0(A) and p(A) denote the spectrum and
the resolvent set of A, respectively. For A € p(A) the
resolvent operator is given by R(\, A) = (A — A)~!. The
space of continuous functions f : R — X is denoted by
C(R, X). The space of T-periodic continuous functions is
defined as

Cr(R,X)={f:R— X | f is continuous,
fE+T)=f(t) VteR}.

Similarly we denote by CH(R,X) the space of T-peri-
odic continuously differentiable functions. We denote by
Cr(R,L(X,Y)) and Cr(R,Ls(X,Y)) the spaces of T-
periodic functions with values in £(X,Y") which are uni-
formly or strongly continuous, respectively. Analogously
we denote by CL(R, £(X,Y)) and CH(R, Ls(X,Y)) the
spaces of functions which are continuously differentiable
with respect to the uniform and strong operator topologies
of £(X,Y), respectively. For an operator-valued function
A(+) € Cp(R, L5(X,Y)) we denote
[Alle = sup [JA(t)]-
te[0,T]

In dealing with infinite-dimensional nonautonomous sys-
tems we need the concept of a strongly continuous evolution
family [14, Ch. 5], [2, Sec. VI1.9].

Definition 1 (A Strongly Continuous Evolution Family):
A family of bounded operators (U(t,s))i>s C L(X) is
called a strongly continuous evolution family if
(@) U(s,s) =1 for s € R;

() U(t,s) =U(t,r)U(r,s) fort >r > s;

© {(t,s) eR*|t>5} > (ts) — U(t,s) is a strongly
continuous mapping.

A strongly continuous evolution family is called exponen-

tially bounded if there exists constants M > 1 and w € R

such that

Ut 9)] < Met—)

for all t > s. u
Definition 2 (Parabolic Conditions): We say that a T-
periodic family (A(t)).er of linear operators on X satisfies
the parabolic conditions if the following are satisfied for
some p € R.
(P1) The domain D(A(t)) =:
and dense in X.
(P2) We have {A € C | ReX > u} C p(A(t)) for every
t € [0, 7] and there exists a constant M > 1 such that

M
A—pl+ 1
(P3) There exists a constant L > 0 such that for £,s,7 € R

[(A(t) — A(s)) R(u, A(r))|| < L[t — s]. u

D(A) is independent of t € R

1RO, A(6)]] < Re\ > p, t € [0, 7).

The following lemma states a few useful properties of
evolution families satisfying the parabolic conditions. [14,
Ch. 5.6-8]

Lemma 3: If an operator family (A(t)) satisfies the
parabolic conditions for some | € R, then there exists a
unique exponentially bounded evolution family U (t, s) such
that R(U(t,s)) C D(A), ZU(t,s)x = A(t)U(t,s)x and
%U(t,s)y = —U(t,8)A(s)y for all t > s, x € X and
y € D(A). Furthermore, if f € LY(R,X), the abstract
Cauchy problem

#(t) = A)x(t) + f (1),

has a unique mild solution

x(0) =z

x(t) = U(t,0)xo +/0 Ut —s)f(s)ds

for every xg € X and t > 0. If f is Holder continuous, then
x(t) is the unique classical solution of the abstract Cauchy
problem.

Throughout this paper we consider a linear distributed
parameter system

(3a)
(3b)

& = Az 4+ Bu + ws(t),
y=Cx 4+ Du~+ wy,(t)

2(0) = xg

on a Banach space X. We assume A generates an analytic
semigroup 7'(¢) on X and the rest of the operators are
bounded, B € L(U, X), C € L(X,Y), D € L(U,Y) where
U and Y are finite-dimensional spaces. The disturbance
signals w;s(t) and w,,(t) and the reference signal y,.s(t)
are generated by a time-periodic exosystem

w(0) = w @)

on W = C? where S(-) € CL(R, L(W)). The reference and
disturbance signals are given by

w = S(t)w,

w(t) = By (t)w(t),
Yref () = Frep(t)w(t),

where E;(-) € CL(R, L(W, X)), Fn(-) € CHR, L(W,Y))
and F,.f(-) € CL(R, L(W,Y)).

The Floquet-Lyapunov theory [9] states that there exists
a constant matrix S € C?9%¢ and a T-periodic function
Lpp(-) € CL(R,L(W)) such that Lpr(0) = I, LpL(t) is
invertible for every t € R and if Ug(¢,0) is the fundamental
matrix of (4), then

Wiy (1) = Frp (H)w(t)

Us(t, 0) = LFL(t)GSt.

