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Reduced Order Controller Design for Robust Output Regulation

Lassi Paunonen and Duy Phan

We study robust output regulation for parabolic partial dif-
ferential equations and other infinite-dimensional linear systems
with analytic semigroups. As our main results we show that
robust output tracking and disturbance rejection for our class
of systems can be achieved using a finite-dimensional controller
and present algorithms for construction of two different internal
model based robust controllers. The controller parameters are
chosen based on a Galerkin approximation of the original PDE
system and employ balanced truncation to reduce the orders
of the controllers. In the second part of the paper we design
controllers for robust output tracking and disturbance rejection
for a 1D reaction—diffusion equation with boundary disturbances,
a 2D diffusion—convection equation, and a 1D beam equation with
Kelvin—Voigt damping.

Index Terms—Robust output regulation, partial differential
equation, controller design, Galerkin approximation, model re-
duction.

I. INTRODUCTION

In the robust output regulation problem the main objective
is to design a dynamic error feedback controller so that the
output y(t) of the linear infinite-dimensional system

#(t) = Ax(t) + Bu(t) + Bawais(t), z(0) =20 € X (la)
y(t) = Cx(t) + Du(t) + Dgwgis(t) (1b)

on a Hilbert space X converges to a given reference signal
Yrer(t) despite the external disturbance signal wyix(t), i.e.,

ly(t) = Y (D) = 0, as ¢ — o0

In addition, the control is required to be robust in the sense
that the designed controller achieves the output tracking and
disturbance rejection even under uncertainties and perturba-
tions in the parameters (A, B, By,C, D, Dy) of the system
(see Section II for the detailed assumptions on (1)). The
closed-loop system consisting of (1) and a dynamic error
feedback controller is depicted in Figure 1. In particular the
controller only uses the knowledge of the regulation error
e(t) = y(t) — yr (2).

The design of controllers for robust output regulation of
infinite-dimensional linear systems has been studied in several
references [13], [14], [18], [24], [25], [29], [31], and many
articles also study the controller design for output tracking and
disturbance rejection without the robustness requirement [4],
[91, [10], [33], [37]. In this paper we concentrate on con-
struction of finite-dimensional low-order robust controllers
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Fig. 1. Dynamic error feedback control scheme.

for control systems (1) with distributed inputs and outputs.
The motivation for this research arises from the fact that the
robust controllers introduced in earlier references [14], [24] are
necessarily inifinite-dimensional unless the system (1) is either
exponentially stable or stabilizable by static output feedback.

As the main results of this paper we introduce two finite-
dimensional controllers that solve the robust output regula-
tion problem for possibly unstable parabolic PDE systems.
The controller design is based on the internal model prin-
ciple [8], [12], [26] which characterizes the solvability of
the control problem. The general structures of the controllers
are based on two infinite-dimensional controllers presented
in [14] and [24], respectively. Both of the infinite-dimensional
controllers from [14], [24] incorporate an observer-type copy
of the original system that is used in stabilizing the closed-loop
system. In this paper these observer-type parts are replaced
with finite-dimensional low-order systems that are constructed
based on a Galerkin approximation of the system (A, B, C, D)
and subsequent model reduction using balanced truncation.
All controller parameters are computed based on a finite-
dimensional approximation of (A, B,C, D) and only involve
matrix computations. In particular, when using the Finite
Element Method, both the approximation of the system (1) and
the model reduction step in the controller construction can be
completed efficiently using existing software implementations,
and this facilitates straightforward construction of our robust
controllers even for complicated PDE systems. The finite-
dimensional controllers introduced in this paper can also be
preferable to the low-gain robust controllers [13], [18], [31] for
exponentially stable systems, since they can typically achieve
larger closed-loop stability margins and faster convergence
rates of the output.

In the second part of the paper we employ the construction
algorithms to design controllers for robust output regulation
of selected classes of PDE models — a 1D reaction—diffusion
equation, a 2D reaction—diffusion—convection equation, and a
ID beam equation with Kelvin—Voigt damping. The general
assumptions on the Galerkin approximation scheme used in the
controller design have been verified in the literature for several
classes of PDE models and the Finite Element approximation
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schemes used in this paper.

The possibility of using Galerkin approximations in the
controller design is based on the theory developed in [1],
[2], [15], [16], [21], [23], [36]. Using Galerkin approximations
in dynamic stabilization is a well-known and frequently used
technique [6], [16], [22], and in this paper we employ the
same methodology in constructing finite-dimensional low-
order controllers for robust output regulation. In the proofs
of our main results we show that the closed-loop systems
with our reduced order controllers approximate — in the
sense of graph topology — closed-loop systems with infinite-
dimensional controllers which can be shown to achieve closed-
loop stability, and therefore the controllers achieve robust out-
put regulation provided that the orders of the approximations
are sufficiently high. The graph topology was first used for the
dynamic stabilization problem with Galerkin approximations
in [22], and a detailed theoretic framework for constructing
controllers based on balanced truncations was presented in [6].
Our proofs are especially based on the techniques in [21],
[22]. Controller construction for robust output regulation using
Galerkin approximations was first studied in [28] for a 1D heat
equation with constant coefficients. In this paper we improve
and extend the controller design method to be applicable for a
larger class of control systems, include model reduction as
a part of the design procedure, and consider two different
controller structures.

The reference signals y,,; : R — CP and the disturbance
signals wyy : R — C29+! we consider are of the form

Yrer (t) = ab(t) + > (ak(t) cos(wyt) + b (1) sin(wyt)) (2a)
k

(a3 (t) cos(wpt) 4 b2 (t) sin(wgt)) (2b)

q
Wist (1) = ag (t) +

x
—

for some known frequencies {wy}i_, C R with 0 = wy <
w1 < ... < wy and unknown coefficient polynomial vectors
{a].(t)}x,; and {b) (t)}r; with real or complex coefficients
(any of the polynomials are allowed to be zero). We assume
the maximum orders of the coefficient polynomial vectors are
known, so that aj.(t),b}.(t) € CP and a2 (t), b2 (t) € C™ are
polynomial of order at most nj — 1 for each k.

Remark L1. In (2), a}(t) and a3(t) correspond to the fre-
quency wg = 0. The constructions of the controllers are carried
out with wy being present, but there are situations where
tracking of signals with this frequency component can not be
achieved (namely, when the system (1) has an invariant zero at
0 € C). In this situation the construction of the matrices G1,
G, and K7 in Section III can be modified in a straightforward
manner to remove this frequency from the controller.

Throughout the paper we consider distributed control and
observation, i.e., B and C are bounded linear operators. Also
the disturbance input operator By is assumed to be bounded,
but under this assumption it is also possible to reject boundary
disturbances for many classes of PDEs as demonstrated in
Section V-A. Indeed, since wg;y(+) in (2) is smooth, boundary
disturbances can in many situations be written in the form (1)
with a bounded operator B, and a modified disturbance signal
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including the derivative gy (-) [7, Sec. 3.3]. Since gy (-) is
also of the form (2b) with the same frequencies and coefficient
polynomial vectors of order at most ny — 1, the modified
disturbance signal belongs to the same original class of signals.
Moreover, since the operators By and D, are not used in any
way in the controller construction in Section III, rejection of
boundary disturbances can be done without computing By and
D, explicitly — it is sufficient to know such operators exist.
This extremely useful property is based on the fact that a
robust internal model based controller will achieve disturbance
rejection for any disturbance input and feedthrough operators
B, and Dy and any signals of the form (2).

The paper is organised as follows. In Section II we state the
standing assumptions, formulate the robust output regulation
problem, and summarise the Galerkin approximations and
the balanced truncation method. In Section III we present
our main results including the construction of the two finite-
dimensional robust controllers. The main theorems are proved
in Section IV. Section V focuses on robust controller design
for particular PDE models. Concluding remarks are presented
in Section VI. Section A contains helpful lemmata.

