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Nonautonomous Controllers and Output Regulation of Unknown
Harmonic Signals for Regular Linear Systems

Lassi Paunonen and Sepideh Afshar

We introduce general results on well-posedness and output reg-
ulation of regular linear systems with nonautonomous controllers.
We present a generalization of the internal model principle
for time-dependent controllers with asymptotically converging
parameters. This general result is utilised in controller design
for output tracking and disturbance rejection of harmonic signals
with unknown frequencies. Our controller can be flexibly com-
bined with different frequency estimation methods. The results
are illustrated in rejection of unknown harmonic disturbances
for a one-dimensional boundary controlled heat equation.

Index Terms—Distributed parameter systems, output regula-
tion, time varying systems, uncertain systems.

I. INTRODUCTION

Asymptotic output tracking and disturbance rejection,
jointly called output regulation, is an important control objec-
tive in many engineering applications. For a given reference
signal y,.r(t) and a class of external disturbance signals wy;g (t)
the output y(¢) of the controlled system is required to satisfy

Hy(t) - yref(t)H — 0, as t — oo.

This control problem has been studied extensively for infinite-
dimensional systems [6], [16], [17], [21], [24], [27], [30] and
controlled partial differential equations (PDEs) [2], [12], [18].
In the classical output regulation problem the reference and
disturbance signals are assumed to have the forms

M=

Yrer(t) = ao + Y (ak cos(wit) + by sin(wyt)) (1a)
k=1
q
wyis(t) = co + Z(ck cos(wgt) + dj sin(wgt)), (1b)
k=1
where the frequencies 0 = wy < w; < < wy are

assumed to be known and the amplitudes (ax)}_,, (br)i_;
(ck)i_y» and (dy)f_, may be unknown. In this paper we
study a more challenging version of the control problem
where also the frequencies (wy){_; are unknown. For finite-
dimensional linear and nonlinear systems the case of unknown
frequencies has been studied in [8], [20], [31], [42], [43] using
adaptive internal models. Controllers have also been designed
for selected PDE models, in particular, 2 x 2 hyperbolic sys-
tems [2], a Kirchoff plate [28], and a 1D boundary controlled
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heat equation [15]. Our focus is on output regulation for
linear distributed parameter systems, and for such systems our
problem has only been studied in [38], [39] under restrictive
structural assumptions. We study a considerably larger class
of systems, namely regular linear systems [32], [40]

z(t) = Az(t) + Bu(t) + Bawgix(t),
y(t) = Caz(t) + Du(t) + Dawaiu(t),

z(0) =zp (2a)

(2b)

on a Hilbert space X (see Section II for detailed assumptions).
Regular linear systems can be used in controller design for a
wide range of PDE models with boundary control and obser-
vation, e.g., one-dimensional convection-diffusion equations,
wave equations, beam equations, as well as multi-dimensional
heat equations [5].

As our ultimate contribution we introduce a controller
design method for output regulation of signals (1) with
unknown frequencies, amplitudes and phases. In particular,
we introduce a dynamic error feedback controller with a
time-varying internal model based on estimates (W (t))7_,
of the frequencies in (1). The controller design leads to a
nonautonomous dynamic error feedback controller

£(t) = Gi(1)2(t) + Ga(t) (y(t) — yryr (1)),
u(t) = K(t)z(t)

on a Hilbert space Z. Here Go(-) € L*(0, 00; L(CP, Z)) and
K(-) € L>(0,00; £(Z,C™)) and G;(t) may contain an un-
bounded time-varying part (see Assumption II.2). The analysis
of well-posedness of the closed-loop system consisting of (2)
and (3) is highly nontrivial for unbounded operators B and
C. As our first main result we prove that the closed-loop
system has a well-defined mild state and output determined by
bounded input/output maps. We achieve this result by express-
ing the time-varying closed-loop system as a nonautonomous
output feedback of an autonomous regular linear system and
by employing the nonautonomous feedback theory developed
by Schnaubelt in [29]. Besides output regulation, the well-
posedness result in Section III is also applicable in the study
of other control problems with nonautonomous controllers.
In Section IV we introduce general theory for output
regulation in the situation where the controller parameters
(G1(t),Ga(t), K(t)) — especially the internal model — con-
verge to a limit (G°,G3°, K*°) as ¢ — oo. As our main
result we show that if the autonomous “limit controller”
(G$°,G5°, K°°) contains an internal model [14], [26] of the
true frequencies (wy )y and the closed-loop system is exponen-
tially stable, then the controller achieves output regulation.
In Section V we introduce our controller for output reg-
ulation of signals (1) with unknown frequencies. We begin

(3a)
(3b)

2(0) = 2o
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by introducing a general controller structure with a time-
varying internal model and an observer part for closed-loop
stabilization. The controller also includes an auxiliary output
Yaux(t) for estimation of the frequencies (wy )y in (1). One of
the key features of our controller is that y,,,(t) is by design
independent of the time-varying parts of the controller, and
therefore the convergence of the frequency estimates in the
internal model can be completed separately of the analysis of
the closed-loop dynamics. In particular, our controller is not
restricted to a single estimation method, but can instead be
combined with any method which can identify (wg); based
on the output y,,,(t). As the final part of the controller design
we present an online tuning algorithm for the stabilization of
the nonautonomous closed-loop system and for guaranteeing
the output tracking. In Section V-C we analyse the robustness
properties of the controller with respect to perturbations in
the system (A, B,C, D). The detailed robustness properties
depend on the chosen frequency estimation method due to
the effect of the perturbations on Y, (¢). Our main result
shows that for sufficiently long update intervals our controller
achieves approximate output regulation despite small pertur-
bations provided that the frequency estimates approximate the
true frequencies (wy);, with sufficient accuracy. We illustrate
the controller design in Section VI in adaptive output regula-
tion for a boundary controlled heat equation with uncertainty.

The main difference compared to the references [2], [15],
[28] which have studied control of individual PDE models
is that our results are applicable for abstract regular linear
systems and various PDEs within this class. Moreover, in [2]
(wk)}_, are estimated from the tracking error signal. Our use
of the auxiliary output y,,(t) is inspired by the “residual
generator” in [8, Sec. 4] (a similar signal is used in [15]).
A preliminary version of Theorem IV.2 was presented in [1].

Notation. If X and Y are Hilbert spaces, then the space of
bounded linear operators A : X — Y is denoted by £L(X,Y).
The domain, kernel, and range of A : D(A) C X —» Y
are denoted by D(A), N(A), and R(A), respectively. The
resolvent operator of A : D(A) C X — X is defined as
R(\, A) = (A — A)~! for those A € C for which the inverse
is bounded. The inner product on X is denoted by (-,-)x.
By L?(0,7;X) and L*>°(0,7; X) we denote, respectively, the
spaces of p-integrable and essentially bounded measurable
functions f : (0,7) — X. For f € L*(0,00; X) we denote
[f@®)]] — 0 as t — oo if esssup,~,||f(s)]] = 0 as t — oo.
If A: D(A) € X — X generates a strongly continuous
semigroup T'(t) on X, we define X; = D(A) equipped with
the graph norm of A and define X _; as the completion of X
with respect to the norm |lz||_; = [|(A\o — A)" 12| x for a
fixed A9 € p(A). Then A extends to an operator X — X _
(also denoted by A) and this extension generates a semigroup
(also denoted by T'(¢)) on X_; [34, Sec. 2.10].

II. PRELIMINARIES AND STANDING ASSUMPTIONS
A. Background on regular linear systems
Let X, U, and Y be Hilbert spaces and consider
&(t) = Ax(t) + Bu(t), z(0) =z € X
y(t) = Cpzx(t) + Du(t)

(4a)
(4b)

on X, where the operator A : D(A) C X — X is assumed
to generate a strongly continuous semigroup 7'(¢) on X and
B e LU X_1), C e L(X1,Y) and D € L(U,Y). Here
Cp : D(Cp) € X = Y is the A-extension of C such that
D(Ch) :={z € X | im0 A\CR(A, A)x exists } and

Crx = Alim ACR(MN, A)z, Vo € D(Ch).
—00

The operator B is an admissible input operator for the semi-
group T(t) if [ T(t—s)Bu(s)ds € X forallu € L*(0,7;U)
and 7 > 0 [35, Sec. 3]. Moreover, C' is an admissible output
operator for the semigroup T'(t) if there exist 7,y > 0 such
that ||CT'(-)x||z2(0,r) < 7[lz|| for all z € D(A) [35, Sec. 3].

Assumption II.1. For some Hilbert spaces X, U and Y the
operators (A4, B, C') have the following properties.

(1) A:D(A) C X — X generates a semigroup T'(t) on X.
(2) Be L(U,X_1) and C € L(X;,Y) are admissible.

(3) R(R(M\g, A)B) C D(Cy) for some A\ € p(A).

(4) supge>sllCAR(A, A)BJ| < oo for some 3 > 0.

If (A,B,C) satisfy Assumption IL.1 and D € L(U,Y),
then (4) is a regular linear system by [35, Thm. 5.6] and its
transfer function is given by P(\) = CAR(\, A)B+D. In this
situation we write “(A, B,C, D) is a regular linear system”.

B. Assumptions on the system and the controller

We consider a regular linear system of the form (2) on a
Hilbert space X, where z(t) € X, u(t) € C™, y(t) € C?,
and wgy;,(t) € C™ are the system’s state, input, output, and
external disturbance, respectively. In particular, the number
of outputs of the system is p € N, and B € £(C™, X_4),
B; € £(C", X), C € L(X;,CP), Dy € CP*"i, The
operators By € L(C™ X) and Dy € CP*™ are allowed
to be unknown. We assume that (A, B, C, D) satisfy Assump-
tionIL.1. Since By € L(C™¢, X)), also (4, [B, By, C, [D, Dq))
is a regular linear system. The transfer function of (2) (from u
to y) is denoted by P(\) = CAR(\, A)B + D for A € p(A).

We make the following assumptions on the parameters of
the dynamic error feedback controller (3).

Assumption IL.2. For almost every ¢ > 0 we have

Gi(t)z = G1°2 + Gi7Ag, ()2
D(Gi(t) ={z€ Z|G°2+ G Ag, (H)z € Z },

where G° : D(G°) C Z — Z generates a strongly
continuous semigroup on Z, G € L(U., Z_,) for some
Hilbert space U, is an admissible input operator for this semi-
group, and Ag, () € L*(0, 00; L(Z,U.)). Moreover, Ga(+) €
L*>°(0, 00; L(CP, Z)) and K (-) € L*>(0,00; L(Z,C™)).

In Section V the controller will contain additional dynamics
for estimation of (wy)x in (1), but in our control scheme the
convergence of the frequency estimates is analysed separately.

We can formally express the closed-loop system consisting
of (2) and (3) with state z.(t) = [z(t), 2(t)]T € X, := X xZ
and input we (t) = [Waise(£) T, Yrep (1) T]7 € CMaTP as

Te(t) = Ae(t)ze(t) + Be(t)we(t),
e(t) = Ce(t)xe(t) + Dewe(t)

(52)
(5b)

Te (0) = Teo
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where e(t) = y(t) - yref(t), De = [Dd, —I] S CpX(nd-‘rp)’

7oA BK(t)
Aﬁ){%w% %m+%mDmJ
Be(t) = {g2£3iDd —gog(t):| y Oe(t) = [CAaDK(t)] y

and D(Ac(t)) = {[z,2]T € D(Ca) x D(Gi(t)) | Az +
BK(t)z € X }. The existence of well-defined mild state . (t)
and output e(t) of (5) are proved in Section IIL

III. WELL-POSEDNESS OF THE CLOSED-LOOP SYSTEM

In this section we will prove that the closed-loop system
is well-posed in the sense that for the initial state x.o =
[z0,20]T € X, and for w. € L2.(0,00;C"*P) the equa-
tions (5) have a well-defined mild state and output

zo(t) = Ue(t,0)ze0 + @500,
e(t) = (Waeo)(t) + (Fowe) (t),

(6a)
(6b)

where U,(t, s) is a strongly continuous evolution family [29,
Def. 2.1] and (U, ®., V., F.) is a well-posed nonautonomous
linear system [29, Def. 3.6]. We will show that U.(¢,s) is
related to (Ac(t)):>o through a natural perturbation formula
and that the mappings

¢
@i’swe:/ Ue(t,r)Be(r)we(r)dr (7a)

(Wea)(t) = Ce()Ue(t, s)x

m%m=@w/wmwwWWW+m%@ao

S

(7b)

are well-defined for all s > 0 and a.e. t > s and have appropri-
ate boundedness properties (see Theorem II1.2). In particular,
ze(+) € C(]0,00); X.) by [29, Def. 2.1 & Prop. 3.5(2)].