The Lyapunov Reducibility Theorem [10] states that the
change of variables v(t) = Lpp(t)"'w(t) transforms the
time-periodic exosystem (4) into

v(0) = vy &)

where vg = Lpr(0) twy = wy. We can also assume that S
is in Jordan canonical form, because if this is not the case,
we can write S = T'.JT ! and apply a the time-independent
change of variables & = T~'v to obtain a system v = Jo.

v = Sv,



We consider asymptotic regulation and disturbance rejec-
tion and because of this we are not concerned with reference
and disturbance signals which decay asymptotically. We
can therefore assume without loss of generality that the
eigenvalues of the monodromy matrix Ug (T, 0) of S(-) have
magnitude greater or equal to one. Since Us(T,0) = 57,
this is equivalent to the following assumption.

Assumption 4: We have Re A > 0 for all X € o(S).

Defining FE(t) = E,,(t)Lpr(t) and

F(t) = Fn(t)LrL(t) — Frep(t) LrL(t)
for all ¢ € [0,7] we have that E(-) € CL(R,L(W, X)) and
F(:) € CL(R,L(W,Y)). The system (3) can now be written
in a standard form

& = Az + Bu+ E(t)v,

e=Cxz+ Du+ F(t)v

x(0) = g (62)

(6b)

with the exosystem (5). We consider a T-periodic feedback
controller (Gy, G, K) given by the equations

2= G1(t)z + Ga(t)e, z(0) = 2o
u=K(t)z

(7a)
(7b)

on a Banach space Z where the operators (G1(t)) satisfy the
parabolic conditions, and we have G>(-) € CH(R, L(Y, Z))
and K(-) € Ch(R, Ls(Z,0)).

The closed-loop system on the Banach space X, = X x Z
with state z.(t) = (z(t), 2(t))T € X, can be written as

Ze = Ac(t)ze + Be(t)v, 2e(0) = xeo (8a)
y = Ce(t)xe + De(t)v (8b)
where
B A BK(t)
440 =g, 6.+ Gut D)

_| E®
Be(t) = [92(7«‘)F(t)] ’
Ce(t) = [C DK(t)] and D.(t) = F(t). Since the opera-
tors A.(t) are of form A.(t) = A%(t)+ AL(t) where (A2(t))
satisfy the parabolic conditions and AL(-) € Ch(R, L4(X.)),
it is straight-forward to verify that also the family (A.(t))
of operators satisfies the parabolic conditions and thus there
exists a strongly continuous evolution family U, (¢, s) associ-
ated to the closed-loop system. For all initial states z.g € X,
and vy € W the state of the closed-loop system is given by

Ze(t) = Ue(t, 0)xeo —1—/0 Ue(t,s)Be(s)v(s)ds.

III. MAIN PROBLEM

The Periodic Output Regulation Problem (PORP) is stated
as follows.

Problem 1 (Periodic Output Regulation Problem):
Choose the parameters of a T-periodic controller (Gy, Gs, K)
in such a way that the following are satisfied:

1) The evolution family U,(t,s) is exponentially stable,

i.e. there exist constants M, > 1 and w, > 0 such that
[Ue(t, 5)|| < Meem=t=2);

2) For all initial values x.o € X, and vy € W the closed-
loop system (8) and the exosystem (5) the regulation
error satisfies

tl;rglo e(t) = 0. |

To solve the Periodic Output Regulation Problem we need

to consider the periodic Sylvester differential equation

S(t) + B(t)S = A(t)S(t) + Be(t)

on the interval [0, T']. By a periodic solution of this equation
we mean a function X(-) € CL(R,L(W, X,)) such that
R(2(t)) € D(A,) for all t € [0,T].

The following theorem is the main result of this paper.
It characterizes the controllers solving the Periodic Output
Regulation Problem in terms of the behaviour of the peri-
odic solution of an infinite-dimensional Sylvester differential
equation.

Theorem 5: Assume the controller (G1,Gs, K) stabilizes
the closed-loop system. The periodic Sylvester differential
equation

S(t) + B(t)S = Ac(t)S(t) + Be(t) )

has a unique periodic solution Yo, (-) € CL(R, L(W, X,))
such that R(X(t)) C D(A.) for every t € [0,T]. The
controller (G1,Ga, K) solves the PORP if and only if this
solution satisfies

Colt)Sact) + De(t) = 0

forall t € 10,T).