A. Notation

The inner product on a Hilbert space X is denoted by (-, -).
For a linear operator A : X — Y we denote by D(A), N'(A)
and R(A) the domain, kernel and range of A, respectively. The
space of bounded linear operators from X to Y is denoted by
L(X,)Y). IfA: X — X, then 0(A), 0,(A), and p(A) denote
the spectrum, the point spectrum, and the resolvent set of A,
respectively. For A\ € p(A) the resolvent operator is given by
R(M\, A) = (A — A)~L. For a fixed « € R we denote

Heo(CL) ={G: C — C| Gis analytic, sup |G(s)| < oo}
seCt

where CZ = {A € C | ReX > a}. For a = 0 we use the

notation Ho, = Hoo(Cg). We denote by M (Ho) the set of

matrices with entries in Ho.

II. ROBUST OUTPUT REGULATION, GALERKIN
APPROXIMATION, AND MODEL REDUCTION

In this section we state our main assumption on the sys-
tem (1) and the controller and formulate the robust out-
put regulation problem. We also review selected important
background results concerning Galerkin approximations and
balanced truncation.

We consider a control system (1) on a Hilbert space X, and
we assume V' C X is another Hilbert space with a continuous
and dense injection ¢ : V — X. Let a(-,:) : VXV —= C
be a bounded and coercive sesquilinear form, i.e., there exist
c1,C2, Ao > 0 such that for all ¢, 1» € V' we have

la(¢, )| < callollv¢llv

Rea(¢,9) + dolldl% = c2ll0]7-
We assume A is defined by a(-, ) so that

<_A¢7 1/’) = CL(QS, 1/})7 V¢ S D(A)’ 1/1 S Vv
D(A)={¢ €V ]a(p,-) has an extension to X }.
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As shown in [1, Sec. 2], the operator A: D(A) C X — X is
such that A — Ao/ generates an analytic semigroup on X.

In (1) B, C, and D are the input operator, output operator
and feedthrough operator, respectively, and By and D are
the input operator and feedthrough operator, respectively, for
the disturbance input wgy(t). These operators are assumed
to be bounded so that B € L(U,X), By € L(Uqy,X), C €
L(X,Y), D e L(U,Y), and Dy € L(Uq,Y) where U = C™
or U = R™ is the input space, Ug = C™? or Ug = R™ is the
disturbance input space, and Y = CP or Y = RP is the output
space. We assume the pair (A, B) is exponentially stablizable
and (C, A) is exponentially detectable. The transfer function
of (1) is denoted by

P(A\) =CR(MNA)B+ D, A€ p(A).
We make the following standing assumption which is also
necessary for the solvability of the robust output regulation
problem. The condition means that (A, B, C, D) is not allowed
to have invariant zeros at the frequencies {iwy}i_, in (2).

Assumption IL1. Ler K € L(X,U) be such that A+ BK
generates an exponentially stable semigroup. We assume
PK(iwk) = (C + DK)R(Zwk,A + BK)B + D e CP*™ s
surjective for every k € {0,...,q}.

Due to standard operator identities, the surjectivity of
Pk (iwy) is independent of the choice of the stabilizing
feedback operator K. Moreover, for any k& € {0,...,q} for
which iwy, € p(A) the matrix P (iwy) is surjective if and
only if P(iwg) is surjective.

We consider the design of internal model based error
feedback controllers of the form

-
—~
~
N
Il

G1z(t) + Goe(t) (3a)

(3b)

where e(t) = y(t) — yres(t) is the regulation error, Gy :
D(G1) C Z — Z generates a strongly continuous semigroup
on Z, Go € L(Y,Z), and K € L(Z,U). Letting z.(t) =
(z(t), 2(t))T and wey (t) = (Waist(t), Yrer (t)) T, the system and
the controller can be written together as a closed-loop system
on the Hilbert space X, = X x Z (see [14], [26] for details)

Ze(t) = Aee(t) + Bewey(t), 2e(0) = xeo
e(t) = Coxe(t) + Dewey(t)
where 7.9 = (20, 20)7 and
L[4 BK s _[Ba 0
© G20 Gi1+GDK|’ ¢ |G2Dg —Gao|’
C.=[C, DK], D, = [Dg4, —1].

The operator A, generates a strongly continuous semigroup
T.(t) on X..

The Robust Output Regulation Problem. Choose
(G1,Go, K) in such a way that the following are satisfied:

(a) The semigroup T.(t) is exponentially stable.
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(b) There exists M,,w, > 0 such that for all initial states
xog € X and zp € Z and for all signals wy(t) and
Yrer (t) of the form (2) we have

() = yrer (]| < Mee™ " ([lzeol| + IA). ()

where A is a vector containing the coefficients of the
polynomials {a],(¢)} ; and {b)(¢)},; in (2).

(c) When (A,B,By,C,D,D;) are perturbed to
(ARBd,C',ﬁ,[?d) in such a way that the perturbed
closed-loop system remains exponentially stable, then for
all zo € X and 2p € Z and for all signals wy;y(t) and
Yrer(t) of the form (2) the regulation error satisfies (4)
for some modified constants ]\Zfe, we > 0.

The internal model principle [26, Thm. 6.9] implies that in
order to achieve robust output tracking of the reference signal
Yrer(t), it is both necessary and sufficient that the following
are satisfied.

o The controller (3) incorporates an internal model of the
reference and disturbance signals in (2).
o The semigroup T.(t) generated by A. is exponentially
stable.
As shown in Section III, the internal model property of the
controller can be guaranteed by choosing a suitable structure
for the operator G;. The rest of structure and parameters of
the controller are then chosen so that the closed-loop system
becomes exponentially stable.

A. Background on Galerkin Approximations

Let V¥ be a sequence of finite dimensional subspaces of
V and let PV be the orthogonal projection of X onto V.
Throughout the paper we assume the approximating subspaces
(VN) have the property that any element ¢ € V can be
approximated by elements in V' in the norm on V, i.e.,

N—o0

Vo € V(™ )n, " €V o —glly =70, (5)
We define the approximations AY : VN — VN of A by
(—AN¢,p) = a(¢, ) forall ¢,9 € VY,

that is, AV is defined via the restriction of a(-,-) to VN x V.
For B € L(U, X) we define BY € L(U,V¥) by

(BNu, ) = (u, B*¢) forall ¢ eV,

and CV € L(VNY) is defined as the restriction of C' €
L(X,Y) onto V. Note that computing the Galerkin approx-
imation of By € L(Ug, X) is not necessary.

Lemma I1.2. Under the standing assumptions on A and the
approximating finite-dimensional subspaces V'™, the following
hold.

(@) If Be L(C™,X) and C € L(X,C™), then

N—oco

|PYR(X, A+ BC)x — R\, AN + BNCN)PNz| =570

for all \ € p(A+ BC) and v € X.
(b) Let B € L(C™,X) and C € L(X,CP) be such that
(A, B, C) is exponentially stabilizable and detectable. If
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(BN)n and (CY) N are two sequences such that BY e
L(C™ VY and CI¥ € L(VN CPo) for all N and

IBY = Bllew,x)y =0 and ||CYPYN —Cllzixy) — 0

as N — oo, then C} R(-, AN )BY converge to the

transfer function CR(-, A)B in the graph topology of
M(Hs) as N — .

Proof. 1t is shown in [21, Thm. 5.2] that
|PYR(X, Az — RO\, AN)PN |

for some A € p(A). Since BNCNPN — BC strongly as
N — oo, the resolvent identity and standard perturbation
formulas imply that part (a) is true.

To prove part (b), let K € £(X,U) be such that A+ BK is
exponentially stable. Then by [21, Thm. 5.2-5.3] and standard
perturbation theory AN + BN K PN are uniformly exponen-
tially stable for large N. The functions C2' R(-, AN)BY and
CR(-, A) B have right coprime factorizations in M () given
by

CNR(-, ANYBY = CVR(-, AN + BYKPN)BY
x (I+ KPNR(-, AN + BYKPV)BY) ™
CR(-,A)B = CR(-,A+ BK)B(I + KR(-,A+ BK)B)™".

