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STABILITY AND ROBUST REGULATION OF PASSIVE LINEAR
SYSTEMS*

LASSI PAUNONENT

Abstract. We study the stability of coupled impedance passive regular linear systems under
power-preserving interconnections. We present new conditions for strong, exponential, and non-
uniform stability of the closed-loop system. We apply the stability results to the construction of
passive error feedback controllers for robust output tracking and disturbance rejection for strongly
stabilizable passive systems. In the case of nonsmooth reference and disturbance signals we present
conditions for nonuniform rational and logarithmic rates of convergence of the output. The results
are illustrated with examples on designing controllers for linear wave and heat equations, and on
studying the stability of a system of coupled partial differential equations.
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1. Introduction. In this paper we study the stability properties and control of
regular linear systems [43] of the form!

(1.1a) #(t) = Ax(t) + Bu(t), z(0) =29 € X,
(1.1b) y(t) = Cpx(t) + Du(t)

on a Hilbert space X, where u(t) is the input of the system and y(¢) is the output.
Our main interest is in systems that are impedance passive [10, 38, 40] (or passive for
short) in the sense that their solutions satisfy

L) < 2Refu(t),y(), £ 0.

Passive systems are encountered especially in the study of mechanical or electrical
systems modeled with partial differential equations. In particular, (1.1) is impedance
passive if A generates a contraction semigroup, B and C are bounded operators,
C =B*, and ReD > 0.

The paper consists of two main parts. In the first part we focus on the stability
of the coupled system consisting of (1.1) and another passive regular linear system

(1.2a) 2(t) = Acz(t) + Beue(t), z2(0) = 20 € Z,
(1.2b) Ye(t) = Cenz(t) + Deuc(t)

with D} = D, under a power-preserving interconnection where
u(t) =ye(t),  wue(t) =—y(t).
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We study the stability of the resulting closed-loop system
(1.3) Te(t) = Acxe(t), 2e(0) = xe0 € Xe

on the Hilbert space X, = X x Z. The notation (A, Be,C., D.) and our results
on the closed-loop stability are motivated by the second part of the paper where we
study robust output tracking and disturbance rejection for the system (1.1). In this
situation (1.2) is an unstable dynamic feedback controller. However, our results are
also applicable when the roles of the systems are reversed, i.e., when (1.2) is a system
to be controlled and (1.1) is the controller, and they can also be used to study the
stability of systems of partial differential equations coupled on the boundary or inside
the domain. Our main interest is in the situation where A. has a countable number
of spectral points on the imaginary axis.

We study (1.3) in terms of the stability properties of the strongly continuous semi-
group T,(t) generated by A, : D(A.) C X, — X.. As our main results we introduce
conditions under which the semigroup T, (¢) is exponentially stable, strongly stable, or
nonuniformly stable [7, 36]. Among these, exponential stability is the strongest form
of stability. However, in certain control applications exponential stability is unachiev-
able, and many partial differential equations and coupled systems are known to lack
exponential decay of energy. These situations arise especially in wave equations with
partial damping and in coupled hyperbolic-parabolic systems [49, 6]. Recently many
such coupled systems have been shown to be polynomially stable [25, 7, 8], which
means that the classical solutions of the system decay at rational rates, i.e., for some
constants M., a,tg > 0

HTe(t)erH S ||AeerHa Te0 S D(Ae)a t 2 tO-

€
tl/«a
In this paper we introduce new results for studying polynomial and the more general
nonuniform stability for coupled passive abstract linear systems (1.1) and (1.2).
Strong and exponential closed-loop stabilities of infinite-dimensional systems have
been studied in the literature for passive one-dimensional boundary control sys-
tems [41, 33], coupled systems with collocated inputs and outputs [16], and passive
systems coupled with finite-dimensional systems [50]. Polynomial stability of cou-
pled systems has been studied extensively in the context of coupled linear partial
differential equations [3, 1, 6, 2] and for abstract hyperbolic-parabolic systems [22].
In the second part of the paper we study the robust output regulation problem
where the aim is to design a controller in such a way that the output y(¢) of the sys-
tem (1.1) converges to a given reference signal y,.r(t) asymptotically in the sense that

ly(®) = yres ()| =0, ¢ — 00,

despite possible external disturbance signals wg;s:(t). In addition, the controller is
required to be robust in the sense that it should achieve output tracking even if the
parameters (A, B, Cy, D) experience small changes or contain uncertainties. This con-
trol problem has been studied actively in the literature for various classes of infinite-
dimensional linear systems [48, 26, 19, 35, 23, 20, 31, 42] including regular linear
systems [45, 9, 32, 47, 29, 30] and passive systems [35].