The proof of the theorem is divided into parts. We will
first show that under our assumptions the periodic Sylvester
differential equation (9) has a unique periodic solution if the
closed-loop system is stable. This is done in the following
lemma. Subsequently in Lemma 7, we will show that the
behaviour of the regulation error can be described using the
solution of the Sylvester differential equation. After proving
these two lemmas we present the proof of Theorem 5.

Lemma 6: Under the assumptions of Theorem 5 the peri-
odic Sylvester differential equation (9) has a unique periodic

solution
t
S = [

Proof: We will first show that the unique solution
() € CY([0,2T), L(W, X)) of (9) corresponding to the
initial condition ¥(0) = 3¢ € L(W, X.) is given by

U (t, s)Be(s)e®ds.

t
Ye(t) = Ue(t7O)Z‘Oe—St+/ U (t, s)B.(s)e°~Dds (10)
0

on [0,27] and that R(X.(t)) C D(A.) for every t € (0,T].
Let A € o(S) and let {¢y}7, be an orthonormal Jordan
chain associated to this eigenvalue. We will show using

induction that for every k£ € {1,...,m} the initial value
problem

d

%Ee(t)d)k + Ze(t)SQSk = Ae(t)ze(t)¢k + Be(t)(bk (lla)

Y (0)pr = oo, (11b)



has a unique classical solution X ()¢ € C*([0, 27T, X,)

o(t,0)20e™ gy,

/Uts

n [0,27] and that R(X.(t)) C D(A.) for all t € (0,T].
Since the A € o(S) and the associated Jordan chain are
arbitrary and since the Jordan chains of S form a basis of
the space W, the result on W then follows from linearity.
Since we assumed that S is in its Jordan canonical form we

Ze(t)pn =
S(s t)(bkds

have that for k € {1,...,m} and t € R
st e P
e =e ; C l),¢z

For k =1 the initial value problem (11) becomes

d
S0 = (A(t) = AD)

25(0)(,251 = 20(7751-

Ee (t) QSI + Be (t)¢1 )

The evolution family associated to the operators A.(t) — AT
is given by e *(*=*)U,(t, 5) and we thus have from Theorem
5.7.1 in [14] that since B.(-)¢1 € C+(R, X,) this equation
has a unique classical solution X (t)¢; given by

t
a”wwm%@+/ e MU (1, 5) Bo(s)drds
0

t
= Ue(t,0)20675t¢1+/ U(t,s)Be(s)eS(sft)qSlds
0

n [0,27] and that X.(t)¢; € D(A.) for all ¢ € (0,T].
Thus the claim holds for £ = 1. Assume now that for some
k € {1,...,m — 1} the initial value problem (11) has a
unique classical solution X (t)¢y given by

t
Ue(t,O)Zoe’Stgkar/ Ue(t, s)Be(s)eS ™ gypds
0

k
e MUL(t,0 EOZ
=1

k—l

t k
+ / e MU, Z $ids.
0

=1

on [0,27). Since (S —Al)¢r+1 = ¢, we have that for k+1
the initial value problem (11) becomes

aze(t)gﬁk-ﬁ-l = (Ae(t) - )‘I)Ee(t)gbk-i-l - Ee(t)(bk
+ Be(t)¢k+1;
Ye(0)pry1 = Lodrt1-

Since ¢ (-)¢r, Be(-)pr+1 € C([0,2T], X.) we have from
Theorem 5.7.1 in [14] that this equation has a unique

classical solution given by

Ye(t)prr1 = e MU(t,0)Zobr1

t

+ / ei/\(tis)Ue(ta 5) (726(5)(25]& + Be(5)¢k+1) ds
0

—AtU t O)Zo¢k+1

A=) (t, s)e

72/ U.(t,s)

S (p—g)k—t .
><-/0 ((k;—)l)! e A=y, (s,m)B

“MU.(s,0)E0¢yds

o (r)pidrds

t
—|—/ e MDY (L, 8)Be(s)dpprds
0
= 7’\tU (t,0)Z0dr+1

t k—1
Y =)
—Ze LU ( tO)qubl/ T 71)!ds
r t( — )kil
—Z/ A=, (t, 1) e(r)d)l/r ﬁdsdr
+/ e MDY (t, 5) Be(s)dpy1ds
0
Y k+1 (_t)k+1—l
= Ue(t)Zoe Zm¢l
t k k+1 1
+/OU(t7’) 7’\Tt;k+l ¢udr

= U, (t,0)%0e % ppy1 + / Ue(t,7)Be(r)e® "8 oy 1 dr
0

n [0,27] and that 3. (t)¢r+1 € D(Ae) for all ¢t € (0,77.
This shows that the claim holds for k£ 41 and concludes the
proof that the unique solution of the Sylvester differential
equation corresponding to the initial condition X.(0) = ¥
is given by (10) on [0, 27].