To conclude that CY R(-, AN)BY converges to CR(-, A)B
in the graph topology, it suffices to show that C’év R(-, AN +
BNKPN)BY and KPNR(-, AN + BYKPY)BY con-
verge to CR(-,A + BK)B and KR(-,A + BK)B in
M (M), respectively. We will only show the convergence of
CNR(-,AN + BY KPN)BY since the second convergence
can be shown analogously.

By [21, Thm. 4.2 & Cor. 4.3] the transfer functions
CPNR(-,AN + PNBKPN)PNB converge to CR(-, A +
BK)B in M(Hs(C*'.)) for some ¢ > 0. Standard
perturbation theory implies that for small ¢ > 0 we
also have suppe_.||R(\, AN + BYKPN) — R(\, AN +
PNBKPN)| — 0 as N — oo. Together with the con-
vergences of BYY and C}¥ and the triangle inequality it is
easy to show that C{ R(-, AN + BY K PN)B}' converges to
CR(-,A+ BK)B in M(H.). This completes the proof. [

N—o00

— 0 Vee X

B. Model Reduction via Balanced Truncation

We use balanced truncation [20], [27] to reduce the order

of our controllers. For a general minimal and stable finite-
dimensional system (A, B, C') on C¥ the reduced order model
(A", B",C") on C" is computed as follows [3, Sec. 2.1].
(1) Find a minimal “internally balanced realization”
(Ap, By, Cy) of (A, B,C) as described in [3, Sec. 2.1].
The controllability Gramian Xp > 0 and the observ-
ability Gramian X¢ > 0 of (Ap, By, Cp), defined as the
solutions of

@

ApXp + ZBAZ = —Bng
AZEC + XAy = —CyCy,

have the property ¥p = X¢ = diag(o1,092,...,0N)
where 01 > 09 > -+ > on > 0 are the Hankel singular
values of (A, B,C).
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(3) If we write

AT Al2 Br .
P A A R i
where A” € C™", B" € C"™*™ and C" € RP*", then

(A", B",C") is the desired reduced order model.

Lemma I1.3. The distance in the graph topology between the
stable system (A, B,C) on CN and its balanced truncation
(A", B",C") satisfies

d(CR(-,A)B,C"R(-,A")B") <M Y oy

Sfor some constant M > 0 independent of r € {1,...,N}.

Proof. The convergence in the graph topology follows from
the corresponding M (Ho )-error bound [11] and the fact that
for stable systems the distance in the graph topology and
M (H o )-norm are equivalent. O

Remark II.4. Improved numerical stability of the model
reduction algorithm can be achieved by omitting the explicit
computation of the balanced realization and instead using a
“balancing-free” method such those in [34] (balred in Mat-
lab) or [32] (hankelmr in Matlab). Both of these methods
produce reduced order models which satisfy the estimate in
Lemma II.3. As demonstrated by the proofs in Section IV,
the balanced truncation can be replaced by any other model
reduction method that approximates a stable finite-dimensional
system in the M (Hoo)-norm.

III. FINITE-DIMENSIONAL ROBUST CONTROLLER DESIGN

In this section we present algorithms for constructing two
finite-dimensional reduced order controllers that solve the
robust output regulation problem. The constructions use the
following data:

o Frequencies {wy}i_, of the reference and disturbance
signals (2).

o Maximal orders ny — 1 of the coefficient polynomials
aj(t),ai(t),bi(t), and b2 (t) associated to each wy, in (2).

o The dimension of the output space dimY =p

o Galerkin approximations (A~ , BN, CN) of (1).

o The values P(iwy) of the transfer function through the
invertibility condition of P(iwy)K1* (only for the dual
observer-based controller when dimY < dim U).

The construction does not use any information on the
disturbance operators By and Dy or knowledge of the phases
and amplitudes of yr(-) and wgx(-). Indeed, robustness
guarantess that the same controller will achieve output tracking
and disturbance rejection for any operators By and D, and
for all coefficient polynomials aj,(t), a;(t), bi(t), and b7 (t) of
orders at most ny — 1.

In the constructions, the role of the component (G; of the
system matrix G; is to guarantee that the controller contains
a suitable internal model of the signals (2). Expressed in
terms of spectral properties, the internal model requires that
iwy € 0,(G1) for all k € {0,...,q} and Gy has at least
p = dimY independent Jordan chains of length greater than

Copyright (c) 2019 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

or equal to ny, associated to each eigenvalue iwy, (see [24, Def.
4]). The steps following the choice of G fix the remaining
parameters of the controllers in such a way that the closed-
loop system becomes exponentially stable. The choices of the
parameters are based on solutions of finite-dimensional alge-
braic Riccati equations involving the Galerkin approximation
of (1). Increasing the sizes of the parameters ai,as > 0
improves the stability margin of the closed-loop system and
leads to faster convergence rate for the output, but choosing
too large values often causes numerical issues in solving the
Riccati equations. In the final part of the algorithms the order
of the finite-dimensional controller is reduced using balanced
truncation.

The construction does not give precise bounds for the
sizes of the Galerkin approximation or the model reduction,
but instead only guarantees that robust output regulation is
achieved for approximations of sufficiently high orders. As
seen in Section IV, the key requirement on the orders of these
approximations is the ability of the reduced order controller
to approximate the behaviour of a full infinite-dimensional
observer-based robust controller. As Lemma II.3 indicates,
the validity of the reduced order approximation in the graph
topology depends on the decay of the Hankel singular values.
While for some particular finite-dimensional systems reduction
may be impossible (i.e., only the choice » = IV is possible for
achieving a given accuracy), the Hankel singular values of
Galerkin approximations of parabolic PDE systems typically
decay fairly rapidly and because of this reduction is usually
possible.

The main results, Theorems III.1 and III.2, confirm that the
constructed controllers solve the robust output regulation prob-
lem. The proofs of the theorems are presented in Section IV.
The proofs also show that the Riccati equations in Step 3 can
be solved approximately in order to improve computational
efficiency, as long as the approximation scheme is such that
the approximation errors of KV and L" are small.

A. Observer-Based Finite-Dimensional Controller

Our first finite-dimensional robust controller is of the form

2:’1 (t) = Gl 21 (t) + Gge(t) (63)
Z9(t) = (AT + BLK5)za(t) + BZK{Vzl(t) — L"e(t) (6b)
u(t) = KN 2 (t) + K5 2o(t) (6¢)

with state (21(t), 22(t))T € Z := Zy x C" and input e(t) =
Y(t) —Yrer (t). The matrices (G1, Go, A, By, KV, K5, L") are
chosen using the algorithm below. More precisely, (G1,G2)
are as in Step 1, KV is as in Step 3, and (A%}, B7,L", K)
are as in Step 4. The parts G1,Go, K{¥ are the internal
model in the controller. The terminology “observer-based
controller” arises from the property that the finite-dimensional
subsystem (6b) approximates (in a certain sense) a full infinite-
dimensional observer for (1).

PART 1. The Internal Model

http://dx.doi.org/10.1109/TAC.2019.2930185

Step 1: We choose Zp = Y™ x Y2 x ... x V2" G =

diag(Jg ', ..., J)) € L(Zo), and G2 = (G5){_, € L(Y, Zy).
The parts of G; and G5 are chosen as follows. For k£ = 0, let
Op Ip ()p
g = Op . GY=
I, Op
0p I,

where 0, and I, are the p X p zero and identity matrices,
respectively. For k € {1,...,q} we choose

Q. Iy 02
Q .
J;zf — k , G§ = [0y,
Iy I,
Oy 0,

where Q) = [ O “”“IP}. The pair (G1,G2) is controllable

—Wg Ip Op
by construction.

PART II. The Galerkin Approximation and Stabilization.