We prove the closed-loop well-posedness using the nonau-
tonomous feedback theory in [29, Sec. 4]. More precisely, we
will express the system (5) as a part of a system obtained from
an autonomous regular linear system (A2, B, CSS, DY)
under a combination of (i) autonomous output feedback with
feedback operator Ag, (ii) parallel interconnection with a
feedthrough operator D2 and (iii) nonautonomous feedback
with feedback operators A(t) (see Figure 1).

Fig. 1. The nonautonomous feedback structure.
We let G5° € L(CP,Z) and K™ € L(Z,C™) and define

Ag, () = Ga(-) — G5° € L*(0,00; L(CP, Z)) and Af(-) =
K()— K® € L*(0,00; L(Z,C™)). We denote U, = U x

UsxY xU.xZ and Y. =Y x U x Z and define D(AZ) =
D(A) x D(G°), D(CL) =D(Ch) x Z,

o 4 0 w [B B4 0 0 0
Aeo_{o ng]’ Beo_[o 0 -G GX I
Cy 0 D Dy 0 0 0
ce=|0 K|, DX=|0 0 0 0 0
0 I 0 0 00 0

Our assumptions on (A, [B, Bg],C,[D, Dy4]) and G5 imply
that (A2, B, C, DY) is a regular linear system with

input space U.. and output space Y.. The operator Cg5 :
D(C¥) ¢ X, — Y. coincides with the A-extension of

C® : D(AZ) € X, — X.. We define Ag € L(Yee,Uee)
and D2 ¢ £(Y,.,Yee) by

0 I 0

0 0 0 00 —I 0 0
Ag=|-I 0 0|, D¥ =17 0 0 0 0|. (8

0 0 0 00 0 00

0 0 0

Since I — DA € L(Y..) is boundedly invertible, Ag is an
admissible output feedback operator for (A2, BS, CSS, D).
The results in [40] and [32, Sec. 7.5] imply that first applying
output feedback with operator A and subsequently adding a

parallel connection with the (constant) transfer function D444

produces a regular linear system (AS°, B, C90, D22) with
AX = A% + B2 Ao(I — DI N) ' CS (9a)
Bz = B (I = AoD3G) ™ (9b)
Cee = (I = D5Ao) 'O (%)
D = (I = DX A) "D + Dg?. (9d)

where D(AX) = {z. € D(Cy) X Z | A®z, € X.} and
D(CE) = D(C) = D(Cr) x Z. We denote by T,.(t) the
strongly continuous semigroup generated by A2° and by F2°
the extended input-output map of (A, B, C0, D).

We define A(-) € L*(0,00;L(Yee,Uee)) and Py, €
L(Crat? U,,) by

0 0 Ax(t) 00
0O 0 0 I 0
At)=| 0 0 0 |, Pn=1|0 I| (0
0 0 Ag(t) 00
Ag,(t) 0 0 00

and define P,,; = [I ,0, O] € L(Yee,Y). A direct computation
shows that for a.e. ¢ > 0 the operator I — DA(t) € L(Ye.)
is boundedly invertible and

A+ BEAM(I = DEA))TICE = Ac(t),

where A, (t) is as in (5). This identity confirms that A.(t) are
(at this stage formally) associated to the system obtained from
(A, B, C22, D22) with the nonautonomous feedback A(¢).

ee? ee?

The following lemma shows that A(t) is an admissible feed-
back for (A2°, B, C0, DS2) in the sense of [29, Def. 4.1].

ee’ ee’

Lemma IIL1. Let FX be the extended input-output map of
(AS°, B2, C2, D) and let A(-) be as in (10). Then for

ee’ ee?
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every to > 0 the operators I —FA(+) € L(L?(s, s+to; Yee))
for s > 0 have uniformly bounded inverses.

Proof. The input-output map F., of (ASS, B2, C°

o0
€eo? €eo? €0’ Deo) can
be partitioned as

F F, 0 0 O

Feo = |0 0 F. Feo Fe
0 0 ]FC4 FC5 ]Fcﬁ
We have F° = (I — F.,Ag) " 'Fe, + D24, which implies
I 0 =51F(Ak () + Fe2Ag, ()

I—FXA() =10 I —Sy(Ax(:)+Fe2lg,(-))

0 0 I
FSoF3Ag,(-) 0
— | SaF3A0,(-) 0O

S38g,(1) 0 FeaSiFAK(:) + S4Ag, ()

with S; = (I + FF.)7Y, Sy = (I + F.F)~ L, S5 = Feg —
Fo4FSoF.3, and Sy = Fo5 — Fo4FS5F 5. The first term of
I —TF3A() is invertible on L?(s, s +tg; Ye.) and the inverse
is uniformly bounded with respect to s > 0 and 0 < g < 1.
Since K*° and I in C2Y are bounded operators, it is easy to
verify that the restrictions of the input-output maps F.3, F.4,
Fe5, and Feg to the time-interval [0, 2o] satisfy ||[Feslpo,¢01l —
0, [Fealioo)ll = 0. [Feslo,eo)ll — 0, and [[Feg|fo,e1l] — 0
as to — 0. Since Ag,, Ag, and A are essentially bounded
the L£(L*(s,s + to; Yee))-operator norm of the second term
of I — F2A(-) converges to zero as g — 0 uniformly with
respect to s > (. Because of this, for a sufficiently small
to > 0 the operators I — FCA(-) € L(L?(s, s + to; Yee)) for
s > 0 have uniformly bounded inverses L2(s,s + tg; Ye.).
By [29, Lem. 4.2] the same is then true for all ¢y, > 0. O

We define D(Ce(t)) = D(CY) = D(Ch) X Z, ae. t >0,
Bee(') = Bg:Ql(‘) and Oee(') = QQ(')Ceog (11)

with Q1 (-) = (I=A() D)~ and Qs () = (I-DEA()) .
The following theorem shows that the closed-loop system (5)
has a well-defined strongly continuous evolution family
Uc(t,s) and an input map P.* defined in (7a). Moreover,
since a direct computation shows that B..(t)P;, = B.(t) and
PoutCec(t) = Ce(t) for ae. t > 0, the mappings defined
in (7) and in the following theorem satisfy V. = P, V:,
and I} = P, [F;, . Because of this, Theorem IIL.2 implies
that for z9 € X, 20 € Z, wyy(t) and y,r(t) the closed-
loop system (5) has a well-defined mild state x.(¢) and output
e(-) € L2 (0, 00; CP) determined by (6). The integral equation
associates (A¢(t));>o to the evolution family U, (¢, s).

Theorem IIL2. Let Assumption 11.2 hold and let A(-) be as
in (10). There exists a strongly continuous evolution family
Ue(t,s) such that for all x € X, and s > 0 we have
Ue(r,8)x € D(CX) = D(CA) X Z for ae. v > s,
ICUels + - )eliaestae) < (t0)llall for every to > 0
and some (tg) > 0 (depending only on ty > 0), and

Ue(t,s)x =Te(t — s)x

- O O

t
+ / T.(t —r)BXA(r)(I — DZ‘;A(T))*IC’;?:Ue(T, s)xds

for all t > s. If ®° is defined as in (7a) and if we define

(U5,2)(t) = Cee(t)Ue(t, s)x and

(FSw.)(8) = Cou(t) / U. (£, 1) Bo(r)wo (r)dr + D Py, (£),
then (U, ®L%, W8, S, )i>s>0 is a well-posed nonautonomous
system in the sense of [29, Def. 3.6]. In particular, for all
s> 0and ty > 0 we have ®L*w, € D(Cee(t)) = D(Cp) x Z
ae. t>s and w, € L2 (0,00; CatP),

loc
O € L(LP(s,1;CMFP), X,),
Vs € L(X,, L?(s,s+to;Y)),
S E(Lz(s7 5+ tg; CatP), LZ(S, s+1tg;Y))

0<t—s5<t

with bounds independent of s > 0. Finally, we have
Fi. = (I —F2A()'Fe P

where B2 is the input-output map of (A%, B2, C2

OO)
ee’ €67D€6 ‘

Proof. Due to the regularity of (AS°, B2, C2, D), Bee(+)
and C,.(-) defined in (11) are “admissible input and output
operators for the evolution family (T.(t — s))i>s>0" in the
sense of [29, Def. 3.3 and 2.4], where T, (t) is the semigroup
generated by AX°. For t > s > 0 and u € L?(s,t;Ue.) we

define the mapping K, as in [29, Def. 3.3] by

t
(K Bee (-)u)(t) ::/ Te(t — 7)Bee(r)u(r)dr.
S
The regularity of (A2, B, Cgo,Dg) implies that
(KsBee()u)(t) € D(C) = D(Cee(t)) for ae. t > s
and Coe(-)KsBee()u € L2 .(s,00;Y.). Moreover, if we
define ®.°, ¥§ and Fj by

CI)SSU = (KsBee(')u)(t)a (V5z)(t) = Cee(t)Te(t — s),

and Fju = Ceo(-)KsBee(-)u for u € L2(s,t;U,.) and
x € X, then (Te,fbg’s,\IIS,Fg)tESzo is a well-posed nonau-
tonomous system by [29, Lem. 3.9].

We will now show that (I — A(-)DS2)A(+) is an admissible
feedback [29, Def. 4.1] for (Te,éé’s,\I'&]FS)tZSZO. Due to
the definitions, we have F§ = Q2(-)[F — D2]Q4(-) for all
s > 0 where Q() = (I — A()DX)" and Qs() = (I —
DXA(-))~L. Thus

I =F5(I = AC)DZ)A() =1 = Q2()(FE — DE)A()
=1 = Q2()FZA() + (I = DZA()) ' DEA()
= Q2()(I = FZA()).

Since A(:) is an admissible feedback for FSS by
Lemma III.L1 and @2(-) have uniformly bounded
inverses on  L>(0,00; L(Y..)), we  have that

(I—=A(-)DZ)A(+) € L*=(0,00; L(Yee, Uee)) is an admissible
feedback for (T, ®5°, U5, F5)i>s>0.

By construction, the system (7%, @6’S, U3, F§)i>s>0 has the
properties in the first part of [29, Thm. 3.11], namely, that
DU € D(Cue(t)) for ae. t > s and t = Coo(t)Bi u €
L2 .(s,00;Ye.) for all s > 0 and u € L3 (s,00;Uce).
Because of this, the proof of [29, Thm. 4.4(a)] shows that there
exists a strongly continuous evolution family U, (¢, s) which

satisfies the integral equation in the claim, and C°U, (-, s)x €
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L2 (s,00;Yy,) for all z € X, and s > 0. The proof of [29,
Thm. 4.4(a)] also shows that C.(t) = (I — DXA(t))~1C,
a.e. t > 0, are admissible observation operators for U,(t, s).
If W7, is defined as in the claim, then by [29, Lem. 2.5] the
pair (U, ¥3,) is a “nonautonomous observation system” in
the sense of [29, Def. 2.2]. Since B.(t) € L(C"*P X.) for
a.e. t >0, ®L* can be defined as in (7a), and (U, ®L*) is a
“nonautonomous control system” in the sense of [29, Def. 3.1].
Since Be(:) € L*>(0,00; L(C™*P X)), the properties of
(Ue, ¥2) and [29, Prop. 2.11] also imply that there exist
K,t1 > 0 such that for all s > 0 and w, € L (0, o0; C"+P)
we have ®L%w, € D(Cee(t)) for ae. t > s and

”C’EE(')@;Swe||L2(s,s+t1) < K“wel|L2(s,s+t1)~

Thus [29, Lem. 3.9] implies that (U, ®L°, W5, F?, o)i>s>0
with 2, o = C.(-)®.° is a well-posed nonautonomous
system, and since F7 w. = FZ, qwe + DZg Pinwe, the same
is finally true also for (U, @45, ¥s, , F5 )i>4>0. In particular,
®Ls, WS, FS, have the boundedness properties in the claim.
Finally, we will show that F3, = (I — FA(-))"1F2P,,.
Let w, € L2 (0,00;C"*P). The evolution family U,(t,s)
is associated to (U, ®L%, Wy, F, ()i>s>0 Which is ob-
tained from (T,,®4° U5 F§);>.>0 with output feedback
(I = A(-)D2)A(-). Applying the identity (4.13) in the proof
of [29, Thm. 4.4(b)]" to these two systems and f = B.(-)w, €
L2.(0,00; X.) and using Be(:) = Bec(-)Pip, we get
B0, D22 Pyt = B2 g = Cuo() [ U () B (1)
S

= (I — FS(I — A(')DS:)A('))_lcee(')KsBe(')we
(I = F3(I = AC)DZ)A() " F Pro.