We will now show that ¥, () is a solution of the Sylvester
differential equation on [0, 277. Since

Yoo(t) = U.(t,0) /0 Ue(0, 8)Be(s)e** e 5tds

/Uts

it suffices to show that ¥, (0) = f?oo U.(0,5)B.(s)e%*ds
is in L(W, X.). Since the closed-loop system is stable, there
exist constants M, > 1 and w, < 0 such that for all ¢ > s we
have ||U.(t,s)|| < Mce*<(*=5). Assumption 4 on the other
hand implies that there exists a constant Mg > 0 such that

S(s t)ds



le%*|| < Mg for all s < 0. Now

n[;vaaﬁB

0
SMMymWMW/ et ds =
t<0 —o00

0
(5)eS*ds|| §/ U (0, 5)Be(s)e*||ds

MeMs - ||Be||<x>
|we|

and thus ¥, (0) € L(W, X.).
To prove the periodicity of Y. (t), let ¢ € R. Then

t+T
Yot +T) = / Ue(t +T,5)Be(s)e® 5=+ s

— 00

¢
= / Ue(t +T,5+ T)Be(s + T)eS+T=t+1) g

/_:O U.(t,s)B

This shows that X, (t) is periodic.

We have now proved that R(X.(t)) C D(A.) for
all ¢t € (0,7] and that ¥, () is the unique solution of
the Sylvester differential equation (9) on [0,27] corre-
sponding to the initial condition ¥, (0) at ¢ = 0. Since
Yoo (t) is periodic we have Yo (1) € Ch(R, L(W, X,)) and
R(E(t)) C D(A.) for all ¢ € R and thus X (¢) is the
unique solution of the periodic Sylvester differential equation
on R satisfying the initial condition ¥ (0) at ¢t = 0.

It remains to prove that the periodic Sylvester differential
equation (9) has no other periodic solutions. To this end, let
3(t) be any periodic solution of the equation corresponding
to an arbitrary initial condition £(0) = X € L(W, X,), i.e

(5)e3CDds = 2o (t).

t
Y(t) = Ue(t,0)X0e 5t + / U (t, 5)Be(s)eS~ds.
0

The difference A(t)

t
- / Ue(t,s)Be(s)e5 VD ds
0

= Yo (t) — X(t) satisfies

Ue(t, s)Be(s)eSDds — Ua(t,0)Se 5"

/O Ue(t, 5)Be(s)e5Dds — U, (t,0)Sge ™

— 00

= Ue(t,O)/U U.(0, s)

B (s)e%*e™tds
— U, (t,0)8pe~ 5
Ue(t,0) 250 (0)e ™5 —
Ue(t,0)A(0)e"".

Ue(t,0)Xe 5

Thus
JA@®)[| < M Mge®<*

A

and the assumption w, < 0 implies lim;_,, A(t) = 0. Since
Y (t) is periodic and since lim; || X(t) — Zoo(¥)|| = 0,
we must have X(t) = X (¢). This concludes that no other
periodic solution than Y., (¢) may exist. [ |

The next lemma shows that the solution X (t) of the pe-
riodic Sylvester differential equation describes the behaviour

of the state of the closed-loop system and the regulation
error. Moreover, the formula for the state x.(t) of the closed-
loop system shows that if the closed-loop system is stable,
the state of the closed-loop system approaches the function
Yoo (t)v(t), where v(t) is the state of the exosystem. Because
of this, the asymptotic behaviour of ¥, (¢)v(t) can be seen
as a dynamic steady state of the closed-loop system. Lemma
7 is a generalization of the corresponding result for time-
invariant systems [5], [12].