Step 2: For a fixed and sufficiently large N € N, apply
the Galerkin approximation described in Section II-A to the
system (A, B,C) to arrive at the finite-dimensional system
(AN BN CN) on VN,

Step 3: Choose the parameters aq, s > 0, Q1 € L(Up, X),
and Q2 € L(X,Y,) with Uy, Y, Hilbert in such a way that
the systems (A+ay1,@Q1,C) and (A + asl, B, Q)3) are both
exponentially stabilizable and detectable. Let QY and Q3 be
the approximations of (); and @), respectively, according to
the approximation V¥ of V. Let Qo € L£(Zy,CP?) be such
that (Qo, G1) is observable, and let Ry € L(Y) and Ry €
L(U) be positive definite matrices. Denote

N _ [G1 GCN N _ |Ga2D N_|Q O
AS_[O AN ’BS_BN’QS_O Qé\’
Define LY = —-XyCVR;' € L(Y,VV) and KV =
(KN, KY] = —R;Y(BN)*IIy € £(Zo x VV,U) where

Yn and IIy are the non-negative solutions of the finite-
dimensional Riccati equations
(AN + a1 SN + Sn (AN + oy 1)*

~ Iy (OV) R'CVEN = —QY(QY)
(AN + ap )" Ty + T (AY 4 anl)

—TIxBNR; T (BY) Ty = — (@) @Y.
The exponential stabilizability of the pair (AY +asl, BY) for
large N follows from [21, Sec. 5.2] and Lemma A.2. With the

above choices the matrices AY + BN K and AN + LNCN
are Hurwitz if N is sufficiently large [1, Thm. 4.8].

PART III. The Model Reduction

Step 4: For a fixed and suitably large » € N, » < N, apply
the balanced truncation method in Section II-B to the stable
finite-dimensional system

(AN + LNCN BN + LN D, LN, KY)
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to obtain a stable r-dimensional reduced order system
(Az,[BL, L], K3).

Theorem IIL.1. Let Assumption 11.1 be satisfied. The finite-
dimensional controller (6) solves the Robust Output Regulation
Problem provided that the order N of the Galerkin approxi-
mation and the order r of the model reduction are sufficiently
high.

If ay,a0 > 0, then the controller achieves a uniform
stability margin in the sense that for any fixed 0 < «a <
min{ay,as} the operator A, + ol will generate an expo-
nentially stable semigroup if N and v < N are sufficiently
large.

B. Dual Observer-Based Finite-Dimensional Controller

The second controller we construct is of the form

5a(t) = (Al + L7 Cl)za(t) + L7e(?) (7b)
u(t) = K121 (t) — K;ZQ(t) (70)

with state (z1(t), 22(t)) € Z := Zp x C", and the matrices
(G1,GY, Av. Cr. K1, K}, L") are chosen using the algo-
rithm below. More precisely, (G4, K;) are as in Step 1, GY
is as in Step 3, and (A%, C%, K5, L") are as in Step 4. The
terminology ‘“dual observer-based controller” is motivated by
the property that the dual system of (7) will in fact achieve
closed-loop stability with the dual (A*,C*, B*, D*) of the
original system (1). Since X, is a Hilbert space, we can use
this property in proving closed-loop stability in Section IV.
PART I. The Internal Model

Step 1: We choose Zp = Y™ x Y?™" x ... x Y2, G =
diag(Jy',...,J)) € L(Z), and Ky = [KY, ..., K{] €
L(Zy,U). The parts of G; and K; are chosen as follows.
For k£ =0, let

and K? = [K{Y, Op, ...
zero and identity matrices, respectively. For k € {1,...
we choose

Qk IQ;D
le/ = it h ’ Q= [
. Igp
Q

and KF = [K¥',0,,02,...,0q,]. Foreach k € {0,...,q} the
matrices K¥' € L(Y,U) are chosen! so that P(iwy)KF! €

, 0p), where 0, and I, are the p X p

. q}

Op wkIp
—wklp Op

I'This choice is possible by Assumption II.1 whenever iw, € p(A).
If iwr, ¢ p(A) for some k, then we instead choose Kllk in such a
way that Pr,(iwg)KF € L£(Y) is boundedly invertible where Pr,()\) =
CR(MA + LC)(B + LD) + D with some L € L(Y,X) such that
A+ LC is exponentially stable. The invertibility of Pf,(iwy)KF! € L(Y)
does not depend on the choice of L due to the identity P; (iwg) =
(I7CR(iwk,A+LC)(~I~/fL))_1PL (iwy,) where L € L(Y, X) is another
operator for which A + LC is exponentially stable.
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L(Y) are boundedly invertible for all k € {0,...,q}. If m =
p, we can choose Kf! = I, for all k € {0,...,q}. The pair
(K1,G1) is observable by construction.

PART II. The Galerkin Approximation and Stabilization.

Step 2: For a fixed and sufficiently large N € N, apply
the Galerkin approximation described in Section II-A to the
system (A, B,C) to arrive at the finite-dimensional system
(AN BN CN) on VN,

Step 3: Choose the parameters a1, a0 > 0, Q1 € L(X,Y)),
and Q2 € L(Up, X) with Uy, Yy Hilbert in such a way that
the systems (A+ay I, B, Q1) and (A + asl, Q2, C) are both
exponentially stabilizable and detectable. Let QY and Q5 be
the approximations of ()1 and @5, respectively, according to
the approximation V¥ of V. Let Qo € L(CP°, Z,) be such
that (G1, Qo) is controllable, and Ry € L(U) and Ry € L(Y)
be positive definite matrices. Denote CY = [DK;, CV] and

N_ | Gi 0 N_ |G 0
As - |:BNK1 AN:|> Qs - |:O Qé\]]’

Define G := Lfﬂ = —INCNRyY € L(Y,Zy x V)
and K = —R7Y(BN)*Sn € L(VY,U) where ¥ and Tl
are the non-negative solutions of the finite-dimensional Riccati
equations

(AN 4+ o )*Sn + 2n (AN + aid)

~SxBYR N (BY) =y = —(Q))QY
(AN + ap DTy + O (AY + apl)*

— Ty (CN)" R7'CNTIy = —QY (@)

The exponential detectability of the pair (CY, AN + ayT) for
large N follows from [21, Sec. 5.2] and Lemma A.2. With
these choices the matrices AN + BNK2 and AY + glVCN
are Hurwitz if N is sufficiently large [1, Thm. 4.8].

PART III. The Model Reduction

Step 4: For a fixed and suitably large r € N, » < N apply
the balanced truncation method in Section II-B to the stable
finite-dimensional system

N N
(s [P 1)

to obtain a stable r-dimensional reduced order system

r r C}(
(07 )

Theorem IIL2. Let Assumption 11.1 be satisfied. The finite-
dimensional controller (7) solves the Robust Output Regulation
Problem provided that the order N of the Galerkin approxi-
mation and the order r of the model reduction are sufficiently
high.

If ay,a0 > 0, then the controller achieves a uniform
stability margin in the sense that for any fixed 0 < a <
min{ay,as} the operator A, + ol will generate an expo-
nentially stable semigroup if N and r < N are sufficiently
large.
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IV. PROOFS OF THE MAIN RESULTS

The proofs of Theorems III.1 and III.2 are based on the
internal model principle which states that a controller solves
the robust output regulation problem provided that it contains
an internal model of the frequencies of ¥, (t) and wy;s(t) and
the closed-loop system is exponentially stable.

In showing the closed-loop stability we employ a combina-
tion of perturbation and approximation arguments. We first
construct an infinite-dimensional controller (G°,GS°, K°)
which stabilizes the closed-loop system and then compare the
distance between two closed-loop systems — one with our
controller (G1, G2, K) and one with (G, G5°, K*°) — in the
graph topology for large N and r. To ensure the stabilizability
and detectability of the closed-loop systems, we consider them
with suitable modified input and output operators B, and C..
We then prove that (A, B.,C,) is input-output stable by
showing that for sufficiently large N and r the distance of
this system in the graph topology to the input-output stable
closed-loop system (AS°, B2°,C°) can be made arbitrarily
small. The input-output stability together with stabilizability
and detectability of (A, B., C.) will finally imply that T, (t)
is exponentially stable.

In summary, the proof consists of the following parts:

1. Verify that (G1, G2, K) has an internal model.

2. Define an exponentially stabilizable and detectable
closed-loop system (A, B., C’e) with suitable B, and C..
The input-output stability of this system will imply the
exponential stability of T, (¢) by [30, Cor. 1.8].