A direct computation shows that DX P;, = DQ1(-)Pip.
Using Fj = Q2())[Fe — DE]Q1(-) with Q1() = (I —
A()DX)™! and Q2(-) = (I — DXA(-))~! and denoting
u = P;w, for brevity we get

Fiewe = (I = Q2()[F2 — DEIA() ™ Fou + Du
= (I =FEAC) T FE — DEIQ1()u+ DZQ:1(-)u
= (I =FZA()) T [FE — FEA()DZEIQ1(Ju
= (I —FEA>) ' FE Pinwe.

Thus F$,w, = (I — FEA()) 'FC P, w, on [s,s + to] for
any s > 0, to > 0, and w, € LZ (0, 0o; C"a+P). O
Remark III.3. Let 2y € X and zp € Z. If Assumption 1.2
is satisfied, then (U, ®%L5 WS, F5 )i>5>0 is a well-posed
nonautonomous system by Theorem III.2. Thus for every
we € L (0, 00; C"¢*P) the closed-loop state . (t) in (6) sat-
isfies z.(+) € C([0,00); X.) by [29, Def. 2.1 & Prop. 3.5(2)].
Since K (-) € L*(0,00; L(Z,C™)), for such we(-) we have
u(-) € L.(0,00;CP). Theferore the properties of regular
linear systems imply that if wy;g () is as in (1), then (2) has a
well-defined mild state x(t) satisfying x(t) € D(Cy) for a.e.

t > 0, and the output y(¢) is determined by (2b) for a.e. ¢ > 0.

The identity (4.13) does not require “absolute regularity” and it extends

to leoc(O, 00; Xe) since (Ue, UE,) is a nonautonomous observation system.

IV. REGULATION WITH CONVERGING CONTROLLERS

In this section we introduce general results on output regula-
tion with a nonautonomous controller (G; (¢), Go(t), K (t)) sat-
isfying Assumption II.2. Our first main result in Theorem IV.2
is applicable in the situation where the controller parameters
have well-defined asymptotic limits in the sense that

1Ag, ()] = 0,
1G2(t) = G5°[l = 0 as
1K) — K[| =0

t— o0

for some GS° € L(CP, Z) and K € L(Z,C™)2. Our second
main result in Theorem IV.4 considers a more general situation
where the above norms become small as ¢ — oo but do not
necessarily converge to zero. The main condition in our results
is that the part G° of G; (-) in Assumption 1.2 has an internal
model of the frequencies (wy)i_, (With wy = 0) of wgix(t)
and ¥, (t) in (1) in the following sense.

Definition IV.1 ( [26, Def. 6.1]). The operator G° has an
internal model of (wy,)}_, if dim N (£iwy, —Gg°) > p for all
k €{0,...,q}, where p € N is the number of outputs of (2).

Our first result states that if the controller parameters con-
verge, if G° has an internal model of the frequencies of y,.r(t)
and wg;y (t) and if the closed-loop system is exponentially sta-
ble, then the controller achieves output regulation. Exponential
stability of U, (¢, s) means that there exists M, « > 0 such that
|Ue(t, s)|| < Me=2(t=5) for t > 5 > 0.

Theorem IV.2. Assume y,/(t) and wgx(t) in (1) and the
initial states xo € X and zy € Z are such that there exist
G1(+), Gao(+) and K (-) satisfying Assumption 11.2, and for some
G € L(CP,Z) and K> € L(Z,C™)

dg (t) := max{[[Ag, (t)[|, [|Ga2(t) — G5°[|, [ K () — K|}

satisfies 0g(t) — 0 as t — oo. If U(t,s) is exponentially
stable and G7° has an internal model of (wy)i_, in (1), then

t+1
/ ly(s) — yref(s)Hst — 0, as t— o0 (12)
t

If esssup;s €*"g(t) < oo for some o > 0, then there exists
ae > 0 such that t — e“*(y(t) — ynr(t)) € L*(0,00;Y).

In Theorem IV.2 the controller parameters and their limits
are allowed to depend on the initial states of the system and
the controller and of wy;y(t) and y.r(¢). This possibility is
motivated by our controller design for output regulation with
unknown frequencies in Section V. If (G1(t), Ga(t), K (t)) are
independent of the initial states and wgiy(t) and y.r(t), the
claims of Theorem IV.2 (and Theorem IV.4) hold for all z¢ €
X, 20 € Z, wgin(t) and yr(1).

The proof of Theorem IV.2 utilises the feedback structure
introduced in Section III. To this end we use the notation
in Section III and in particular denote Ag,(-) = Ga(:) —
G € L*>(0,00; L(CP,Z)) and Ak(:) = K(-) — K= €
L>(0,00; L(Z,C™)). The “if”-part of the following lemma
also follows from [29, Thm. 5.6] (see also [10, Sec. 4]).

ZRecall that || f(t)|| — 0” for f € L° means ess supg>¢|lf(s)|| = 0.
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Lemma IV.3. Ler (Gy(t),Ga(t), K(t)) satisfy Assumption 11.2
and assume G € L(CP,Z) and K> € L(Z,C™) are such
that 0g(t) in Theorem IV.2 satisfies dg(t) — 0 ast — oo. Then
U.(t,s) is exponentially stable if and only if the semigroup
T.(t) generated by A% is exponentially stable.

Proof. In the notation of Section III, a direct computation
shows Mp 1= esssup,~||(I—DZA(+)) || < co. Moreover,
Theorem II1.2 implies that for every to > 0 there exists
Y(to) > 0 such that sup,ol|CEUe(s + -, 8)@| L2(s,5440) <
~(to)||z| for all z € X, and s > 0. Because of this, the inte-
gral equation in Theorem III.2 together with the admissibility
of B2 for the semigroup T, (t) imply that for any fixed ¢y > 0
there exists My, > 0 such that

U (s + to, 8)x — Te(to) ]|
< Mg Mp||A() || Lo (5,00) [[Cee Ue (5 ) || L2 (5,540
< My Mp || A() || oo (5,007 (o) | 2]

for all s > 0 and x € X.. Since [[A(-)|[zoe(s,00) — O as
s — oo by assumption, we have ||U.(s+to,s) —Te(to)|| — 0
as s — oo for every fixed ¢y > 0. The “only if” part can now
be verified by choosing sufficiently large values of ¢y > 0. In
the “if” part the estimate ||U.(s + to,s)|| < ||Ue(s + to,s) —
T.(to)|| + || Te(to)|| implies that there exist sg,tp > 0 such
that |[Ue(s + to,s)|| < ¢ < 1 for all s > so. The stability
of U.(t,s) follows from these estimates and the fundamental
properties of evolution families in [29, Def. 2.1]. O

Proof of Theorem IV.2. Let g € X, z9g € Z, wgx(t) and
Yrer (t) satisfy the assumptions of the theorem. According to (6)
the regulation error e(t) = y(t) — yr(t) can be expressed
using the output map U7 and input-output maps [F; and F° =
P, out]Fgg P, in a8

e(t) = (Pizeo)(t) + (Fowe)(t)
= (Poweo)(t) + (Fwe) (1) + [(Fowe)(t) — (F&we)(1)].

If define B® = BXP, € L(C"*? X,) and C® =
P,:C2 : D(CX) € X. — CP, then F2° is the input-
output map of the regular linear system (AS°, B, C°, D,).
A direct computation using (9) shows that this system has
the form of the closed-loop system in [24, Sec. II] corre-
sponding to the regular linear system (A, [B, By], C, [D, Dy))
and the autonomous controller (G{°,G5°, K°°). In particular,
(Fw,)(t) is the regulation error corresponding to zero initial
states of the system and the controller and the signals wy;y (%)
and yy(t). Since G° has an internal model of (wy)}_, and
T.(t) generated by A2 is stable by Lemma IV.3, we have
from [24, Thm. 7] that ¢ — e®||(F°w,)(t)|| € L?(0,00)
for some a1 > 0. Since U,(t, s) is exponentially stable, there
exists az > 0 such that t — e®2!||(¥%z.0)(¢)|| € L%(0, 00).
It remains to analyse the term FOw, — F>w,. Note that
Sup;>ol|we ll 2 (,441;cra+ry < 00. For A() in (10) we have
essSUP;< <41 ||A(S)]] = 0 as t = oo if dg(t) — 0 as t —
oc. Theorem II1.2 implies F$, = (I — F2A(-))~!FXP;, and

F? —F = Py [(I —FRA() ™ = I|FX Py, (13a)
= PoutFEEAC)I = FEA(C)) ' FE P (13b)
= P FA()FY,. (13¢)

As shown in the proof of Theorem III.2, S, is an input-output
map of a nonautonomous well-posed system with an exponen-
tially stable evolution family U, (t,s). Thus Lemma A.l(a)
implies sup,s||Fo.we || z2(t,¢+1) < 00 and

||A(')]F2ewe||L2(t,t+1)
<NAC) oot IFQewell L2 t,641) = O

as t — oo. Moreover, Lemma IV.3 implies that the regular lin-
ear system (AS°, B, C°, DS2) with extended input-output
map F2° is exponentially stable. Thus Lemma A.1(c) applied
to this autonomous system and u = A(-)F% w,. together
with (13) show that ||[Fow, — Fwe || r2(z,e4+1) — 0 as t — oo.
This completes the proof of (12).

Finally, let @ > 0 be such that esssup,~,e*dg(t) <
co. Then sup,sge®|A()|pewi11) < oo and since
SUP;>o|[FO wel L2(¢,041) < 00, we have

sup 6at||A(')F26w€”L2(t,t+l)
>0
< sup e NAC I zoe (t,e1) IFeewell 122,041y < 00
Lemma A.1(d) for (A%, B, C°, D) and u = A(-)F% w,
together with (13) imply ¢ — e®0t(|(Fow,)(t) — (Fw,)(t)| €
L?(0,00) for some ag > 0. This completes the proof. O

Exponential stability of U, (¢, s) and Assumption II.2 imply
Sup;so||Pe(t, 0)we || < oo for all w, € L>(0,00; C"+P) and
thus x.(t) in Theorem IV.2 satisfies sup,~||z.(t)| < oc.

The following result generalises Theorem IV.2 to the situa-
tion where the parameters of the controller do not necessarily
converge as ¢t — 0o, or where the limit of G; () has an internal
model of frequencies which are only close to (wy){_,. In these
cases the asymptotic tracking error will be small provided that
the asymptotic error in the frequencies is sufficiently small.