Lemma 7: Assume the Sylvester differential equation (9)
has a unique periodic solution Yoo () € CL(R, L(W, X,))
with R(Xx(t)) C D(Ae) forallt € [0,T). Forallt > 0 and
for all initial values x.o € X. and vo € W the regulation
error e(t) satisfies

e(t) = Co(t)Ua(t,0)(2e0 — Soo(0)v0)
+ (Ce(t)Eeo(t) + De(t)) v(t),

where v(t) = eStvy is the state of the exosystem. If the
closed-loop system is stable, then the state x.(t) of the
closed-loop system and the regulation error satisfy

Jim (1) — Seo (u(0)] = 0,
Jim [le(t) — (Ce(t) S (t) + Det))o(t)| = 0.

Proof: For any initial conditions .o € X, and vg € W
and for any ¢ > O the state of the closed-loop system (8) is
given by

t
Ze(t) = Ue(t,0)xeo +/ Ue(t,s)Be(s)eSSvods.
0

Using the Sylvester differential equation (9) we see that

Ue(t, 5)Be(s)e™ v
= Ue(t,8)(Xoo(5) + Too(5)S = Ac(8)Zo(5))e* 00
= Ut 8) 5 ()5 00 + Us (1, 5) S0 (5) S50
Ue(t, 5)Ac(s)Soc(5)e™ vg
= g5 Ue(t8)Boo(s )e v,

Using this we see that the state of the closed-loop system
(8) is given by
t
Ze(t) = Ue(t,0)xeg +/ Ue(t, s)Be(s)e*vyds
0
= Ua(t,0)Ze0 + Yoo (t)e vy — Uea(t,0)Soo (0)vg
= Ue(ta 0)(‘T60 - EOO(O)UO) + E<><>(t)1)(t)'

This further implies that the regulation error is given by

e(t) = Ce(t)ze(t) + Dev(t)
= Co(t)Ue(t,0) (20 — Boo(0)vg)
+ (Ce(t)Xoo(t) + De(t)) v(t).

If the closed-loop system is stable, there exist constants
M, > 1 and w, < 0 such that for all £ > s we have



|Ue(t, s)|| < M.e*<(*=%). Using the previous formulas for
z.(t) and e(t) we see that

t) = Lo (O)v(B)|| = [[Ue(t, 0)(2eo — Xoo(0)vo) ||
< Mee® |20 — Lo (0)vg]| — 0

e (

and
le(t) = (Ce(t)Zoo (t) + De(8))u(1)]]
= [|Ce(t)Ue(t, 0)(xe0 — Too(0)vo) |
< Mee!|[Cellos - l|7e0 — Boo(0)vo]| — 0
as t — oo since w, < 0. This concludes the proof. [ ]

We can now present the proof of Theorem 5.

Proof of Theorem 5: The unique solvability of the
periodic Sylvester differential equation (9) follows directly
from Lemma 6.

Assume the unique periodic solution X (t) of (9) satisfies
Ce(t)Xoo(t) + De(t) = 0 for all ¢t € [0,T]. Since the
functions are T'-periodic, this is satisfied for all ¢ € R. Using
this and Lemma 7 we have that for all initial values z.o € X,
and vg € W that

le@)]l = lle(t) = (Ce(t)2oo(t) + De(t))v(t)[| — 0

as t — oo and thus the controller solves the Periodic Output
Regulation Problem.

On the other hand, assume that the controller solves
the Periodic Output Regulation Problem and let vy € W,
to €10,7) and n € N. Let e(t) be the regulation error
originating from the initial conditions 0 € X, and vy € W
of the closed-loop system and the exosystem, respectively,
and let ¢t = £y + nT. We then have using Lemma 7 that

1(Ce(to)(to) + De(to)) €
I(Ce(H(t) + De(t))e™ vo
1(Ce(t)2() + De(t) €%vg — e(®)] + lle(t)|| — 0

asn — oo. Let A € o(S) and let {¢;, }}_, be an orthonormal
Jordan chain associated to this eigenvalue. We will show that
(Ce(to)X(to)+De(to))pr =0 forall k € {1,...,m}. Since
the eigenvalue and the associated Jordan chain were arbitrary
and since the generalized eigenvectors of S form a basis of
the space W, this implies that C.(t9)X(t9) + D.(to) = 0.

|

IA

For k € {1,...,m} and t € R we have
Sty = eM Zk: L@-
2o (k= 1D)!
Now

0= lim 1(Ce(to)S(to) + De(to)) €541
—||( < (t0)E(to) + De(to)) 1 -

and (C.(to)X(to) + De(to)) ¢1 = 0 since we have Re A > 0
by Assumption 4. Using this we get