The robust output regulation problem can be solved with a dynamical error feed-
back controller of the form

(1.4a) 3(t) = Acz(t) 4+ Belyres (1) — y(t)),  2(0) = 2 € Z,
(1.4b) u(t) = Ceaz(t) + De(yrer (t) — y(t)).
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One of the fundamental results of the theory, the internal model principle [17, 15,
31, 32|, implies that robust output tracking can be achieved by including a suitable
number of copies of the frequencies {wy, } kez of Yref (t) and wgy;s¢ (t) into the dynamics of
the controller and using the remaining parameters of (1.4) to stabilize the closed-loop
system. While the inclusion of the internal model is both necessary and sufficient for
robustness, the resulting closed-loop can be stabilized in various ways. Under fairly
general assumptions the closed-loop stability can be achieved with observer-based
design methods [20, 29] leading to infinite-dimensional controllers. If the system (1.1)
can be stabilized exponentially with output feedback and if y,.¢(t) and wa;s: (t) contain
a finite number of frequencies, then A, can be chosen to be minimal in the sense that
it contains only the internal model, and the closed-loop system can be stabilized with
suitable choices of B, and C, [26, 19, 35]. It was shown in [35, Thm. 1.2] that if (1.1) is
passive and exponentially stabilizable, then robust output regulation can be achieved
in a natural way using a minimal passive controller (1.4).

In this paper we extend the passive controller design presented in [35]. We present
a robust passive controller for systems (1.1) that are not exponentially stablizable, but
only strongly stabilizable. Such systems are encountered, for example, in control of
wave equations, as illustrated in section 6. Moreover, our design methods allow con-
sidering nonsmooth periodic reference and disturbance signals with infinite numbers
of frequencies. In earlier references, the robust output regulation of nonsmooth sig-
nals has only been achieved using an observer in the controller [20, 30]. We solve this
problem with two new robust controllers having the property that A, contains only
the internal model of the reference and disturbance signals. These controllers achieve
either exponential, polynomial, or nonuniform closed-loop stability depending on the
properties of the system (1.1) and the choices of the controller’s parameters. In the
case of nonuniform closed-loop stability we present nonuniform rates of convergence
for the output y(t) for sufficiently smooth yrer () and wais:(-).

One of the passive controllers presented in this paper is based on a transport
equation with boundary control and observation, and under suitable assumptions on
the system (1.1) (in general requiring D # 0) the controller achieves robust output
regulation of all 7-periodic reference and disturbance signals with exponential conver-
gence rate of the output. This structure is related to the controllers used in repetitive
control [21, 45] and in [23].

The paper is organized as follows. In section 2 we state the main standing assump-
tions. The results on stability of the closed-loop system are presented in section 3.
In section 4 we formulate the robust output regulation problem, and the results on
construction of robust controllers are presented in section 5. In section 6 we illustrate
the controller construction for concrete partial differential equations, including two
one-dimensional wave equations and a two-dimensional heat equation. Appendix A
collects helpful lemmata that are used throughout the paper.

2. Notation and definitions. If X and Y are Banach spacesand A : X — Y is
a linear operator, we denote by D(A), N (A) and R(A) the domain, kernel, and range
of A, respectively. The space of bounded linear operators from X to Y is denoted by
L(X,Y). IfA: X — X, then o(A) and p(A) denote the spectrum and the resolvent set
of A, respectively. For A € p(A) the resolvent operator is R(\, A) = (A — A)~!. The
inner product on a Hilbert space is denoted by (-,-). For T' € £(X) on a Hilbert space
X we define ReT = (T + T*). The Moore-Penrose pseudoinverse of T € L(X,Y)
is denoted by T'f. For two functions f : I C R — X and g : R, — R, we write
If @l = O(g(|t])) if there exist My, Ty > 0 such that ||f(¢)|| < Mgg(|t|) whenever
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[t| > T,. We denote f(t) < g(t) and fi S gx if there exist My, Mz > 0 such that
f(t) < Myg(t) and fi, < Magy, for all values of the parameters ¢ and k.
In sections 4 and 5 we also consider the system (1.1) on a Hilbert space X with

an additional disturbance signal input wg;s(t), i.e.,

(2.1a) z(t) = Ax(t) + Bu(t) + Bawaist (t), z(0) =z € X,
(2.1b) y(t) = Cpx(t) + Du(t).