Theorem IV.4. Assume that xy € X, zg € Z, ypy(t), and
Wyis(t) in (1) are such that there exist G1(-), Ga(+) and K(-)
satisfying Assumption 1.2 and U, (t, s) is exponentially stable.
Moreover, assume G° has an internal model of (wy)}_, and
G° € L(CP,Z) and K™ € L(Z,C™) are such that T.(t) is
exponentially stable. Define

0g (t) := max{[[Ag, (t)[|, [|Ga2(t) — G5°[I, [ K () — K|}

There exist Mgy, b > 0 depending only on
(A, B,By4,C,D, Dy) and (G°,G5%,G5°, K) such that

t+1
hmw/HWFWMWS
t

t—o0

< METT||[wdist(')T7yrEf(')T}THgo ligsul)‘l(sg(')H%m(t,oo)
provided that limsup,_, |10 ()|l Lo (¢,00) < o

Proof. As shown in the proof of Theorem IV.2, we have e(-) =
eo() + (Fowe — Fwe), where we(t) = [waist ()", yrer (8)"]"
and t — e*?|ley(t)| € L?(0,00) for some ag > 0. Moreover,
the identity (13) and Lemma A.1(b) imply that there exists
M; > 0 depending only on (AS°, B2, C22, DS2) such that

ee’ ee’

lim sup||e(-)||Lz(t7t+1) < lim sup ||F2we — Fg"weHLz(t’Hl)
t—o00 t—00

< M limsup (JAC) [z et [Fel o4
—00
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where FO, = (I — FEA(:))'FXP;,. Since FX is the
extended input-output map of the regular linear system
(Ag°, B, C22, D), by Lemma A.1(a) there exists My > 0

such that SupTZOH]FgZu”L2(T,T+1) < My sup720||u||L2(T,T+1)
for all u € L2 (0, 00; U,.). We define

loc
§o = 272 min{||Fg|| ™", My '}

and assume esssup;s, dg(t) < do for some fixed ¢y > 0.
Since the definition of A(¢) in (10) implies that ||A(t)]| <
V26g(t) for ae. t > 0, we have [[F2|[|A]l L (19,00) < 1/2
and MO”A”LOO(tO,oo) < 1/2
By Theorem 1.2, (U, ®%%, WS, FS );>5>0 is an expo-
nentially stable nonautonomous well-posed system. We have
from [29, Def. 3.6] that for a.e. t > ¢
(Feewe)(t) = (T @ Owe) (t) + (Foewe, ) (1),

ee - e

(14)

where wy, : [0,00) — CP is defined so that wy,(t) = 0 for
t € [0,t0) and wy,(t) = we(t) for ¢ > . Define A, €
L>°(0,00; L(Yee, Uee)) so that Ay (t) = 0 for ¢t € [0,¢0)
and A (t) = A(t) for ae. t > to. Then ||A¢ |l =
|AllLo<(t9,00), and the properties (FggPnwy,)(t) = 0 for
E€ [0, o] and 22 Ac, ()]~ < 1/2 imply

Foowi, = (I = F2o Ay, (1)) "' FE2 Pinwy, (152)
= (F2A()"F Pinwy, (15b)
n=0

with convergence in L2 _(0,00;Y,.). The choice of My > 0

loc

and [|we || £2(1,441) < [|wel|oo fort > 0 imply that for all n € N
sup [(Fee A ()" Feg Pinwrg [l L2 (2,641
t>
< (Mol Aol =) sup IFee Pintwo || 22 (¢,041)
t>

<27"My Sup | Pinwig |22 (t,e41) < 27" Mo ||wel| oo
>

Thus (15) implies sup;>ol|Fwy, [ 2(41) < 2Mol|wel|oo-
Since || WL ®LOwel| 24441y — 0 as ¢ — oo and since
|A®#)]| < V23¢(t) fora.e. t > 0, equation (14) finally implies

limsup [[e(-)[|2(¢,t41)
t—o0

< My limsup (JAC) o= ey (B o)
— 00

< 2Mo M [|wel|oo lim sup [|A()[| oo (z,e41)
t—o0
< 2VIMoM, [[weoo lim (166 ()]l (1,00)- O

Remark IV.S. The proof of Theorem IV.4 shows that
Merr, 09 > 0 depend on the norm ||F2|| of the extended input-
output map of the autonomous system (AS°, B2, C20, D2)
and on My, M; > 0 in Lemma A.1(a)-(b) corresponding to
this system. Moreover, the proof of Lemma A.1, implies that
My, M1 > 0 are determined by constants M., o, > 0 such
that ||7.(t)|] < Mce ' for ¢ > 0 and by upper bounds
for the norms of the input, output, and input—output map of
(A2, B2, C22, D) on the time interval [0, 1].

ee’ ee?

Remark IV.6. By [24, Thm. 7] the internal model of G{° in
Theorems IV.2 and IV.4 can be replaced with the conditions

R(tiw, — G°) NR(G5°) = {0} Vke{0,...,q} (16a)
N(G3°) = {0}. (16b)

V. CONTROLLER DESIGN FOR OUTPUT REGULATION WITH
UNKNOWN FREQUENCIES

In this section we introduce a controller for output regu-
lation of y,.r(t) and wg(t) with unknown frequencies. Our
controller contains a time-varying internal model of estimates
(Wr(t)i_; of (wk)f_, in (1) and an observer-based part for
achieving closed-loop stability. The frequency estimates are
formed based on an auxiliary output y,,.(t) of the controller
which contains the information on (wy ) but is by design inde-
pendent of the time-varying parts of the controller. Therefore
our controller can be combined with any estimation method
which can asymptotically estimate the frequencies (wy, )y, from
Yaux(t). We solve the problem under Assumptions V.1 and V.3.

Assumption V.1. There exist K € £(X,C™) and L €
L(CP, X) such that the semigroups generated by A + BK :
D(A+ BK) € X — X with domain D(A + BK) = {z €
X|Az+BKzeX}and A+ LC :D(A) C X — X are
exponentially stable.

Definition V.2 ( [21, Def. V.1]). The point i\y € iR is a
transmission zero of (A, B,C, D) if Pz (i)o) is not surjective,
where K € L£(X,C™) is such that i\ € p(A + BK) and
Pi()\) is the transfer function of (A4 BK, B,C + DK, D).

Assumption V.3. Assume y,r(t) and wyy(t) are of the
form (1) with 0 = wyp < w1 < ... < wq and (4, B,C, D)
does not have transmission zeros at {0} U {%iwy }7_,.

We begin by introducing a general controller structure
in Section V-A and present general conditions for output
regulation in the situation where (wy,(t))}_, converge to (wg )
in (1). We analyse the structure of y,,,(¢) in Lemma V.6 and
in Remark V.7 we list selected methods which can be used to
estimate the frequencies based on y,,,(t). In Section V-B we
present our Controller Tuning Algorithm for constructing the
controller parameters in order to achieve closed-loop stability
and output regulation under Assumptions V.1 and V.3. The
tuning is based completely on design of autonomous feedback
and output injections. Finally, in Section V-C we analyse the
robustness properties of our controller.

A. Controller with a time-varying internal model

Our error feedback controller has the form

2(t) = G1(t)z(t) + Goe(t), 2(0)=20€ Z  (17a)
u(t) = K(t)z(t) (17b)
Yaux(t) = Kan(t)2(t) + €(t) (17¢)

where e(t) = y(t) — yrr(t) is the regulation error. The con-
troller structure in Definition V.4 generalises the autonomous
robust controller in [17, Sec. 7] and the adaptive internal
model based controller scheme in [8, Sec. 4], where a separate
“residual generator” system was used to construct ().
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Definition V.4. The controller (G (t), Ga, K(t)) on Z = Zy X
X with Zy = CP(29+1) is defined by choosing L € £(C?, X)
so that A + LC generates an exponentially stable semigroup
Tr(t), K(-) = [K1(+), K2(-)] € L*(0,00; L(Z,C™)), and

G1(t) 0
Gi(t) = {(B LD)Kl() A+LCA+(B+LD)K2(t>]

DG(1) = { 1] € Zo x D(Ca) | Az + BE(D)] ] € X )
G2 = | %3] Kunlt) = [-DF1(0).~C - DI (0]
With D(Ku(t)) = Zo x D(Cy). Finally, we define
G1(t) = diag(0,, 01(t)Qp, . .., @, (£)Qp) € L(Zy),

Go = [Iy, 1,0, 1,0, ... 1, 0,] T € RP(GatDxp

. 0, I
with Q,, = [7}; OZ}

identity matrices and @y (-) €

, where 0, I, € RP*P are the zero and
L>°(0, 00;R,) for all k.

The function Gy(-) is the time-varying internal model
which contains the estimates (W(t)){_, of the frequencies
in wgis(t) and y,.r(t). By construction, for every ¢ > 0 the
pair (G1(t),G>) is controllable if the values (wy(t));_, are
distinct and nonzero. If |y (t) —wi| — 0 as ¢t — oo for all k,
then ||G1(t) — G°|| — 0 as t — oo where G{° € L(Zp) is
defined by replacing (& (t))x in G1(t) with (wg)g-

For any G$° € L(Zy) and K™ = [K{°, K$°] € L(Z,C™)

we can define Ag(t) = G1(t) — G°, Ak (t) = K(t) — K°°,
oo _ GY° 0
i = [(B Y LD)K{® A+ LCy+(B+ LD)KQ"C} (182)

9ii = {é B+OLD} o Balt) = {[Aff&ao]] - (18b)
The feedback theory for regular linear systems in [40] implies
that Gf° with domain D(G{°) = {[%] € Zy x D(Cy) |
Ax + BK>®[%] € X} generates a strongly continuous
semigroup on Z and that GfY is an admissible input oper-
ator for this semigroup. Since Gi(t) = G{° + G Ag, (¢)
and Ag, () € L*(0,00;L(Z,Zy x U)), the controller in
Definition V.4 satisfies Assumption I1.2. Therefore the well-
defined mild closed-loop state x.(t) and regulation error e(t)
are guaranteed by Theorem III.2.

Our first result shows that if (& (t))r converge to the
true frequencies and if K(-) is such that the semigroup
generated by the block operator (19) is stable, then the
controller achieves output regulation. The construction of K (-)
to stabilize (19) will be presented in Section V-B.

Theorem V.5. Choose (G1(t),Ga, K(t)) as in Definition V.4.
Assume that wgix(t) and y,r(t) and the intial conditions xo €
X and zg € Z are such that

|0k (t) —wi| =0 and ||K(t)— K=|| =0
as t — oo for all k and for some K> € L(Z,C™). If the

semigroup generated by

GP° GQCA:| n [G2D

o0 oo L __
A® 4 BK ._{0 g 2

}K‘X’ (19)

with domain { [20,2]7 € ZoxD(Cyp) | Ax+ BK>®[?] € X }
is exponentially stable, then

t+1
/ l(s) — yng(s)[[ds =0, as
t

and U, (t, s) is exponentially stable. If ess sup;~q e**|wy(t) —
wi| < oo and esssup;sq e®|K(t) — K*®|| < oo for some
a > 0 and for all k, then there exists o, > 0 such that
t > et (y(t) — yrp(t)) € L?(0,00;Y).

Proof. Let wig(t), Yref(t), zo € X, and zy € Z be such that
the assumptions hold. If we define G5° € £L(Z) by replacing
(Wg(t))k in G1(t) with (wg)r and let Ag(t) = G1(t) — G°
and Ag(t) = K(t) — K, then Ag, (¢t) in (18) satisfies
lAg, (t)|| — 0 as ¢ — oo. As shown in the proof of [24,
Thm. 15], the pair (G§°, G2) satisfies the “G-conditions” (16).
In view of Remark IV.6, the claims follow from Theorem IV.2
and Lemma IV.3 once we show that the semigroup 7. (t)
generated by A2° is exponentially stable.

The operator A% is exactly the operator A.(t) with G (¢)
and K (t) replaced with G° and K, respectively, i.e.,

t — o0

A BK?® BK3°
A:o = | G3Cy G<1>o + GzDKfo GQDKSO
—LCy BK{® A+ LCy + BK5®

If we define Q. € L(X X Zy X X, Zg x X x X) by

0 I 0 010
Qe= |1 0 0|, Q'=1I 0 0f, (0

-1 0 I 0 I I

a direct computation shows that
_ A® + B,K®  B,K$ |
[e’e) 1 _ s s siyo

QeAe Qe - 0 A+LC_ (21)
with D(Q.AXQ;Y) = { [z.,#]T € (Zy x D(Ch)) x D(A) |

Aszs + Bs(K®zs + K$°%) € Zy x X }. By assumption
the semigroups generated by A + LC : D(A) € X — X
and A; + B,K° are exponentially stable. Moreover, By is
an admissible input operator for the semigroup generated by
As+ Bs K by the results in [40, Sec. 7]. Thus the semigroup
generated by Q. A2°Q- ! is exponentially stable and similarity
implies the same for 7¢.(t). The claims now follow from
Theorem IV.2 with Lemma IV.3 and Remark IV.6. O

We conclude this section by analysing ¥4, (t). Lemma V.6
in particular shows that y,,.(¢) is independent of the time-
varying parameters (wy,(t)){_; and K (t). The form of y.(t)
involves Byr, = [Bq+ LDy, —L] and the transfer function

Piorz.(\) = CAR(\, A+ LCy)Bar, + [Da, —1]
of the regular linear system (A + LC, Byr,,C, [Dg, —1)).