0= lim [ (Ce(to)X(to) + De(to)) €% 6]
—||( e(to)X(to) + De(to)) ¢2l| -

lim eRe A(to+nT)
n—oo

hm eRe A(to+nT)

and thus (C.(to)X(to) + De(to)) ¢2 = 0 by Assumption 4.
Continuing this we finally get

0= hm [(Ce(to)X(to) + Delto)) €t |
= ||( «(t0)S(to) + De(to)) dml| - Re A(to-+nT)

which implies (C.(t0)X(to) + De(to)) ¢m = 0 by Assump-

tion 4. Since the A € ¢(S) and the associated Jordan chain

were arbitrary, we have that C.(t9)X(t9) + D.(to) = 0.

Since to € [0,7) was arbitrary, this finally shows that

C.(£)2(t) + De(t) = 0 for every t € [0,T]. [
We conclude this Section by considering the formula

lim e
n—oo

e(t) = Ue(t,0)(2e0 — oo (0)00) + Seo (t)0(t).

for the state of the closed-loop system appearing in the proof
of Lemma 7 in greater detail. The next theorem shows the
converse of Lemma 7, i.e. that if the state of the closed-
loop system can be given in this form, then the operator-
valued function X (-) appearing in the formula satisfies the
periodic Sylvester differential equation.

Theorem 8: If there exists an operator-valued function
2(-) € CL(R, L(W, Z)) such that R(X(t)) C D(A.) for all
t € [0, T] and the state of the closed-loop system satisfies

Te(t) = Ua(t,0)(ze0 + X(0)vg) + X(t)eStug

forany 2.0 € X, vg € W and t > 0, then for all t € [0,T)

(t) +

Proof: Let x.0 € X, vo € W and ¢t € (0,27).
Differentiating the formula for the state of the closed-loop
system we obtain

Y(t)S = Ac(6)2(t) + Be(t).

e(t) =
= Ac(t)U,

(UL, 0)(zen + (0)00) + S (1) w0)
(£,0)(ze0 + 2(0)vo) + 2(t)e vy + L(t)SeStuy.
On the other hand, since z.(t) is the state of the closed-loop

system and since B.(-)v(-) is Holder continuous on [0, 277,
we have that

fte(t) = AE(t)xe(t) + Be(t)v(t)
= A ()U.(t,0)(2e0 + B(0)vg) + A (£)B()e vg
+ B.(t)eStug

Combining these formulas for &.(¢) we obtain

(z’;(t) + (1S — Ac(t)S(t) — Be (t)) Sty = 0.

Since vy € W was arbitrary and since e°* is invertible for
every t € R, this and the periodicity of the functions imply
that for all ¢ € R we have

S(t) + E(1)S = Ac()(t) + Be(t). m



IV. CONTROLLER DESIGN

In this section we show how to construct an observer-based
controller solving the Periodic Output Regulation Problem.
This construction generalizes the one for finite-dimensional
time-invariant systems presented in [6]. The next theorem is
the main result of the section.

Theorem 9: Assume that the pair (A, B) is exponentially
stabilizable, that there exists a periodic output injection
L() € C}(R, L(Y, X..)) such that the system

i=([* "] -twle ron)y

on X xW is exponentially stable and assume the constrained
Sylvester differential equation

X(t) 4+ X(t)S = AX(t) + BU(t) + E(t) (13a)

0=CX(t)+ DU(t) + F(t) (13b)

has a periodic solution X(-) € CH(R,L(W,X)) and

U(-) € CLR,L(W,U)). Under these assumptions the Pe-

riodic Output Regulation Problem is solved by a controller
(G1,Ga, K) with parameters

Gi(t) = [A E (t)} + {lg] (K Ka(1)]

12)

S
~ L) ([ F@®)] + DK()

and Go(t) = L(t) on Z = X x W where Ky, € L(X,U) is
such that A+ BK, generates an exponentially stable semi-
group, K»(t) =U(t) — K1 X(t) and K(t) = [K1  Ka(t)].
Proof: We will first show that the closed-loop system is
exponentially stable. The closed-loop system operator A, (t)
is equal to
A BK; BK(t) ]
Ll(t)C A+ BK;, — L1(t)c E(t) + BKz(t) — Ll(t)F(t)
Ly (t)C —Ly(t)C S — La(t)F(t)

where we have denoted

L) = {Ll(“] .