Throughout the paper the operators B € L(U,X_1), Bg € L(Ug,X_1), and C €
L(X1,Y) are admissible [39, sec. 4] with respect to the semigroup T'(t) generated by
A:D(A) Cc X —» X. Here U, Uy, and Y are Hilbert spaces, the space X; = D(A)
is equipped with the graph norm of A, and X _; is the completion of X with respect
to the norm ||z||—-1 = ||R(Xo, A)z|, where A\g € p(A) is arbitrary and fixed. We
assume that the system (4, [B, By],Ca, D) in (2.1) with input (u(t), wast(t)) € U x
Uy and output y(t) € Y is a regular linear system [43, sec. 5]. We denote Xp =
D(A) + R(R(Mo, A)B) and Xp g, = D(A) + R(R(Xo,A)[B, Bg]). The A-extension
of C'is Cpaxz = limy_ 00 ACR(A, A)x, where D(Cy) consists of those z € X for which
the limit exists. The regularity of (2.1) implies that R(R(A, A)B) C D(Cy) and
R(R(X, A)Bq) C D(Cy) for all X € p(A) and that the transfer functions P(-) : & — ¢
and Py(+) : Wast — ¢ have the formulas

P(\) = CAR\A)B+D,  Py(\) = CrR(\ A)By.

Throughout the paper we assume that Y = U and that (A, B,Cj, D) is imped-
ance passive [10, 38, 40], which is equivalent to the property that Re(Ax + Bu,z) <
Re(Cpx + Du,u) for all x € X and u € U satisfying Az + Bu € X [38, Thm. 4.2].
Under this assumption the semigroup 7'(t) generated by A is contractive, Re D > 0,
and Re P(A\) > 0 for all A € C,. (Such transfer functions are called positive.)

We frequently use the following operator identity (see, e.g., [46, Proof of Thm. 1.2]).
For completeness, we give a proof of the lemma in Appendix A.

LEMMA 2.1. Let (A, B,Cy, D) be a regular linear system and let Q € L(Y,U)
be invertible. If X € p(A) and if Q=1 + CAR(X, A)B is boundedly invertible, then
A€ p(A—BQCh) and

R\ A—BQCy) = R\ A) — RO\ A)B(Q ™ + CARN, A)B)'CAR(\, A),

where D(A — BQC\) ={z € D(Cp) | (A= BQCh)x € X }.

The system (1.2) is assumed to be another impedance passive regular linear system
on a Hilbert space Z with D = D.. The scale spaces Z; and Z_; are defined
analogously as X1 and X_;. We define Zp, = D(A.) + R(R(Xo, Ac)B.) for some
Ao € p(A:) and denote the A-extension of C. by C.p. The passivity implies that
Re(Ac.z+Bey,z2) < Re(Cez+D.y,y) forall z € Z and y € Y satistying A.z+ By € Z,
and we have D, > 0. We denote the transfer function of (4., B., C., D.) with

G(\) = CoARN, A)Be + Do, X € p(Ao).

Our assumption D, > 0 simplies the analysis of the admissibility of output feedbacks
of the two passive systems (1.1) and (1.2). However, many of the results also hold in
the situation where Re D, > 0 as long as the appropriate feedback operators remain
admissible, which is the case, e.g., if ||D. — D¥|| is sufficently small.
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3. Stability of coupled passive systems. In this section we present our main
results on the stability of the closed-loop system associated to the power-preserving
interconnection of (1.1) and (1.2). Lemma 4.2 in section 4 shows that the system
operator A, of the closed-loop system

Ze(t) = Acze(t), ze(0) = zeo = (w0, ZQ)T e X,
is given by

(3.1a) A, = {A_BDchcA BQ:Ceca ]

_BCQch Ac - BchDCcA

(3.1b) D(A.) = {m € Xp x Zp,

(A— BD.Q1Cp)x 4+ BQ2Cepz € X
_Bchch + (Ac - BchDOcA)Z S Z ’

where Q1 = (I + DD.)~! and Q2 = (I + D.D)~!, and that A. generates a strongly
continuous contraction semigroup T, (t) on X..