Lemma V.6. Let vy € X and zy = (210,220) € Z and
let Yyof(t) and wgis(t) be as in (1). Consider the controller

(G1(t), G2, K(t)) in Definition V.4, let TL(t) be the semi-
group generated by A + LC and denote w_j, := —wy, for
ke{l,...,q}. Then for a.e. t >0,

Yaur(t) = yo(t Z "M Py (iwg)cE (22)

k=—q
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oo |co| ar_ 1 |ex Fidy
wzthce[a],c 2Lk$ibk}fork€{l,...,q},and

q
Yo(t) = CATL(t)(zo — 220 — Z R(iwg, A+ LC)Byrck).

k=—q

We have t +— e®tyo(t) € L*(0,00;CP) for some o > 0.
Moreover, if C € L(X,CP), if xg — 220 € D(A), or if A
generates an analytic semigroup, then yo(+) is continuous and
ey (t)|| = 0 as t — oo for some a > 0.

Proof. Denote A;, = A+ LC, By, = [Bq + LDy, —L], and

A(l) = [Glo (t) GQACA} _

Since Assumption II.2 holds the closed-loop state z.(t) =
[x(t), 21(t), z2(t)]T and the regulation error e(t) in (6) are
well-defined by Theorem III.2. With By € L(U,Zy x X_1)
in (19) and Q. in (20) we have

Bd O Gng _GQ
QeBe(t) = Qe G2Dd _G2 = Bd 0
~LD;, L ~By—-LD; L
1 |As(t) + BsK(t) BsKs(t)
QeAe(t)Qe - 0 AL

with D(Q.A. (Q; 1) = { [£5, 7T € (Zo x D(Cr)) x D(4) |
As(t)xs + Bs(K(t)zs + Ka(t)Z) € Zo x X } for a.e. t > 0.
Consequently Q.U,(t,s)Q-! has a block triangular form for
all ¢t > s > 0. Applying the similarity transformation Q.
in (20) to (6a) and (7a) therefore shows that Z(t) = x(t)—z2(¢)
is the mild solution of

Z(t) = ALi(t) + Bapwe(t), 2(0) =xg — 220  (23)

with we () = [Waist(8) T, Yrer (£) 717 Since C' is admissible with
respect to T, (t) generated by Az and By € L(C"tP, X)),
we have Z(t) € D(Cy) for ae. t > 0. Moreover, z(t) €
D(Cyp) for ae. t > 0 by Theorem IIL2. Thus z(t) =
z(t) — z(t) € D(Cy) for a.e. t > 0 and the formula (17c)
for yuux(t) is well-defined for a.e. ¢ > 0. Since K, (t)2(t) =
—Chz(t) — DK (t)z(t), Remark IIL.3 and (2b) imply that

yaux(t) = _CAZZ (t) - Du(t) + y(t) - yref(t)
= CAz(t) + [Dg, —I|we(t)

for a.e. t > 0. Thus Y, (t) is the output of the regular linear
system (Ar, Bqr, C, [Dg4, —1]) with initial state Z(0) = xo —
z90 € X and input w.(t). When Z(0) = 0 and w.(t) =
ekt for some wy € C™¢*P, [32, Cor. 4.6.13] implies

yaux(t) - eiWktPlot,L (iwk)wo - CATL (t)R(’LLUk, AL)BdeO~

Finally, linearity implies that for Z(0) = xg— 299 and w,(t) =
[wd,-st(t)T,y,ef(t)T]T the output ¥, (t) has the form in (22)
with the given {cF}7__ o, and yo(?). Since C' is admissible
with respect to the exponentially stable semigroup 77 (t), we
have t — e®tyo(t) € L?(0,00; CP) for some a > 0.

In the last claim, if C' € £L(X, CP), then pointwise conver-
gence of yo(t) follows directly from stability of 77, (¢). In the
other cases z; := ZZ:—q R(iwg, Ap)Barck € D(AL) and

CA;' € £(X,CP) imply that yo(t) = CAL ALTr(t) (w0 —
299 — 1) — 0 at an exponential rate as ¢ — oo. O

Remark V.7 (Methods for Frequency Estimation). Multi-
frequency estimators based on dynamical adaptive observers
have been developed by several authors in, e.g., [3], [7], [9],
[19], [231, [36], [37], [41]%. Our controller requires frequency
estimation in the presence of the nonsmooth decaying part
yo(t) of yux(t) (ie., the estimator is required to be input-
to-state stable). One such adaptive estimator was introduced
in [7] (see [7, Rem. 3]). The estimator in [7] is compatible with
our control scheme and it only requires knowing the number
q of frequencies and nonzero amplitudes. Several estimators
are also capable of online estimation of ¢ and have desirable
transient performance and robustness properties [3], [8], [9].

Estimation of (wy){_; from yu.(t) requires that all fre-
quencies appear in the non-decaying part of Y, (t). This is
generically true since the amplitudes corresponding to twy,
are zero only if ay,, bx,, ck,, and di, in (1) are related in a
very specific way through the identity P, 1. (Ziwg, )c o = 0.

(&

B. The Controller Tuning Algorithm

In this section we introduce an algorithm for constructing
(Wr(+))f_, and K(-) in the controller. Even though several
estimators provide continuous-time estimates of (wy){_;, we
choose the estimates (Wy(-)){_; in the internal model to be
piecewise constant functions which are updated at predefined
time instances 0 = g < t; < to < --- (via sample-and-
hold). This way we can guarantee stable closed-loop behaviour
during the update intervals [t;,t;41] despite possible rapid
changes in the frequency estimates. The algorithm utilises the
Estimate Admissibility Condition defined below.

Definition V.8. Let ¢; > 0 and My > 0. We say that (wy)7_,
satisfy the Estimate Admissibility Condition EAC(My,e) for
the system (A, B, C, D) if the following hold:

o cf < || < My forall ke{l,...,q}.
o |Wr —wj| > ey forall k # j.

o |l £\ > e for every transmission zero iA € iR of
(A, B,C, D) and for all k.

The algorithm uses Theorem V.9 below to stabilize the pairs
(As(ty), Bs), where

A =40 47.

with G1(t) = diag(0p,w1(¢)Qp, ..., 0e(t)Q,). The result
guarantees that the stabilizing feedback gains K7 are a priori
bounded and the stabilized semigroups satisfy uniform decay
estimates with M, a; > 0 independent of ¢;. Moreover, in
this method the stabilizing gain of the infinite-dimensional pair
(A, B) does not need to be recomputed when the frequencies
in G1(t) are updated. The assumptions of the theorem will
be guaranteed by our tuning algorithm. A similar method has

(24)

 [GoD
5= %)

3While many estimators are introduced only for scalar-valued signals, they
can also be used if p > 1 by replacing yaux(t) with 77 yaux(t) where r € RP
is a fixed random vector. The randomness of r guarantees the presence of
all frequency components in 77 yg,x(t) with probability 1.
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been previously used in [17], [24] (also [22, Thm. 3.7]) for
internal models with fixed frequencies. The result uses notation

.. 1] CkgRk(iw) + Cxk Rk (—iw)
(i) = 3 | (i) o)
1 [ Pg(iw) + Pg(—iw)
By (iw) = by Lpﬁ(zw) — i]fK(—iw)}

where RK(/\) = R()\,A + BKQl), Ckx = Cp + DK5y, and
Pr(N\) = (Cp + DK21)R(A\, A+ BK51)B + D.

Theorem V.9. Let c¢, My, 7 > 0 and let Q; € L(CP2a+1)
and Ry € C™ ™ bpe positive definite. Assume Ko €
L(X,C™) is such that A+ BKs; generates an exponentially
stable semigroup Ty (t) with growth bound wo(Tk(t)) < 0.
Assume t; > 0 is such that (O(t;))i_, satisfy EAC(My,ey)
in Definition V.8 for the system (A, B,C,D). Define H; €
L(X,CrRat1) gnd By € CPQRat1)xm py,

Cr Rk (0)z Pk (0)
Ho(idn (t;))m By (i (t5))
Hjx = , and Byj =
Ho(iwq(t;))x Bo(itg(t5))
Choose Ki = —R{'BjIly; € C™xPath) ywhere T1y; €

L(CPRatY)) s the unique non-negative solution of

(7“_[ + Gl(tj))*l'[lj + Hlj(T‘I + Gl(tj))
—1I1y; By; Ry ' By = — Q.

If we choose K7 = [Ki, Ky + K]H;] € L(Z,C™), then
| K| < My for some My > 0 independent of t;. Moreover,
the semigroup T? (t) generated by As(t;)+ BsK7 is exponen-
tially stable so that for any 0 < a, < min{r, —wo(Tk (t))}
there exists My, Mp > 0 (independent of t;) such that

1T ()| < Mge™ e, (25)

and |R(\, As(tj) + BsK7)Bs| < Mp for A € C,. If
(Wr(tj)i_, satisfy EAC(My,ey) for all j large and if
maxy|wy(t;) — wi| = 0 as j — oo, then limj_,oo||K7 —
K| =0, where K> = [K{°, Koy + K°Ho| is obtained
by replacing (x(t;))r with (wi)i in G1(tj), Bij, and H;.

t>0

The proof of Theorem V.9 is presented in the Appendix. In
the tuning algorithm we denote by 0 < p1(t) < -+ < 14(%)
the estimated frequencies computed based the signal v, ()
by the separate frequency estimator. We make the following
assumptions on the parameters of the algorithm.

Assumption V.10 (Tuning Parameters).

o The sequence 0 = ¢y < t; < ... of update times satisfies
71 <tj —tj—1 < 7o for some 71,7 > 0 and all j € N.

o The matrices B; € C™*™ and Q; € L£(CP(a+1) are
positive definite and r > 0.

« The frequency overlap parameter € > 0 is suitably small
and the upper bound My > 0 for the frequencies is
suitably large.

o The operator Ko; € L(X,C™) is such that the semigroup
generated by A + BKo; is exponentially stable.

o The initial frequency estimates (px(0)){_, satisfy
EAC(Mjy,¢e5) for (A, B,C, D).

The Controller Tuning Algorithm below constructs G (-)
(based on (wy(-)){_;) and K(-) in the observer-based con-
troller in Definition V.4. The condition EAC(My,er) in
Definition V.8 is used in Step 1 to detect if the frequency
estimates nearly overlap or are close to the transmission zeros
of (A4,B,C,D). In both cases the closed-loop stabilization
becomes difficult, and therefore the the algorithm does not
update the frequencies of the internal model if EAC(M, &)
is violated (Step 2 vs. Step 3). This update strategy guarantees
that the assumptions of Theorem V.9 are satisfied in Step 2.

The Controller Tuning Algorithm: Choose (tj);-’io, Ry, Q4,
e, Myg,r >0, and Koy as in Assumption V.10. Set j = 0.

Step 1. Obrin 0 < pi(tj;) < --- < pg(t;) from the
frequency estimator. If (puy(t;))i_, satisfy EAC(My,ey) for
(A, B,C, D), then go to Step 2. Otherwise go to Step 3.

Step 2 (Frequency update). Ser wi(t) = pux(t;) for
t € [tj,tj+1) and all k. Choose K7 = [K{, Ko + K{Hj] €
L(Z,C™) as in Theorem V.9 and set K(t) = K for
t € [tj,tjq1). Increment j to j+ 1 and go to Step 1.

Step 3 (No frequency update). Ser &y (t) = wi(tj—1) and
K(t) = K(tj_1) for t € [tj,tj41) and all k. Increment j to
7+ 1 and go to Step 1.

Since the initial frequency estimates (y(0))7_, are as-
sumed to satisfy EAC(My,ey), the tuning algorithm will
proceed to Step 2 when j = 0, and therefore G1(-) and K (-)
are well-defined on [0, o). Our main result below shows that if
the estimates (uy(t))r converge to the true frequencies (wy )
in (1), then the controller constructed with the above algorithm
achieves output regulation of y,.r(t) and wg (t).