3. Construct a stabilizing infinite-dimensional controller
(G£°,G5°, K°°) and the corresponding input-output sta-
ble closed-loop system (A, B, C°).

4. Show that for large N and r the distance in graph topol-
ogy between (A, Be, C,) and (A%°, B>®, C°) becomes
arbitrarily small, and thus (A, B.,C.) is input-output
stable for sufficiently large N and r [17], [21].

5. Combine parts 1, 2, and 4 to conclude that (G1,Gs, K)
solves the robust output regulation problem.

Proof of Theorem 11L.1. The matrices (G, Ga, K) of the error
feedback controller (3) are given by

g — | G 0 G, — | G2
YT BrKN AL+ ByK3|C S A

K = [K{,Kj],and Z = Zy x C" or Z = Zy x R". If
a; > 0and as > 0 we let 0 < a < min{ay, as} be arbitrary.
Otherwise we take o« = 0.

Part 1 — The Internal Model Property: The block structures
of G; and Gy are the same as in the controller constructed
in [24, Sec. VI]. The matrices G; and G5 are related to the
corresponding matrices in [24, Sec. VI] through a similarity
transform. Since the internal model property is invariant under
such transformations, the argument at the end of the proof
of [24, Thm. 15] shows that if the closed-loop is exponentially
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stable, then the controller (G1,Gs, K) has an internal model
in the sense that (see [24, Def. 5])

R(iwr, — G1) NR(G2) = {0}, 0<k<gq
N(G2) = {0}
N(iwy, —G)™ P C R(iwy —G1) 0<k<gq.

Part 2 — A Modified Closed-Loop System: Consider a

composite system (A.q, Be, Ce) with

el g e[t 3]

0 Gi 0 C;Q 0 K
s [Ga 0 - [KN 0
g2_{—LT Bg]’K_{o K|

If N is large, then AN 4+ o + LY CY is exponentially stable
by [1, Thm. 4.8]. Since A7 is obtained from AN + LNCN
using balanced truncation, also A} + ol in G; is Hurwitz
for large N and r. The pair (G; + al, G3) is controllable by
construction, and (K1, G1+al) is observable by Lemma A.2.
Using these properties it is easy to see that (G + o, Gy, K)
is exponentially stabilizable and detectable for large NV and r,
and therefore the same holds for (Ao + al, B.,C. ). A direct
computation shows that A, = Ao + B.K.C. where

01 I
K.=|I D D (8)
0 0 0

and thus under the output feedback with the operator K.
the system (A.o + al, B., C’e) becomes (A, + al, B., C‘e)
Since output feedback preserves stabilizability and detectabil-
ity, for large N and r < N the input-output stability of
(Ao + oI, B.,C.) will imply the exponential stability of the
semigroup e*'T,(t) generated by A, + ol [30, Cor. 1.8].

Part 3 — An Infinite-Dimensional Stabilizing Controller
(G5°,G5°, K*°): Choose Zo, = Zp x X and

G 0

g1 = (B4 L®D)K>® A+ L>®C+ (B+ L*D)K§°|’

and G3° = [fé%c] where K> := [K{°, K$°] and L> are the
limits of K%V and L¥ in the sense that

”KN[é PON] - KOOHL(ZOxX,U) — 0 and

[PNLYN — L 2v,x) = 0

as N — oo. Here PV : X — V¥ is again the Galerkin
projection onto V. The limit L> exists due to the approx-
imation theory for solutions of Riccati operator equations [1,
Thm. 4.8]. Moreover, if we define

_|G1 GRC _|G2D Qo O
AS_|:O A:la BS_|:B:|? QS_|:0 QQ
then it is straightforward to show based on properties of A
that the form defined by as(¢, ) = (—As¢, ), ¢ € D(A;),
¥ € Zy x X and the approximating subspaces V¥ = Z; x
VN satisfy the assumptions of [1, Thm. 4.8]. Since (A, +

asl, B, Q) is exponentially stabilizable and detectable by
Lemma A.2, also the existence of K follows from [1, Thm.
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4.8]. Moreover, the semigroups generated by A + af + L>°C
and A; + ol + B;K*° are exponentially stable.

We will now show that AS® — the closed-loop system oper-
ator with (G, Ga, K) replaced by (G{°,G3°, K*°) — is such
that AS® 4+ o generates an exponentially stable semigroup. If
we define a bounded similarity transform

0 I 0 0 I 0
Ae=|T1 0 0}, AZP=1|T 0 0,
-1 0 I 0 I I
then a direct computation shows that
A BK®>
AAZAT = A, AT?
e e GC G + G DK™ e
A BK{® BKS°
=A.| G2C Gy +GyDK® GyDK$® A?
—L>C BK® A+ BKS® + L>C
G1+ G3DK® G2(C+ DKS®) GoDKS®
= BK® A+ BKS® BKS®
0 0 A+ L>C
The first 2 x 2 subsystem of A, AS°A_! is given by
Gy GoC G2D o 100 o
& 6] [028] . ) =, + Bk

Since A+al+L>*C and As+al+ Bs K generate exponen-
tially stable semigroups, the same is true for A (AL +al)A !
and A + al.

Finally, define (A%, B, C°)

e A 0 - [B 0 . [c o

where
Goo — Go 0 K 0
2 7 |-L*® B+L*D 0 Kg°
Output feedback with the feedback operator in (8) transforms
(A5 + al,BX,C) to (AL + o, B, Cg°). The system
(AS® + oI, B>, C2°) is input-output stable since A + o
generates an exponentially stable semigroup.

Part 4 — Input-Output Stability of (A, B., C‘e): Our aim is
to show that for large N and r the distance in graph topology
between (A, + o, B,, C,) and (A% + o, B®, C°) can be
made arbitrarily small. By Lemma A.1 and Part 3 it is suffi-
cient to show that the distance between (A5 + al, B, C°)
and (Aco+al, Be, C’e) becomes small for large N and r. Due
to the structure of these systems this is true if (and only if)
the distance in graph topology between (G1+al, Go, K) and
(G° + al,G5°, K°°) becomes small. If we define

_ Gl O oo __ Gl 0 _ 0 0
G10 = [0 Arj’glo— {o A+L°°C]’KC_ [I I}
we see that G, = Gy +g}KJ( and G{° = G5 +Q~§°ch(°°.
Therefore Lemma A.1 and the structure of the controllers
imply that the distance between (G; +al, G2, K) and (G° +
ol g2 K *°) can be made small provided that the distance
d(P,P,) in the graph topology between
P:=(A+al+ L*®C,[B+ L*D, L], K5°)
PT = ( 2 + Oé], [327 Lr]vKg)

} and f(oo:[

and
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becomes arbitrarily small for large r and N. The triangle
inequality implies d(P,P,) < d(P,Pn) + d(Pn,P,) where
Py = (AN +al + LNCV,[BYN + LV D, L], KY). Since
‘P and Py are parts of systems obtained with output feedback
from (A + al,[B + L®D, L>, {0 K%o}) and (AN +

al,[BN+LND, LV], { ON KON } ), respectively, Lemmas A.1
and IL1.2 show that d(P, Pn) — 0 as N — oco. Finally, since
‘P, is the system obtained from Py using model reduction, we
have from Lemma IL.3 that d(Py, P,.) can be made arbitrarily
small by choosing a sufficiently large » < N (in the extreme
case only the choice = N may be possible, in which case

(PNﬂ )—0)

Part 5 — Conclusion: By Part 1 the controller contains an
internal model and by Parts 2—4 the semigroup e*T,(t) gen-
erated by A, + ol is exponentially stable. We have from [24,
Thm. 7] that the controller solves robust output regulation
problem?. O

Proof of Theorem 111.2. The matrices (G1,Ga, K
feedback controller (3) are given by
|Gy GYCr- _[GY
G = 0 A" _,’_chr:|a g2|:Lr:|a
K K