Ly(1)
Applying a time-invariant similarity transform
I 0 0 I 0 0
T=|-1I 1 0|, T-'=1|I I 0
0 0 I 0 0 I

we can define A.(t) = TA.(t)T~ . This operator is equal
to

A+ BK, BK, BEK,(t)
0 A—Li(t)C E(t) — Li(t)F(t)
0 —Lyt)C S — Ly(t)F(t)

Clearly the closed-loop system is stable whenever the system
jie = ;{e(t)ie, 57@(0> = ieO € Xa

is exponentially stable. Also it is straight-forward to show
that this is the case since K»(-) € Ch(R, L(W, X)), since
A + BK, generates an exponentially stable semigroup and
since the system (12) is exponentially stable.

By Theorem 5 it remains to show that the unique periodic
solution of the Sylvester differential equation

S(t) + B(t)S = Ac(t)S(t) + Be(t)

satisfies C(£)X(t) + D.(t) = 0 for all t € [0,T]. Let X (¢t)
and U (t) be the solution of the equation (13) and denote

r(t) = {X (t)} .

(14)

1

Since
U(t) = K1 X(t) + K2(t) = K()I'(t),

it is sufficient to show that
I'(t) +T(1)S = G ()T (¢)
+ G2(1)(CX(1) + DK@)T(t) + F(t)).
for all ¢ € [0, 7). If this is the case, then
0= 1))
is the unique periodic solution of the Sylvester differential
equation (14) and
Ce()Xoo(t) + De(t) =CX(t) + DK(t)T(t) + F(t) =0
follows from (13b). A direct computation yields

G1(HD(t) = {(A + BKl)X(t); E(t) + BK(t)

~LW(CX(t) + F(t) + DE®)D(1))

 [AX () + BK)I(t) + E(t)]
- S

— L(t)(CX(t) + DK ()T(t) + F(t))
_ [AX(t)+BU(t) + E(t)}

S
—L(t)(CX(t)+ DK@)L(t) + F(t))

- :X(t)ofé(t)s} = G2(t)(CX () + DE(OT(1) + F(1))

= T(t) +T(t)S — Go(t)(CX (t) + DK(H)T(t) 4+ F(1)).

This concludes the proof. [ ]

We conclude this section with an example illustrating the
choice of the stabilizing output injection L(t) in (12) in a
special case where the original plant is exponentially stable
and we do not have any disturbance signals to reject. In a
more general case for example the results in [11] can be used
to find the function L(-) to stabilize the system (12).

Example 10: Assume that A generates an exponentially
stable analytic semigroup and dimY = 1. Consider a one-
dimensional exosystem w = S(t)w such that Es(t) = 0,
Fn(t) =0and F,.f(t) = 1. If Lpr(-) is the function from
the Lyapunov Reducibility Theorem, the exosystem can be
transformed into the form v = sv, where s € C and we have



E(t) =0 and F(t) = 7Fref(t)LFL(t) = 7LFL(t). If we
now choose v > Re s and

0
L(t) = [—aLFL(t)_l]
for all t € R, we have L(-) € Ch(R, £(C, X x C)) and

BRI

_ [ 4 }
o _aLFL(t)_lC S—aLFL(t)_lLFL(t)

[ A
o _aLFL(t)_lc 5 — a} ‘
Since A generates an exponentially stable semigroup, since
Re(s — a) < 0 and since aLpr(t)71C € CL(R, L(X,C)),
it is straight-forward to verify that the evolution family asso-
ciated to the system (12) is exponentially stable. [ ]

V. CONCLUSIONS

In this paper we have considered the infinite-dimensional
Periodic Output Regulation Problem consisting of regulation
and disturbance rejection of a time-invariant distributed pa-
rameter system and a periodic nonautonomous finite-dimen-
sional exosystem. We have characterized the solvability of
this problem using the unique periodic solution of an infinite-
dimensional Sylvester differential equation.

The most important topic for further research is to de-
velope further the results on the solvability of the Sylvester
differential equation. If we can weaken the conditions on the
existence of the unique periodic solution of the Sylvester
differential equation, the theory can be applied to a more
general class of distributed parameter systems.

Another important topic is the stablization of the closed-
loop system. The stabilization of a time-dependent system
is more complicated than the stabilization problem in the
time-invariant case, but this problem has been studied also
in infinite-dimensional spaces [11].
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