Theorem V.11. Let Assumptions V.1, V.3, and V.10 hold.
Consider the controller (G1(t), G2, K(t)) in Definition V.4,
where (Wi(-)){_, and K(-) are based on the Controller
Tuning Algorithm. Assume that the true frequencies (wy)i_, of
Yref(t) and wais(t) satisfy EAC(My, E¢) for (A, B, C, D) with
some €y > ey and 0 < Mf < My and Proi.p(Fiwr )R # 0
for all k in Lemma V.6.

The controller satisfies G1(-) € L*(0,00;L(Zy)) and
K(-) € L*®(0,00; L(Z,C™)). If waise(t) and y,y(t) and
the intial conditions o € X and zy € Z are such that
|up(t) — wg| — 0 as t — oo for all k, then U,(t,s) is
exponentially stable and

t+1
/ ly(s) — Yrer(s)||*ds — 0 as t— oo.
¢

Proof. We have |y, (t)| < M for all k and ¢ > 0 by construc-
tion and ||K7| < M for all j € Ny by Theorem V.9. Thus
G1(+) € L>(0,00; L(Zp)) and K(-) € L>(0,00; L(Z,C™))
for any frequency estimates (p(-))g. Thus by Lemma V.6,
Yaux(t) has the form (22) and is independent of G1(-) and
K(-). Assume now that zop € X, 29 € Z, wgy(t), and
Yrer(t) are such that |px(t) — wy| — 0 as t — oo for
all k. Since & > €y and 0 < Mf < My, there exists
N € N such that (u(t;)){_, satisfy EAC(My,er) for all
j > N. Thus the algorithm will go to Step 2 for all j > N,
and the frequency estimates of the internal model satisfy
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Wp(t) = wy as t — oo for all k. By Theorem V.9 we have
K(t) = K®° = [K{°, Ko1+K°Hy ) € L(Z,C™) ast — oo,
where K7° and H,, are obtained by replacing (wy(t;))x
with (wg)k in G1(t;), By, and H;. The claims will follow
from Theorem V.5 provided that the semigroup generated
by AL + B,K* is exponentially stable. However, since
(wk)i_, satisfty EAC(Mjy,ey) by assumption, the stability of
this semigroup follows directly from Theorem V.9 when we
replace (W (t;))r with (wg)x in G1(t;), By, and Hj. O

The following table summarises the parameters of the
controller (17).

Controller parameters

Gi(t), G2, Kux(t)

(t])]oiO’ Rl? Ql, €f7 Mfa r, K21
(1 (1)) ey

(@r(t))j—y and K (1)

Origin
Definition V.4
Assumption V.10

Frequency estimator
Controller Tuning
Algorithm

The following lemma shows that for sufficiently large sam-
pling intervals the evolution family U, (¢, s) is always exponen-
tially stable (independently of the behaviour of the frequency
estimates (uy())x). Note that the required size of 7 > 0
depends on the other tuning parameters in Assumption V.10.

Lemma V.12. Let Assumptions V.1 and V.10 hold. There exists
71 > 0 such that if t; —t;_1 > 1 for all j € N in the
Controller Tuning Algorithm, then there exist M, o > 0 such
that |Ue(t, s)|| < Mee=2=%) for all t > s > 0 and for any
Yrer(t) and wyis(t) in (1) and for any xo € X and 2y € Z.

Proof. Since G1(-) and K (-) are piecewise constant we have
Ac(t) = Ac(t;) for all ¢ € [tj,t;41) and j € Ng. Thus if we
denote by 77 (t) the semigroup generated by A.(;), then for
all t > s >0 we have U.(t,s) =TI (t — s) if t,s € [t;,tj11)
for some j € Ny, and otherwise

Uelt,s) = Tt — ;)T (t5 — tj—1) - Te(tera — 5)

where j, ¢ € Ny are such that s € [tg,t,41) and t € [t;,t;41).
Since 0 < 7 < tj11 —t; < 7 for all 7 > 0 by assumption,
the evolution family U, (¢, s) is exponentially stable provided
that there exists M.y > 0 such that || 77(t)| < Mo for all
t >0 and ] € Ny and suijOHTej(th — tj)” < 1.

Theorem V.9 and the Hille—Yosida theorem imply the exis-
tence of My, o5, Mg, Mg > 0 such that for K7 in the Con-
troller Tuning Algorithm we have ||R(\, A4(t;) + BsK7)| <
Ms/(ReX + as) < Mg/as, |R(N, As(t;) + BsK7)Bs|| <
Mg, and |K?|| < M for all A € C4 and j € Ny Using the
similarity transform @), in (20) we have (similarly as in (21))

Ay(tj) + B;K7  B.K}

. -1 —

The similarity, the triangular structure of Q.A.(¢;)Q. ' and
the norm estimates above imply that there exists Mpr > 0
such that sup,cc, [|R(A, Ac(t)))[| < Mg for all j > 0. By
the Gearhart—Priiss—Greiner theorem [13, Thm. V.1.11] there
exist Meo, 0 > 0 such that T7(t) generated by A.(t;)
satisfy ||T7(t)|| < Mege 2! for all ¢ > 0 and j € Ny
(this uniform bound can be deduced, e.g., by applying [13,

Thm. V.1.11] to the semigroup diag(7TP(t), T}(t),...) on the
Hilbert space ¢?(X.)). This further implies that if we choose
71 > 0 such that Moe~ 0™ < 1, then also || 7Y (t;11—1;)| <
Meoe 0™ < 1 and U,(t, s) is exponentially stable. Since
Mo and oo do not depend on g, 2o, Waist(t), and yper(t),
we can choose M., a, > 0 as in the claim. O]

C. Robustness Analysis

We conclude this section by analysing the robustness prop-
erties of the controller constructed in the Controller Tuning
Algorithm. The robustness properties depend on the chosen
frequency estimation method — especially on its capability
of handling small persistent errors in y,,,(t) — but we can
nevertheless present a general result for robustness analysis.
Throughout the section we assume that Assumptions V.1, V.3
and V.10 are satisfied. We consider a perturbed regular linear
system (A, B,C, D) with parameters

A=A+64, B=B+dpg,
C=C+6c, D=D+dp

with 64 € L(X), 0p € L(C™, X), dc € L(X,CP) and 0p €
CP*™_ We do not need to consider perturbations in By and
D, since these parameters were allowed to be unknown. We
begin by describing the effects of the perturbations on y,,(t).

Lemma V.13. Consider the perturbed system ([l,é,é’, D)
in (26) and the controller in Definition V.4. Assume K(-) €
L>(0,00; L(Z,C™)) and & (-) € L>®(0,00) for all k are
piecewise constant. Then the auxiliary output §u.(t) corre-
sponding to the perturbed system satisfies GYuux(t) = Yaux(t) +
Ypers(t) for a.e. t > 0, where yuu(t) is as in Lemma V.6 and

(26)

Ypers(T) = C’A/O TL(t — 8)[0ac,dBpK(s)]xc(s)ds (27)

where dac = 04 + Loc, dpp = dp + Lop and x.(t) is the
state of the (perturbed) closed-loop system (5).

Proof. Since (A,B,C’,f)) is a regular linear system, Theo-
rem II1.2 implies that the closed-loop system consisting of
the perturbed system and the controller in Definition V.4
has a well-defined mild state z.(t). Denote by A.(t) and
fle(t) the closed-loop system operators corresponding to
the nominal system (A, B,C, D) and the perturbed system

(A, B,C, D), respectively. Then D(A.(t)) = D(A.(t)) and

A (t) = Ao(t) + 6.(t) for ae. t > 0 where
da oK (t) dpKoa(t)
(Se(t) = Gz(sc GQdDKl(t) Ggang(t) S K(Xe)
—Léc —LopKi(t) —LépKs(t)

If we apply the similarity transform @), in (20) to the perturbed
closed-loop system (5), we obtain
d _
a(Qexe(t)) = QcAc(1)Q. 1(Qexe(t))
+ Qe Bewe () + Qede(t)we(t)

where Qc0c(-)ze(-) € L (0,00; X.) by Remark II1.3. The
triangular structure of Q.A.(t)Q_! therefore implies that
Z(t) := x(t) — 22(t) is formally a solution of

2(t) = AL#(t) + Bapwe(t) + [6ac, 0pp K ()]ze(t)  (28)
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with initial condition #(0) = 2o — 299 and with A, = A +
LC. We will now prove that Z(t) is indeed a mild solution
of (28). Denote by U, (t, s) and U,(t, s) the evolution families
in Theorem III.2 corresponding to the nominal and perturbed
systems, respectively. Let 0 = ¢y < {1 < ta < --- be such
that A.(t) = Ac(t;) and 0.(t) = dc(t;) for t € [t;,t541).
If we denote by T7(t) and TY(t) the semigroups generated
by A.(t;) and A.(t;), respectively, then U, (t, s) and U.(t, 5)
are of the form given in the proof of Lemma V.12. Moreover,
since A, (t;) = Ac(t;)+0.(t;) forall j € Ny, the perturbation
formula in [13, Cor. III.1.7] and a direct computation show that

¢
ﬁe(t,s)x = Ue(t7s)x+/ Ue(t,r)ée(r)f]e(r, s)xdr, (29)

for all x € X, and t > s > 0. Applying the similarity trans-
formation Q. to (6) and (7a) and using the relationship (29)
between U, (t,s) and U,(t, s) it is straightforward to confirm
that Z(t) is the mild solution of (28). Since Z(t) € D(C}) for
a.e. t > 0, analogous arguments as in the proof of Lemma V.6
show G (t) = CAZ(t) +[Da, —I|we(t). Comparing (23) and
(28) shows that Juux(t) = Yaux(t) + Yper(t) for ae. t > 0. O

Our main result below shows that for sufficiently long sam-
pling intervals in the Controller Tuning Algorithm the effect
of small perturbations on y,,,(t) will be small. Moreover,
if the frequencies can be estimated with a sufficiently small
asymptotic error, then the controller achieves output tracking
in an approximate sense, i.e., with a small asymptotic error.

Theorem V.14. Consider the perturbed system (A, B,C, D)
in (26) and let Assumptions V.1, V.3 and V.10 hold. Let
71 > 0 be as in Lemma V.12 and consider the controller
in Definition V.4, where (Wi(-))i_, and K(-) are based on
the Controller Tuning Algorithm.

There exist €stqp, Mpert > 0 such that if

cs = |10all + 196 + I6c || + 16| < €stab, (30)

then for all xg € X, 29 € Z, Waix(t), and y.s(t) we have
Taux(t) = Yaux(t) + Ypers(t), where yau(t) is as in Lemma V.6
and

T+1
ili%/.,- Hyperr(t)Hth < MpeT'tcg(erOW + Hwe()llio)
With Teo = [0, 20]7 and we(t) = [wais ()T, yrr(t)T)T. IfC €
LOX,CP), then lgpenlZe < Maperec (ol + e (-)]2):

Assume (wg)r in (1) satisfy EAC(My, &) with some €5 >
erand 0 < Mf- < My. For any €crr > 0 there exists deppr > 0
such that if the perturbations satisfy (30) and zy € X, zp € Z,
Waist(t), and yyr(t) are such that (py(t))i_, satisfy

max | (t) — wi| < derrs Vt > 1o (31

for some 1y > 0, then

t+1
timsup [ 9(6) = o) < o)
t

t—o00

Proof. Fixxog € X, 20 € Z, wdist(t), and yref(t) and let My >
0 be as in Theorem V.9. Then G(-) and K (-) constructed in
the Controller Tuning Algorithm satisfy || K(-)||p~ < Mk and

|G1(-)||z> < My and thus by Theorem IIL.2 the closed-loop
system corresponding to the perturbed system (A, B,C, D)
has a well-defined evolution family U, (¢, s) and state x,(t).
We begin by introducing some notation. We denote by A.(t)
and A.(t) the closed-loop operators for (A, B,C,D) and
(A, B, C, D), respectively. Moreover, we denote by 77 (t) and
T (t) the semigroups generated by A, (t;) and A.(t;), respec-
tively. For the proof of the last claim we additionally assume
that (wy)s satisfy EAC(M;,&s). We then define G°, G9
and Ag, (¢) as in (18) with G° = diag(0,, w12y, . .., wedp)
(.e., (Wp(t))r in Gy(t) replaced with (wg)r) and define
K> = [K{°, Ko + K{°Ho] as in Theorem V.9. Finally, we
denote by A and fl? the operators in (9a) for (A, B, C, D)
and (A, B,C, D), respectively, and denote the semigroups
generated by these two operators with 7. (t) and T,(t), re-
spectively. Note that G$°, G{Y, G2, and K> are independent
of zg € X, 20 € Z, yry(t), and wyiq(t).