Remark 3.1. Our results assume that (1.1) is stable and its transfer function
P()) satisfies certain additional conditions. However, the results are also immedi-
ately applicable when (1.1) is unstable but can be stabilized with a suitable out-
put feedback. Indeed, if D, > 0, we can write D, = D¢ + D with D,y > 0
and Dc > 0. Lemma A.1(d) implies that u(f) = —Deoy(t) with Dy > 0 is an
admissible feedback for (A, B,Cx, D) and the resulting system (A, BS,C¥, D%) =
(A—BD»Q5Ch, BQS,Q5Cx, Q3 D) with Q5 = (I+DDey)~* and Q5 = (I+Dy D)~
is regular [43]. A direct computation shows that

A — AS —BSDle:;Cj\; BSQ4CCA
< _BCQ3C§ Ac - BCQ3DSCCA '

Since this operator has exactly the same form as the original A., in each of our results
it is possible to replace (A, B,Ca, D) with the stabilized system (A°, B%,C%, D®),
the transfer function P(\) with Ps(\) = C{R(\, A%)BS + D¥, and the feedthrough
operator D. > 0 with D.; > 0. It is important to note that if P(\) is invertible and
Re P(X\) > 0 for some A € p(A), then for any D.o > 0 we have Re Ps(\) > 0.

3.1. Strong stability. The following theorem presents sufficient conditions for
the strong stability of the closed-loop system.

THEOREM 3.2. Assume (A, B,Cy, D) is passive and strongly stable in such a way
that iR C p(A). Moreover, assume (Ac, Be,Cen, D) is passive, D. > 0, and the
following hold for some T C Z:

(1) o(Ac) NiR = {iwk ez and Re P(iwyg) >0 for all k € T.

(2) I+ P(iw)G(iw) has a bounded inverse for every w € R\ {wi}rez for which

Re G(iw) is not boundedly invertible.

(3) {iwk}ker C p(Ae — BeDo(I + D.Dg)~1C.p) whenever Re Dy > 0.
Then iR C p(Ae) and the closed-loop system is strongly stable.

Assume in addition that T C Z is finite, (A, B, Cn, D) is exponentially stable, and
sup|y,|> gl R(iw, Ac)|| < oo for some R > 0. If either imsup,,|_, |G (iw) P(iw)[| < 1
or Re P(iw) > n(w) > 0 and Re G(iw) > de(w) > 0 such that n(w) + de(w) > 1o >0
for some constant ng > 0 and for all sufficiently large |w|, then the closed-loop system
is exponentially stable.
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Proof. We begin by showing that iR C p(A.). Since the semigroup generated by
A, is uniformly bounded by Lemma 4.2, the strong stability of T, (¢) then follows from
the Arendt-Batty—Lyubich—Vu Theorem [4, 27].

Lemma A.1(d) implies that u(t) = —D.y(t) is an admissible output feedback for
(A, B,Ch, D), and by [43] the resulting system (A, B¢, C¢, DY) = (A— BD.Q1C\,
BQ2,Q1Cx,Q1D) is regular. The assumption iR C p(A) and Lemma A.3 imply
iR C p(A°), and by Lemma A.1(d) the transfer function Py () is given by P.i(iw) =
P(iw)(I + D P(iw))~! for all w € R. If w € R and if we denote R;, = R(iw, A%),
then iw — A, has a bounded inverse given by

Ri, — RinClCCASA(iw)_chO/c\lRiw RinClCCASA(Z'w)_l

Rliw, Ac) = Z (i) B.CS Ry S (i) L

provided that the Schur complement

Sa(iw) = iw — Ae + B.DCop + B.OS R(iw, A") B Cp
= iw — Ae + BeP(iw)(I + D P(iw)) ' Cep

with domain D(S4(iw)) = {2z € D(Cep) | Sa(iw)z € Z} has a bounded inverse. If
w = wy, for some n € Z, then Re P(iwy,) > 0 and assumption (3) imply that S4(iwy,)
is boundedly invertible. Thus {iwy rez C p(Ae).