K= [Kl, —Kg], and Z =Zyx Cor Z =7y xR".
Part 1 — The Internal Model Property: Due to the properties
of G; and the block structure of G, the controller contains
an internal model of the reference and disturbance signals in
the sense that dim AN (iwr, — G1) > dimY = p for all k €
{0,...,q} and G; has at least p independent Jordan chains of
length greater than or equal to ny, associated to each eigenvalue
iwy (see [24, Def. 4]).
Part 2 — Stability of the Closed-Loop System: If ov; > 0 and
ag >0 we let 0 < a < min{ay, as} be arbitrary. Otherwise
we take o = 0. We will prove exponential closed-loop stability
by showing that the adjoint A¥ + af of A. + al generates
an exponentially stable semigroup. The adjoint operator A} is
given by

) of the error

g | A G
¢ |K*B* Gf+K*D*G}
where G5 = [(GY)*, (L")*], K* = {—(II?E)*}’
o [ ¢ 0 }
P CR) (G (AR)* + (O ) (L7)*

The dual (G, K*,G3) of (G1,G2, K) coincides with a con-
troller constructed in Section III-A for the dual system
(A*,C*,B*,D*) in all but two respects: G7 has a block
lower-triangular structure (instead of block upper-triangular
structure), and the choice of K7 is slightly different from
the choice of G3 in Section III-A. However, as seen in
the proof of Theorem IIL1, the properties of (G1,G2) only
affect the closed-loop stability by guaranteeing the exponential
stabilizability of the block-operator pair “(AY +asl, BY)” in

2In the reference [24] the objective of the robust output regulation problem
was to achieve ¢ — et ||e(t)|| € L?(0, 00;Y") for some o > 0, but since in
our case B, C, G2 and K are bounded operators, the expression for e(¢) in
the proof of [24, Thm. 7] implies that also (4) is satisfied.
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Step 3 of the construction algorithm in Section III-A. Because
of duality, this property corresponds exactly to the expo-
nential detectability of the block operator pair “(CY, AN +
aoI)” for the controller in the current theorem, and there-
fore the required stabilizability property is guaranteed by
Lemma A.2. Moreover, the definitions of the Galerkin ap-
proximation in Section II-A imply that the approximation
(AN, (C*N,(B*)N) of the dual system (A*,C*, B*) is
given by (A*)N = (AN)*, (B*)N = (BN)*, and (C*)N =
(CN)* with the same choices of the approximating subspaces
VN In addition, it is straightforward to check that the reduced
order model constructed using balanced truncation for a dual
system coincides with the dual system of the reduced order
model of the original system, and the reduced dual system
convergences in the graph topology to the dual of the original
system. Because of this, it follows from the proof of The-
orem III.1 that A + ol generates an exponentially stable
semigroup when N and 7 are sufficiently large. Since X,
is a Hilbert space, also e“*T,(t) generated by A, + ol is
exponentially stable. O

V. ROBUST CONTROLLER DESIGN FOR PARABOLIC PDE
MODELS

In this section we apply the control design algorithms in
Section III for selected PDE models. In each case we use
two distinct Galerkin approximations, one (of order ) for
constructing the controller and a second one (of order n>> N)
for simulating the behaviour of the original system.

A. A ID Reaction-Diffusion Equation

Consider a one-dimensional reaction—diffusion equation on
the spatial domain 2 = (0, 1) with distributed control and
observation and Neumann boundary disturbance,

e =5 (a5 en) o
FA©)alE, 1) + blE)ult) (9b)

g—z((),t) = Wyis (), Z—Z(l,t) =0, z(£,0) = xo(£), (9c¢)
1) = | (e ey ©Od)

We assume o € W1>°(0,1;R) with a(§) > ag > 0 for
all £ € (0,1), v € L*>=(0,1;R), and b,c € L?(0,1;R).
The disturbance signal wy;(t) acts on the left boundary. The
system (9) is a more general version of the 1D heat equation
studied in [28].

Choose X = L?(0,1). Due to the boundary disturbance at
& = 0, the system (9) has the form of a boundary control
system [7, Sec. 3.3],

&(t) = Az(t) + Bu(t)
y(t) = Cx(t)
Waist (t) = Byz(t)
where Az = a%(a(-)a—z) +y(-)z for x € D(A) = {z
H?(0,1) | 2’/(1) = 0}, B = b() € L(R,X), C =
(,c()) € L(X,R), and Bgx = /(1) for x € D(A). The
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disturbance signal wy;s(-) is assumed to be of the form (2b)
and is therefore smooth. As in [7, Sec. 3.3, Ex. 3.3.5] we can
make a change of variables Z(t) = x(t) — Bgowais(t) where
By € L(R, X) is such that D(A) C R(Byp) and ByBao = 1.
This allows us to write the PDE system (1) in the form

5 = 4500+ Butt) + (4B, ~ie] [2250)

y(t) _ Cf(t) + [CBd(L O] |:’LUdtst(t):|
dzst(t)
where Az = Az for x € D(A) := D(A) N N(By). Since
By = [.ABdQ, _BdO] S [:(RQ,X) and (wd,'”(t),ﬂ'}d,’”(t))T
is of the form (2b), this system is indeed of the form (1)
and the results in Section III are therefore applicable for (9).
Note that it is not necessary to compute the expressions of the
operators Bgo, ABgo and C' By since the robustness of the
controller implies that the disturbance signal is rejected for
any disturbance input and feedthrough operators.
Now D(A) = {z € H*(0,1) | 2/(0) = 2’(1) = 0} and
if we choose V=H 1(0 1) with inner product (¢, )y
fo &' ()Y (€)dE + fo £)dg, then the operator A is
defined by the bounded and coercive sesquilinear form a :
VxV=C

a(¢7¢) = <O[(')¢/, 1//> + <7()¢7 7p>

We assume b(-) and c(-) are such that (A4, B, C') is exponen-
tially stabilizable and detectable, which in this case means
that (b, ¢) # 0 and (¢, c) # 0 for any eigenfunctions ¢ of A
associated to unstable eigenvalues [7, Sec. 5.2].

For the spatial discretization of (9) we use the Finite
Element Method with piecewise linear basis functions. These
approximations have the required property (5) by [5].

A Simulation Example

As a numerical example, we consider (9) with parameters

ate)= 275, 1) =12¢,
be) =

4x(.25,.5)(£), (&) = 4x(5,.75)(§)

where x(4)(-) denotes the characteristic function on the
interval (a, b) The control u(¢) and observation y(t) act on
the subintervals (.25,.5) and (.5,.75) of , respectively. We
consider the reference and disturbance signals

1
Yrer (t) = cos(t) + 3 sin(2t) — 2 cos(3t),

Weist (1) = isin(élt).

The set of frequencies in (2) in {wy}{_, is {1,2,3,4} with
g =4and ny = 1 for all k& € {1,...,4}. We modify the
internal model in Section III in such a way that the parts
associated to wg = 0 are omitted.

We construct the dual observer-based controller in Sec-
tion III-B. In the absence of the frequency 0 the internal model
has dimension dim Zy = p x ¢ X 2 = 8. In the controller
construction, we use a Finite Element approximation of order
N = 300. The parameters of the stabilization are chosen as

a1 =0, a=.95 Q1 =Q2=1Ix, R =R;=1€R.
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Finally, we use balanced truncation with order » = 12. The
system (9) is unstable with a finite number of eigenvalues with
positive real parts.

For the simulation of the original system (9) we use a Finite
Element approximation of order n = 1000. Figure 2 depicts
parts of the spectrum of the original system, the closed-loop
system without model reduction in the controller (i.e., with
r = N), and the closed-loop system with model reduction of
order r = 12.

-30 -25 -20 -15 -10 -5 0 5 10

Fig. 2. Spectra of the uncontrolled system (red diamonds) and the closed-loop
system with » = N = 300 (yellow stars) and r = 12 (blue circles).

The output of the controlled system for the initial states
20(§) = —£/10 and zp = 0 € R¥T!2 of the system and the
controller is depicted in Figure 3.

-40
0 5

time ¢ 10 15

Fig. 3. Output of the 1D heat equation with the dual observer-based controller.