If Mgy, e > 0 are as in the proof of Lemma V.12, we
have || T7(t)|| < Mege <t for all ¢ > 0 and j € Ny and the
choice of 7 > 0 implies Moe~“<°™ < 1. By construction
AZ° has the same structure as A.(t;), j € No, with (W (t;))x
and K7 replaced with (wy,), and K, respectively, and K°° in
Theorem V.9 is chosen similarly as K7. Under the additional
assumption that (wy,)y satisfy EAC(M;,é;), the frequencies
(wi )k satisfy the assumptions of Theorem V.9 with the same
parameters as (@i (t;))r, § € No (both satisfy EAC(My,e5)
for (A, B,C, D)). Therefore we can deduce as in the proof of
Lemma V.12 that also ||7,.(¢)|| < Mege <t for all ¢ > 0.

We will now choose €444, > 0 so that (30) implies the
existence of M., a, > 0 (independent of xg, 2o, wgs(t) and
Yrer (1)) such that |Ue(t,s)]| < Mee= (=) for t > s > 0
(our choice will also later guarantee the stability of T} (t)).
We have A.(t;) = Ac(tj) + 0.(t;), 7 € No, where 6.(-) €
L>°(0,00; L(X.)) is as in the proof of Lemma V.13, and

16 ()l < Mi([l0all + 19511 + 0c |l + 19p]]) = Mics

for some M; > 0 depending only on L and M. For a fixed
ro € (0,1) we choose e4p > 0 to be small enough so that
Estar < 2M;]0]\4'1 and Meoe(_ae()"l'MeO]\/[lsstab)Tl <.
With this choice the condition (30) together with [13,
Thm. IIL.1.3] implies that |T7(t)|] < Me=(*0/2t for
all t > 0 and j € Ny and supj>0||Tej(tj+1 — ;)] <
SUP;>0 M, ge(—@eotMeolloc(t)D)(t01-5) < 1o < 1. Since
A(t) = fle(tj) for t € [tj,t;4+1) and j € Ny, the structure
of U,(t,s) is analogous to that in the proof of Lemma V.12.
Because the above estimates for ||77 ()| and || T.(t;11 —t;)|
are uniform with respect to (d4,0p5,0c,0p) satisfying (30),
we have (similarly as in the proof of Lemma V.12) that there
exist M., . > 0 such that ||U,(t, s)|| < Mee=*(=%) for all
t > s >0 and for any (04,dp,dc,dp) for which (30) holds.
We will now prove the claims concerning .. (t). If
M.,a, > 0 are as above, (6a) and (7a) and the structure
of (constant) B.(t) = B, € L(C™*P X.) imply that
the state |ze(t)]| < Ma(||zeoll + [|we(:)||oo) for a con-
stant My > 0 independent of xg, 2o, Wais(t) and y.r(t).
Lemma V.13 shows that y..(t) = (Fru)(t) for a.e. ¢ > 0,
where Fy, is the input-output map of the exponentially stable
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regular linear system (A + LC,I,C,0) and where u(-) =
[6ac, 0D K ()]xe(-) € LE.(0,00; X) by Remark IIL.3. Since
lullz2crrsn) < (M + Dmax{lldacl, 1solHiee (o <
(Mg + 1)MaMscs(||zeol| + ||we(+)||oo) for all 7 > 0 and
for a constant M3 > 0 depending only on , the first
estimate for ||ype(-)|| for some My, > 0 follows from
Lemma A.l1(a). If C € L(X,CP) and if Mp,ap > 0 are
such that |7 (¢)|] < Mpe %! for all t > 0, then the second
claim follows from (27) and a direct estimate

Mp (Mg +1
[Ypere (D) < [|ClImax{[|dac ], ||5BD||}%

To prove the last claim we will apply Theorem IV.4 to
the perturbed system (A,B,C,D). Assume (wy); satisfy
EAC(Mf,é'f) and let €444, > 0 be as above. It is easy to
see that the perturbations (26) lead to bounded perturbations

of (A°, B, C2, D) in (9) with norm bounds depending
on ¢5, Mk and ||L||. Moreover, by the choice of eg4qp the
perturbation in AS° has norm at most cv.g/(2M.o) when (30)
holds. Thus Remark IV.5 and Lemma A.2 imply that M.,
and dp in Theorem IV.4 can be chosen to hold for all
perturbations (d4,95,dc,dp) satisfying (30). The controller
(G1(t), Ga(t), K (t)) satisfies the assumptions of Theorem IV.4
since Assumption IL.2 is satisfied by construction, (G°,G2)
satisfy (16) in Remark IV.6 (similarly as in the proof of
Theorem V.5), and as shown above, both U,(t, s) and T, (t)
are exponentially stable whenever (30) holds. The definition
of Ag(t) in (18) and ||G1(t) — G$°|| = maxy|wk(t) — wk]
imply that dg(t) in Theorem IV.4 satisfies

dg (t) = max{|[Ag, (t)[|, [ K(t) = K=} = [[Ag, (1)]]
< K7 = K| o max @ (t) — wil,

where j € Ny is such that ¢ € [t;,¢;11). Since (wg) satisfy
EAC(M;,éf) with My < M; and &; > &4, by choosing
a sufficiently small §.,. > 0 we can guarantee that if (31)
holds, then (u(t;))x satisfy EAC(My,ef) for all j € N
such that t; > 7. Such choice guarantees that (wy(t;))x and
K (tj) are updated whenever t; > 79, and thus we also have
maxy|Wg(t) — wg| < depr for all t > 79 + T2. Theorem V.9
shows that limj_,oo K7 = K if lim;_yo maxy|w(t) —
wi| = 0 and thus dg(t) for ¢ € [t;,t;41) can be made
arbitrarily small by requiring that maxy|wk(t;) — wg| is
small. For any €., > 0 we can now combine the above
properties to choose .. > 0 (independent of xg, zo,
Waist(t), and yrer(t)) such that if (31) holds for some 75 >
0, then limsupt_,ooH(Sg(-)HQLm(mO) < max{0Z, cerr/Mery }-
We then have from Theorem IV.4 that (30) and (31)
for some 79 > 0 imply limsup, ||e(~)||%2(t_t+1) <

MeTTHwe(')Hgo lim sup,_, ”59() Il%x(t,oo) < 6err”we(')Hgo
O

VI. ADAPTIVE REGULATION FOR A HEAT EQUATION

In this example we study a one-dimensional boundary
controlled reaction-diffusion equation on £ € (0,1),

Ut(g? t) = Uﬁﬁ(g’ t) + 7“(6)1}(67 t) + bd(f)dl (t>
—Ug(o, t) = u(t) + dg(t)7 UE(L t) = dg(t)
y(t) = ’U(l,t), U(S,O) = UO(§)7

e () [loo-

where v(€,t) describes temperature at the point £ € (0,1)
and at time ¢ > 0. The boundary input u(t) acts at £ = 0, the
output y(t) is the temperature measurement at £ = 1, and ds(¢)
and d3(t) are boundary disturbances. The reaction term with
profile r(-) is unmodelled and we consider it as perturbation
in the system. The disturbance input profile b, () is unknown.
The system defines a regular linear system on X = L?(0,1)
with state x(t) = v(+,t). The full disturbance input is defined
as wgise(t) = [d1(t),da(t),d3(t)]T € R®. Since the boundary
disturbances dy(t) and d3(t) are smooth functions, we can
apply a change of variables as in [11, Sec. 10.1, Ex. 10.1.7]
to express the heat equation as a regular linear system with
bounded B, D, € R'*3 and a modified initial state.

We construct a controller for output regulation of y,.r(t) =
0.2sin(0.5t4-0.5)+0.4 sin(6¢40.5) and wy;s(t) = [cos(1.5t+
0.5),sin(0.5¢ + 0.2), cos(1.5t — 0.4)]7, both assumed to be
unknown. In the simulation we consider b4(§) = cos(3¢) (this
is not used in controller des1gn) The stabilizing parameters
are chosen as Koz = —2 fo £)d¢ for x € L*(0,1),

= —4 € L?(0,1). The system does not have transmission
zeros on tR. We use €7 = 0.2 and My = 30 in the Estimate
Admissibility Condition, and » = 0.2, R = 1 € R, and
Q = I € R3*3. The frequencies will also not be updated
if (ux(t;))i_, are complex or negative. Since Gp(f) and
K(t) are piecewise constant, the results in [25, Sec. III &
V] imply that for ¢ € [t;,t;41) the controller state z(t) =

(20(t),9(-,t)) € Zo x L?(0,1) is the weak solution of
Zo(t) = G1(t5)z0(t) + G2(y(t) — Yrr (1)), 20(0) € Zo
D6, 1) = e (6,6) — AL, 1) — (1) + g (1)
—0¢(0,t) = u(t), ve(1,t) 1: 0, o(-,0)€ L*0,1)
u(t) = K{zo(t) =2 | 0(& t)dg + K{ Hjo(-,t),
and Yaur(£) = (1, ¢) — (1, t()) yrer (), where K7, H and the

estimates (W (t;))7_, in G1(t;) are obtained from the Tuning
Algorithm. Since the true frequen01es satisfy EAC(0.3, 10), by
Theorem V.12 this controller stabilizes the unperturbed closed-
loop system (without the unmodelled reaction term) for all
sufficiently long update intervals.

In this example we assume that the number of nonzero
frequencies ¢ = 3 is known and use the adaptive estimator
from [7] with parameters “vy; = 0.005”, “v» = 107, and
“{k;};” being the coefficients of the Hurwitz polynomial
(A +2)?3~1. The input-to-state stability of the estimator and
Theorem V.14 show that for sufficiently long update intervals
the controller achieves closed-loop stability and approximate
output tracking for any reaction term with a small ||r(-)|| 2.
In the case r(§) = 0, closed-loop stability and perfect output
tracking follow from Theorem V.11. Figure 2 shows the
behaviour of the frequency estimates and the regulation error
for the reaction profile 7(£) = 1.5sin(0.57¢), the update
sequence t; = 64, j € Ny, and initial states zo(-,0) = 0 and
zo = 0 € Z. The simulations are implemented using Finite
Difference with 100 points on [0, 1]. Initial frequency estimates
are chosen as 11,(0) = k € R for k € {1,2,3}. Our controller
can be compared to the ODE-PDE controller in [15], which
similarly includes an adaptive estimator, but has continuously
time-varying parameters and different general structure.
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The norm of the regulation error |le(t)||.
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Fig. 2. Controlled heat equation with the estimator in [7].
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APPENDIX

Lemma A.1. Assume that (U, ®, U, F) is a well-posed nonau-

tonomous system in the sense of [29, Def. 3.6]. If there exist

M,w > 0 such that ||U(t,s)|| < Me=“t=%) forallt > s > 0,

then for u € L}, (0,00;U) the following hold.

(a) There exists My > 0 (independent of u) such that
SUPTEOHFUHLZ(T,TJA) < My SUP7—20H“||L2(T,T+1)'

(b) There exists My > 0 (independent of u) such that

lim sup H]FuHLQ(’T,TJrl) < M1 lim sup ||U||L2(.,.’.,.+1).
T—00 T—00

() If lim Hu||L2(T,T+1) =0, then TILII;O||FU||L2(T7T+1) =0.
(d) Ifbup7>oe Tlullz2(r,r41) < 00 for some 0 < a < w,
then t +— ePt||(Fu)(t)|| € L?(0,00) for any 0 < 3 < a.