Now let w € R\ {wgtrez. If ReG(iw) # 0, then I 4+ G(iw)P(iw) is invertible by
condition (2) of the theorem. By Lemma A.1(a) the same is also true if Re G(iw) > 0,
since I + G(iw)P(iw) = G(iw)(G(iw) ™! + P(iw)). Because

I+ D.P(iw) + CopaR(iw, A.) B.P(iw) = I + G(iw) P(iw),
Lemma 2.1 implies that S4(iw) has a bounded inverse
(3.2) Sa(iw)™! = R(iw, Ac) [I — BeP(iw)(I 4 G(iw) P(iw)) ™' Cep R(iw, A.)].

Thus iw € p(A,) also for all w € R\ {wg }kez. Since the semigroup T¢(t) is contractive,
the closed-loop system is strongly stable.

Finally, assume that Z C Z is finite, (A, B,Cy, D) is exponentially stable, and
sup|,,>rll R(iw, Ac)|| < oo for some R > 0. The stability and regularity of
(A, B,Cy, D) imply that the norms ||R(-, A)||, |R(:, A)B||, ||CAR(-, A)||, and [|P(:)||
are uniformly bounded on ¢R. Similarly the regularity of the controller implies that
|R(iw, Ac)ll, |R(iw, Ac)Be|l, [|CeaR(iw, Ac)ll, and ||CepR(iw, Ac)B.|| are uniformly
bounded with respect to w € R with |w| > R. If limsup,_,[|G(iw) P(iw)|| < 1
the norms || P(iw)(I + G(iw)P(iw))~!| are uniformly bounded for large |w|. On
the other hand, if n(w) 4+ d.(w) > no > 0, then Lemma A.1(b) implies || P(iw)(I +
G(iw)P(iw)) Y| < my'. Thus (3.2) implies that || R(iw, A.)| is uniformly bounded
for large |w|. Since iR C p(A.) and T.(t) is contractive, the closed-loop system is
exponentially stable. a

Remark 3.3. Condition (2) is in particular satisfied if Re G(iw) > 0 for all w €
R\ {wk}rez. Moreover, if ReG(iw) > d. > 0 for some constant d. > 0 and for all
w € R\ {wg trez, then ||P(iw)(I + G(iw)P(iw)) 1| < d;* for all w € R\ {wk }rer by
Lemma A.1(b).

The proof of Theorem 3.2 can also be adapted to show that if Re P(iw) > 0 for
all w € R, then T,(t) is strongly stable and ‘R C p(A.) even without assumption (2).
Indeed, if w € R\ {wg }rez and Re P(iw) > 0, then Lemma A.1(a) implies that P(iw)
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and I + G(iw)P(iw) = (P(iw) "'+ G(iw))P(iw) are boundedly invertible, and S (iw)
has the bounded inverse given by the formula (3.2). Thus we again have iw € p(A.).
Lemma A.1(b) also shows that if n(w) > 0 is such that Re P(iw) > n(w) > 0, then
[P (iw)(I + G(iw)P(iw)) | < n(w) ™| P(iw)]|*.

The following lemma provides a sufficient condition for the assumption (3) in
Theorem 3.2 for isolated spectral points under a suitable observability property.

LEMMA 3.4. Assume (Ac, Be, Cen, D.) is passive with D, > 0. Assume further
that iwy, € o(Ac) is an isolated spectral point and A. has a spectral decomposition
A, = AY + AS according to Z = N (iwx, — Ac) © N (iwy — Ae)L so that iwy € p(AS),
and there exists v > 0 such that ||Ceaz|| > 72| for all z € N(iwx, — A.). Then
iwy, € p(Ae — BeDo(I + D.Do)~tC.p) for any Do € L(U) with Re Dy > 0.

Proof. Let Dy € L(U) be such that Re Dy > dyp > 0 and denote D; = Do(I +
D.Dy)~t. Due to the passivity of (A¢, Be, Cen, D.) and [5, Cor. 4.3.2] we have iwy, €
0(Ac — BcD1C¢p) provided that ||(iwy — Ac + BcD1Cen)z|| > c||z]|| for some constant
¢>0and for all z € D(A.—B:.D1Ccp) C Zp,. Let z € D(A.— B.D1C.p) and denote
y = (iwg — Ac + BeD1Cep)z. The passivity of (Ae, Be, Cep, D) implies

Re(y,z) = —Re{Acz + Bo(—D1Cepz2), 2) > Re(Cenz — DeD1Cepz, D1Cep 2)
= Re((I+D.Do) ' Cepnz, Do(I+ DeDo) " Cepnz) > do||I + DeDol|2||Cenz||*

Thus [|Ceaz||® < ||2|lllyll. Write 2 = z¥ + 2¢ according to the decomposition Z =
N(iwy — Ae) @ N(iwy, — A)*. If we apply Ry = R(iwy, + 1, A.) to both sides of
y = (iw, — Ae + BeD1Cep)z and use Ry2* € N(iwy, — A.) we obtain

(33) (iwk — Ag)RlzC = Rly — RlBCchcAZ.