B. A 2D Reaction—Diffusion—Convection Equation

We consider a controlled reaction—diffusion—convection
equation on a 2-dimensional bounded domain Q C R? with
C-smooth boundary 0f2 and assume ¢ is located locally on
one side of Jf). The PDE is defined as (see [2, Sec. 3])

X (6.0) = V(0@ Vale.0) + V- (e 1) 00
+7(§x(&,t) + £(§) + Bu(t), (10b)

z(§1) =0, on&€d, x(£0)=wz0(£) (10c)
y(t) = Cux(-t) (10d)

with state x : (0,00) x Q@ — R. The possible source term

f(&) can be treated as a disturbance input with frequency
wop = 0, and it will be handled by the internal model based
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controller. Here v € W (Q, R) with a(€) > a > 0 for all
e B =(Bu()B2)" with 1,8, € WH>(Q;R), and
v, [ € L*(Q,R). We assume (10) has m distributed inputs
and therefore u(t) = (ux(t))7, € U =R™ and

m

Bu(t) = ug(t)bi(")
k=1

where b(-) € L?(Q;R) are fixed functions. Similarly we
assume the system has p measured outputs so that y(t) =
(yr(t))i_, €Y =RP and

yi(t) = /Q 26, t)en(€)de

for some fixed cx(-) € L*(4;R).

The system (10) can be written in the form (1) on X =
L2(;R). If we choose V = H}(Q,R), then the system op-
erator A is determined by the sesquilinear forma : VxV — C
such that for all ¢, € V,

a(¢a 1;[}) = (quS, Vw>L2 + <5¢7 vw>L2(Q;R2) + <’Y¢7 1/}>L2-

Similarly as in [2, Sec. 3] we can deduce that a(-, -) is bounded
and coercive. The input and output operators B € £(U, X ) and
C € L(X,Y) are such that Bu = >_}" | by (-)uy, for all u =
(ur)e € U and Cz = ([, x({)ck(f)df)zzl for all z € X.
We assume {by,(-)}7; and {c(-)},_, are such that (A, B, C)
is exponentially stabilizable and detectable. The autonomous
source term f(£) is considered as a disturbance input, i.e., we
write f(-) = Bawgis(t) where wg(t) = 1 and By = f(-) €
L(R, X).

To discretize the equation using Finite Element method, the
domain (2 is approximated with a polygonal domain Q2 and
we consider a partition of () into non-overlapping triangles.
The approximating subspaces V7 are chosen as the span of
N piecewise linear hat functions ¢y. The subspaces V¥ then
have the required property (5) by [5].

Remark V.1. Also in the case of the 2D reaction—diffusion—
convection equation it would be in addition possible to con-
sider boundary disturbances using the same approach as in
Section V-A.

A Simulation Example

As a particular numerical example, we consider a reaction—
diffusion—convection equation on the unit disk Q = {£ =
(€1,&) € R? | €2 + ¢2 < 1} with parameters

cos(&1) — sin(2&) (€) = 10,

1
CK(E) = 57 6(5) = Sin(3§1) +COS(4§2) y Y

and f = 0. We consider (10) with two inputs and two
measurements acting on rectangular subdomains of 2. More
precisely,

b1(-) = xau, b2(*) = X, c1(1) = x5, c2(-) = X,

1 4 4 2
where Q1 = (35, 36) X (15, 75) and Qo = (2, 5) < (—55
Qy = (=1 21 3 1Y and Oy = (=1 2B

?%_13( 150 —3) % ( 60° 5)- an 4 = (=5, 71g) X
(%, %) . The conﬁguratlor.l of the control inputs an
surements is illustrated in Figure 4.
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Fig. 4. Regions of control (red)

and observation (blue). Fig. 5. Hankel singular values of the Galerkin

approximation.

Our aim is to track a reference signal

20 cos(t) + 5sin(2t) — 2 cos(3t)

Yrer (t) = 45sin(10t) — 2 cos(t)

The corresponding set of frequencies in (2) is {1,2,3,10}
with ¢ = 4 and n, = 1 for all k € {1,...,4}. We modify
the internal model in Section III in such a way that the parts
associated to wy = 0 are omitted. We construct the dual
observer-based controller in Section III-B using a Galerkin
approximation with order N = 1258 and subsequent balanced
truncation with order » = 40. In the absence of the frequency
0, the internal model has dimension dim Zy = p x ¢ X 2 = 16.
The FEM discretization is implemented using the Matlab PDE
Toolbox functions. The parameters of the stabilization are
chosen as

a1 =2, ag = 2.5, QlZQQZIX, Ri=Ry=1€R.

The first Hankel singular values of the Galerkin approximation
are plotted for illustration in Figure 5.

In the simulation the original PDE is represented by another
Finite Element approximation of (10) with order n = 2072.
Figure 6 depicts parts of the spectrum of the uncontrolled
system and the closed-loop system. In the plotted region the
locations of the closed-loop eigenvalues for the controller
without model reduction (i.e., with r = N) are very close
to those with the final controller.

25

o
20 o
15} °
10F o &
5+ o
o ¢ 0o é o
0
4
oo %
50 O ¢ 0 o
10F o ?
a5k o
20 o
o
-25 :
15 10 5 0 5 10

Fig. 6. Spectra of the uncontrolled system (red diamonds) and the closed-loop
system with NV = 1258 and r = 12 (blue circles).
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The output of the controlled system for the initial states
zo(€) = cos(5&1) and zo = 0 € R0 of the system and the
controller is depicted in Figure 7.

-400 ! .
time ¢ 10 15

200

-200 w i |
time ¢ 10 15

Fig. 7. Output y(t) = (y1(t),y2(t))T of the system (10) with the dual
observer-based controller (top: y1(t), bottom: y2 (t)).

C. A Beam Equation with Kelvin—Voigt Damping

Consider a one-dimensional Euler-Bernoulli beam model on
Q= (0,¢) [15, Sec. 3]

8 82 0
#2122(€.) = Bou(t) + Bao (). (110)
w0 =w(E), 60 =ui(e), (11
y(t) = Cro(-,t) + Ca0(-, t) (11d)

where «, 3,7 € R are constants so that o, 3 > 0 and v > 0.
The input operator is defined by Bou = > ;- bi(-)uy for
u = (ug), € U=R™ for some fixed by(-) € L?(0,¢) and
the disturbance input operator By is defined analogously. The
assumptions on the measurement operators for the deflection
v(-,t) and velocity ©(-,t) are given later.

We consider a situation where the beam is clamped at £ = 0
and free at £ = ¢. The boundary conditions are

ov

v(0,t) =0, 6—§(O,t) =0,
0%v 93v d3v %
|:aa£2+5a§28t:|£_z—07 [a(%g’+ﬁafsat:|5_f_0

Let Vo = {v € H?(0,£) | v(0) = v'(0) = 0}. We define
an inner product on V{ by

(61, b2 / B1(E) S (E)de,

Vo1, ¢2 € Vo.
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Defining the state as z(t) = (v(-,t),9(-,t))? the beam
model (11) can be written in the form (1) on X = Vx L?(0, /)

with
0 I 0 0
A= 4 4 , B = , B, =
—aj? —ﬁf? - {Bo} ¢ l:BdOj|

D(A) = { (v,w) € Vo x Vo | aw” + u" € HZ(0,0) }

where H2(0,¢) = {f € H*0,¢0) | f(¢) = f'(¢) = 0}.
We assume the measurement operators C; € L£(Vp,Y) and
Cy € L(L*(0,£),Y) for Y = RP, and thus Cyv = (CFv)h_,
where CF € L(Vp,R) and Cow = ({(w,ct)r2)}_, for some
fixed functions c}.(-) € L?(0, ¢). Since for any 0 < &, < ¢ the
point evaluation C¢ v = v(§p) is a linear functional on Vj, it
is in particular possible to consider pointwise tracking of the
deflection with y(t) = v(&,t) in (11).