Proof. Let u € L _(0,00;U). It is clearly sufficient to prove
the claims when 7 is replaced by n € Ny. The estimates in [29,
Lem. 3.7] show that there exists a constant My > 0 (depending
only on (U, ®, ¥, F)) such that

||]FUHL2(n,n+1) § M2(a * b)n, Vn S No,

where (a % b),, is the nth element of the convolution of
a = (ar)$2, with a = e % and b = (bg)32, with by =
||l L2 (k,k41)- The constant My > 0 is determined by M and w
and the uniform (w.r.t s > 0) bounds for ||®. ||z (L2(s,s+1), %)
1Wsll2(x,22(s,541))» and [Pl n2(s,541),02(s,54+1))-

Since a € (*(R) and ||b|[¢~ = supysollw| p2(k ki), the
claim in part (a) holds since ||a * b||g < ||a]|¢1]|b]|¢e~ by the
Young’s inequality for convolutions. Part (c) follows from (b).
To prove (b) we assume limsup, . ||ullz2(rr41) < 00
(otherwise the claim is trivial). Since u € L (0,00;U) we
have ||b][gee = supy>ollull L2 (x,k+1) < 00. If n,n9 € N satisfy
ng < n, then a,_p = e~ =m0 +tlq, | ; and

(a*b), = e_“("_"”l)(a *D)no—1 + (a* B)n,no,
where b = (by1n, )72, Young’s inequality thus implies
[(a%b)p| < e =m0 D) 16 5 b|| oo + ||a * b|| go

< et g 1 [[]| g + |l [[B] e -

If we choose ng = [n/2], then the properties of the limit
supremum and [|b[|[¢e = SUpg> |y, /2 l|ullL2(kk11) imply (b).

Finally, to prove (d) we note that e®”||Fullz2(y ni1) <
Ms(aq by )y for all n € Ng, where a,, = (e_(“’_“)k)?’:o CcR
and by = (e“*||ul| L2 (5,541))720 C R. Since 0 < a < w, we
have a, € ¢*(R) and our assumptions imply b, € ¢>°(R).
Thus Young’s inequality implies ||aq#bq |le= < [|aa ot ||Da || e
and we have sup,, > " ||Fu|| 2 (,n41) < 00. This implies the
claim for any 0 < 3 < a. O

Lemma A.2. Let (A, B,C,D) be a regular linear system.
Assume that there exist M,a > 0 such that the semigroup
T(t) generated by A satisfies |T(t)|| < Me=** for t > 0. If
we denote the extended input, output and input-output maps of
a perturbed system (A, B,C, D) by ®, U, and F, respectively,
then for any € € (0,0z/M) and Kk > 0 we have

sup (1] + 1] + ] ) < o0

(A,B,C,D)eQe,k)
where Q(e, k) = { (A+04,B+0p,C+dc,D+dp) | ||04] <
e and ||6g| + |oc] + I6p|| < &}

Proof. Denote the extended input, output and input—output
maps of (A, B,C,D) by ®, ¥, and F, respectively. Let
e € (0,a/M) be fixed. We begin by considering perturbations
in operator A only, i.e., (4,B,C,D) = (A + 64, B,C, D),
where ||04]| < €. Denote the input, output, and input—output

maps of the extended system (A, [B,I],[$],[5 3]) by
v F  Fop

o, = [@,8,], U, = . F, = .
(@, @] {\1’1] {IFIB IFII:|

By the results in [40, Sec. 7], applying an admissible out-
put feedback uc(t) = Aye(t) + @c(t) with A = [§
leads to the regular linear system (A + 44, [B,1],[F],[5 9])
with input map ®,., output map V., and input-output [
We have from [40 Thm. 6.1] that F. = (I — F.A)™!
Since (Fjyu)(t) = fo (t — s)u )ds [4, Prop. 1.3.5(a)]
implies that HFII||11(L2(0,OO <|NT )2 0,00) £ M/ Thus
||F115A|| < M||§A||/a < ME/O[ < 1 and

-1
_ —1_ |1 —Ferda _ |1 Feorda@
(I=FA)" = [0 [-Fusal ~[0  Q
where Q = (I — IB'HéA) L. This implies ||(I — F.A)7Y| <
(1+ (1 + [[Ferdal®)|Ql )1/2 Finally, the estimate ||Q|| <
a/(a — Me) and the formulas @, = ®.(I + AF,) and ¥, =
(I +F.A)V, in [40, Rem. 6.5] imply that
sup (]l + [Tl +[Fell) <oc. (D)
lloall<e
We will now consider perturbed systems satisfying

(A,B,C,D) = (A+64,B+6p,C+6éc,D+0p) € Q(a K)
with k > 0. It is easy to verify that Yz = [I, ]V,

u ~ | u
e LSBU] and Fu = [I 50] F. L;Bu] + dpu.

Since |[04] < € and ||0g]| + [[oc|| + [|dp]] < &, the claim
follows directly from (32). O]

du=>o

The following corollary of the continuity of the solutions
of Riccati equations is essential for the proof of Theorem V.9.
To the best of the authors’ knowledge, this result is new.
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Lemma A.3. Let r > 0, Q € C"*™ and R € C™*™ satisfy
Q>0and R > 0. Let Q) C RY be a compact set and let § —
As : Q — C"™" and § — Bs : Q@ — C™*™ be continuous
functions such that the pair (As, Bs) is controllable for all
0 € Q. If we define K5 = —Rle(’;Hg, 6 € Q, where Il €
C"™*"™ are the unique non-negative solutions of

(rI 4 Ag)*Tls + Hs(rI + As) — s BsR™' B31ls = —Q,

then there exist M, Mg > 0 such that | Ks|| < Mg and
|le(AstBs Kt | < Me="t for all t > 0 and & € QL.

Proof. The claim is trivially true if € is empty. Let § € Q.
The assumptions imply that II; exists and is unique, and for
all x € C™ we have 2Re((rI + As + BsKs)z,lsz) =
<—H5B(;R_1B§H5x — Qz,z) < 0. Moreover, under our
assumptions Il is positive definite. Therefore 1+ A5+ Bs K
is dissipative with respect to the inner product (-,-)s :=
(-,1I5-)cn on C™. Thus if we define ||z||5 := ||H(1;/2chn for
x € C", then |e(r/+As+BsKo)ty|| s < ||z|5 for all t+ > 0.
The definition of |-||; now implies that [|e(4s+BsKs)t|| <
T3/ 2 |11 /2 e~ for all ¢ > 0.

Our aim is to show that sup5€Q||H(15/2||||Hgl/2|| < oo.
By [33, Thm. 3.1] the non-negative matrix Ils is a continuous
function of the matrices As and Bs when ¢ is restricted to 2.
Therefore the function § — Il is continuous on {2, and since
II5 and H};/Q are nonsingular for all § € (, also § — H};/Q
and 0 — Hgl/ 2 are continuous on €. Since Q is compact,
these functions are uniformly continuous and Hﬂy ?|| and
HHgl/ ?|| are uniformly bounded with respect to & € . Thus
the claims hold with My = ||R™!|| maxscql|Bs||||1Ls]| < oo
and M := maxseq |11}/ 2|1, /%] < oo. O

Proof of Theorem V.9. Since Ky € L(X,C™), (A +
BKs1,B,C + DKy, D) is an exponentially stable regular
linear system and A — (Cp+DKo1)R(A, A+BKs;) and \ —
Py () are continuous functions on [—iM,iM] C iR. Thus
|Hj|| < My and ||By;|| < Mp; for some My, Mp; > 0
independent of ¢;. Definition V.2 implies that the transmission
zeros of (A, B,C, D) are zeros of A — det(Pg(A)Px(N)*),
which is analytic on {A € C | ReX > wo(Tk(t))}. Thus
the transmission zeros of (A, B,C, D) on iR are a (possibly
empty) discrete set with no finite accumulation points.

By assumption, (Wx(t;))i_, satisfy EAC(My,ey). There-
fore the set {4y (¢;)}{_,U{0} does not contain transmission
zeros of (A, B, C, D) and Px (+iwy(t;))* and Pg (0)* are in-
jective. Since the eigenvalues 0,(G1(t;)) = {£iwy(t;)}{_, U
{0} are distinct, it is easy to use the structures of Gi(t;)
and the definition of By; to show that B¢ # 0 whenever
0 # ¢ € N(Gi(tj)*) or 0 # ¢ € N(Liw(t;) — Gi(t;)*)
for some k € {1,...,q}. Thus the pair (Gi(t;),B;) is
controllable. If we define § = [61,...,d,]T € R? by

O = (I)k(tj) —(Ijkfl(tj) Vk € {2,. . .,q},

we can define continuous functions Gy : R? — £(CP2et1))
and Bl R? — (Cp(2q+1)><p so that él((S) = Gl(tj)
and B;(d) = By;. The assumption that (& (t;))%_, satisfy
EAC(M;y,e5) implies that § is contained in a compact set
Q C R? (determined by €5, My, and (A, B,C, D)), and

51 = d)l(tj)a

similarly as above, (G1(0), B1(d)) is controllable whenever
d € Q. Because of this, Lemma A.3 implies that there exist
Mg, Mg1 > 0 (independent of ¢;) such that ||K]| < Mg,
and ||e(@1(t)+ B KDY < Mge"* for all t > 0. Morever, the
definition K7 = [K{, K91 + K{H;] and || H;|| < My imply
that || K7|| < Mg for some My > 0 independent of ¢;.

If maxy|wr(t;) —wi| — 0 as j — oo, then (wg)72; also
satisfy EAC(Mjy,e¢) and thus K7° and K*° are well-defined.
Clearly G:(t;) — G € L(Zy) as j — oo where G{° is
obtained by replacing (W (¢;))x by (wk)r in Gi(t;). Since
A= Pg(\) and A — (Cp + DK21)R(A\, A + BKo;) are
continuous on iR, also By; — B° € CPQRa+)xm gng HI —
H*> € L(X, Zp) as j — co. We have from [33, Thm. 3.1] that
II;; depends continuously on G (t;) and By, and therefore
II; — II3° € L£(Zp) as j — oo. Thus the definitions of K7
and K7 imply that |[K7 — K| — 0 as j — oo.

Since (A, B, C, D) is regular, the operator H; € L(X, Z)
extends to R(B) C X_;. It is straightforward to check that
Gl(tj)Hj = HjAK + GQ(CA +, DKgl) and Blj = HjB +
G2D. The definition K/ = [K{, K21 + KiH;] and similar
computations as in [26, Thm. 13] and [24, Thm. 15] show

I H, . i |4 Hi
] s
_ [Ga(ty) + By, KT 0 A
= j = Ak
—BKY A+ BKo
with domain D(AiK) = {[z1,22)7 € Zo x Xp | Aza +

B(K1z2 — K{z1) € X} (the domains of the block op-
erators can be analysed as in the proof of [24, Thm. 15]).
Fix 0 < a, < min{r, —wo(Tx(t))}. Denoting R{,(\) =
R(\, G1(t;) + B1j;K7) and Rk (\) = R(\, A + BKy;), for
all A € C with Re A > —a, we have

RGO 0
—Rr(NBK{R;(N) Rx(N)]”

Since |RL(\)|| < Mg/(ReA+7) < Mg /(r — a,) and since
B is admissible with respect to the stable semigroup generated
by A + BKj;, also SUppeas_o. |[Rx(AN)B| < oo [34,
Prop. 4.4.6]. Because of this, the Gearhart—Priiss—Greiner
theorem [13, Thm. V.1.11] imply that there exists J\Zfs > 0
independent of ¢; such that |77 (t)|| < Mse=*:* for all t > 0
(this uniform bound can be deduced, e.g., by applying [13,
Thm. V.1.11] to the semigroup diag(70(t), T1(t),...) on
0%(Zy x X)). Due to |H;|| < My and the similarity between
T7(t) and T (t) we finally have that there exists M, > 0 such
that || 77 (t)|] < Mge=<! for all ¢ > 0.
It remains to prove the existence of Mp > 0. We have

R(\, As(tj) + BsK7)Bg

-0 B roaoly B[]

RO" AiK) =

_|I H; RL(N)By;

|0 —I| |-Rx(\)BK{RL(\)B1; — Rx(\)B
for A € C. Since | RL(\)|| < Mg/, supyec, [[Rx (N B]| <
oo, |[Hjl| < Mp, ||K{|| < Mgy and ||By;|| < Mg, we
indeed have | R(\, A(t;)+BsK?)Bs|| < Mp forall A € Cy
and for some Mp > 0 independent of ¢;. O
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