Choose V' = 1}y x Vj. As shown in [15, Sec. 3] the operator
A is defined by a bounded and coercive sesquilinear form
a:V xV — C defined so that for all ¢ = (¢1,d2) € V and
Y = (¢1,12) € V we have

a(p, V) = — (o2, 1) v, + (@d1 + Bda, Vo), + (P2, ¥2) 2.

As the Galerkin approximation of (11) we use the Fi-
nite Element Method with cubic Hermite shape functions
to approximate functions of Vo and L?(0,¢) in the spaces
VY. As shown in [15, Sec. 3] the approximating subspaces
VN = VN x Vi have the required property (5). For additional
details on the approximations, see [36, Sec. 4].

A Simulation Example

For a numerical example we consider a beam model with
{=7 a=05 =1, and v = 2. Similarly as in [15, Sec.
3] we choose U = R and By = by(-) with b1(§) = &, and
choose a measurement

6

vy = [Coends e Ci=xpp() Ca=0,
The disturbance wy;(t) acts on the interval (3,6) so that
Bao = X(3,6)(") € LR, L*(0,)).

With our choices of parameters the damping in the beam
model (11) is strong enough to stabilize the system exponen-
tially. However, the stability margin of the system is very
small. In such a situation the finite-dimensional low-gain
robust controllers [13], [31] typically only achieve very limited
closed-loop stability margins and slow convergence of the
output. In this example we use our controller design to improve
the degree of stability of the original model and achieve an
improved closed-loop stability margin.

We take the reference signal and disturbance signal

Yrep (t) = 3cos(t) — 2 cos(3t) + 15sin(5t) — 6sin(10¢),
Weis (1) = 3sin(4t) + 5sin(7t).

The corresponding set of frequencies in (2) is {1, 3,4, 5,7, 10}
with ¢ = 6 and ny, = 1 for all k € {1,...,6}. We modify
the internal model in Section IIl in such a way that the
parts associated to wy = 0 are omitted. We construct the
observer-based controller in Section III-B using a Galerkin
approximation with order N = 58 and subsequent balanced

http://dx.doi.org/10.1109/TAC.2019.2930185

truncation with order » = 10. In the absence of the frequency
0, the internal model has dimension dim Zyp = px ¢ x 2 = 12.

The stability margins in the stabilizability of (A, B) and
the detectability of (C,A) are limited because the beam
model (11) is known to have an accumulation point of eigen-
values at \gcc € R_ [38]. In particular, the assumptions of
the detectability of (C, A 4+ «;I) and the stabilizability of
(A + a3l, B) can only be satisfied if 0 < ag, a0 < |Aaccl-
To find the upper bound |Agec|, the spectrum of A can be
computed similarly as in [19, Sec. 4.3]. In particular, the
eigenvalues A\, # —«/f of A are solutions of the quadratic
equation \2 — (B0, + Y)A, — an, = 0, where n,, € Ry
are such that ¢!/ = n,¢, for some ¢,(-) € H*(0,)
satisfying ¢,(0) = ¢/, (0) = ¢ (£) = ¢/(¢) = 0. Since
Np — 00 as n — o0, a direct computation shows that
the eigenvalues A, have a limit \, — —a/f =: Aacc
as n — oo. Thus the condition on «; and a9 becomes
0 < aj,as < |Aacc] = /B = 0.5. Motivated by this, the
parameters of the stabilization are chosen as

a1 =0y =04, Q1 =Qs=1Ix, R =102, Ry = 10>

For the simulation of the original system (10) we use
another Finite Element approximation of order n = 140.
Figure 8 depicts parts of the spectrum of the uncontrolled
system and the closed-loop system. In the plotted region the
locations of the closed-loop eigenvalues for the controller
without model reduction (i.e., with » = IN) are very close
to those with the final controller.

10 - o
o
5F o
o}
o
o [}
o Q VNN
0 % L
° < o ° O V9
o
o
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Fig. 8. Spectra of the uncontrolled system (red diamonds) and the closed-loop
system with N = 58 and r = 10 (blue circles).

The output of the controlled system for the initial states
2o(€) = cos(5&1) —2 and 29 = —3-1 € R¥2T10 of the system
and the controller is depicted in Figure 7.

VI. CONCLUSIONS

We have studied the construction of finite-dimensional low-
order controllers for robust output regulation of parabolic
PDEs and other infinite-dimensional systems with analytic
semigroups. We have presented two controller structures con-
structed using a Galerkin approximation of the control system
and balanced truncation. Theorems III.1 and III.2 guarantee
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Fig. 9. Output (blue) of the beam model with the observer-based controller
and the reference signal (gray).

that the controllers achieve robust output tracking and distur-
bance rejection provided that the orders N and r» < N of the
Galerkin approximation and the model reduction, respectively,
are sufficiently high, but the methods used in the proofs do not
provide any concrete bounds for the sizes of NV and r. The rate
of decay of the Hankel singular values can be used together
with Lemma II.3 as a rough indicator of how much reduction
is possible in the last step of the controller construction
algorithm. Deriving precise and reliable lower bounds N and
r to guarantee closed-loop stability is an important topic for
future research. Another open question is to develop a way to
reliably estimate the stability margin of the closed-loop system
for particular orders N and 7.

APPENDIX

Lemma A.l. The system (A™ B"™,C™) converges to
(A,B,C) in the graph topology if and only if for some
Q € L(Y,U) the system (A™ + B"QC™, B™,C™) converges
to (A+ BQC, B,C) in the graph topology.

Proof. The result follows from the property that in the graph
topology the convergence of open loop systems is equivalent
to the convergence of closed-loop systems [35, Prop. 7.3.40],
[39, Thm. 3.3]. O

Lemma A.2. Suppose Assumption II.1 and the standing
assumptions are satisfied and Gy is as in Sections II-A
and MI-B. Let a« > 0 be such that (A + oI, B,C) is
exponentially stabilizable and detectable. Then the following
hold.

(a) In the case of the observer-based controller, the pair

Gi1 GoC GoD
(15 %o %
is exponentially stabilizable.
(b) In the case of the dual observer-based controller, the pair

([DKl, ], {BGél 2] + oJ)

is exponentially detectable.

(¢) If K = [K1, K] stabilizes the pair (12), then (K;,Gh)
is observable. If Go = [%’} stabilizes the pair (13), then
(G1, Gs) is controllable.

(12)

(13)

Proof. We can assume a = 0, since otherwise we may
consider A := A 4 ol and G; := Gy + al. We begin
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by proving part (b). Due to our assumptions we can choose
L, so that A+ L;C is exponentially stable and P, (iwy) =
CR(iwk,AL)BL+D with A;, = A+L,C and By, = B+11D
is surjective for every k € {0,...,q}. Choose L = L1+ HGo
where H is the unique solution of the Sylvester equation
HG, = ALH + BLK; and Gy € L(Y,Zp) is such that
the matrix G1 + G3(CH + DK;) is Hurwitz. The choice of
G4 is possible provided that the pair (CH + DK;,Gy) is
observable. To see that this is true, let k € {0,...,q} and 0 #
or € N (Fiwg —G1). Since H is the solution of the Sylvester
equation and GG; and K; have special structure, we have
or = (09, £i¢?,0,...,0)T, Hey, = R(Fiwy, Ap)BL K ¢?
and

(CH + DK )¢y = (CR(&iwy, AL)Br, + D)K¢? +£0

by the choices of K¥' € L(Y,U). Thus the pair (CH +
DK,,@G,) is observable. A direct computation then shows that

L{I —OI} <[BC}1 SJ + {(ﬂ (DK, C]) L{f _01}
_ {Gl + Go(CH + DKy)  —GsC }
0 A+ LiC)’

which generates an exponentially stable semigroup.

Part (a) can be proved analogously by considering adjoint
operators. To prove (c), assume K = [Kj,K>] stabilizes
the pair (12). If (K;,G;) is not controllable, there exist
k € {0,...,q} and 0 # ¢ € N(Liwr — G1) such that
Ki¢r = 0. Then we also have

G GC GoD oy , bk
(5 T [ m) 5] )
which contradicts the assumption that [K7, K»] stabilizes (12).

The second claim follows similarly by considering adjoint
operators. O
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