Since R1B. € L(U, Z) and iwy — AS is boundedly invertible by assumption, we have
[Ryzel? < [[(iwr — ADR1z¢|* S Mlyll* + [|Cenzl? < lyl* + I2llyll. Moreover, (iwi —
ARz = z° — Ry12° and ||2°]| < ||z|| together with (3.3) further imply

121> = | R1z° + Ray — RiBeD1Conz||?
SRz + Iyl + 1Cenzl1? S Mlwll” + 121wl
[[Cenz®||? = [|CeaRa(2° + y) — CenR1B.D1Cep 2|
S22+ Myl + 1Cenzl” S Nylli® + Nz lllyll-

Finally, since szllj < Cen2® (1P < 772 (ICeaz ) + [ICen2?l®) < Iyl + lzIHyll,
we have [[2]|* = [[2%]1* + [|2°]* < lly]]* + [z ]|y, and thus also [|z]| < [y 0

3.2. Exponential stability. The following theorem presents sufficient condi-
tions for exponential stability of the closed-loop system. The transfer function P(iw)
is allowed to be noninvertible for some values w € R (i.e., the system (A, B, Cx, D)
may have “transmission zeros” on iR), but such points must be uniformly disjoint
from the spectrum of A.. It should be noted that the result also remains valid if
the conditions are satisfied for Q@ = R. Condition (2) is in particular satisfied if
Re G(iw) > d. > 0 for some constant d. > 0 and for all w € R\ Q. Here exponential
stabilizability and exponential detectability of a regular linear system are defined as
in [34, Defs. 1.4-1.5] and [44, sec. III].

THEOREM 3.5. Assume (A, B,Cy, D) is passive and exponentially stable, Re D >
0, and there exist @ C R and n9 > 0 such that Re P(iw) > 1o > 0 for all w € Q.
Moreover, assume (Ac, Be, Cen, D) is passive, D. > 0, and the following hold:
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(1) o(Ac) NiR CiQ and sup,ep ol R(iw, Ac)|| < oo.

(2) Let n(-),de(r) : R\ Q — [0,1] be such that Re P(iw) > n(w) > 0 and
ReG(iw) > dc(w) > 0 for all w € R\ . Assume there exist 0 < 6 < 1
and m > 0 such that for each w € R\ Q either |G(iw)P(iw)|| < 6 < 1 or
N(w) + de(w) > > 0.

(3) The system (A, B, Cep, D.) is exponentially stabilizable and detectable.

Then the closed-loop system is exponentially stable.

Proof. Our aim is to show iR C p(A.) and sup,cg||R(iw, Ac)|| < oco. First let
w € R\ Q. The proof of Theorem 3.2 shows that S4(iw) has an inverse

Sa(iw)™" = R(iw, Ac) [I — B.P(iw)(I + G(iw)P(iw)) ' Cep R(iw, Ac)].

If |G(iw)P(iw)|| < 6 < 1, then || P(iw)(I + G(iw)P(iw)) Y| < [|[P(iw)| /(1 — §), and
if n(w) + de(w) > m > 0, Lemma A.1(b) implies ||P(iw)(I + G(iw)P(iw))~t| <
ny  max{1, | P(iw)|}. Assumption (1) and the admissiblity of B, and C. imply iR \
i) C p(Ae) and sup,,cp\ o R(iw, Ae)| < oco.

It remains to consider w € 2. We decompose D into two parts D = uD+vD with
1€ (0,1) and v =1 — p in such a way that the first part stabilizes (A., Be, Cen, De)
exponentially and the second part can be used to show closed-loop stability. Indeed,
for any p € (0,1) the transfer function of the system (A%, B¥, C¥, , D*) obtained from
(Ac, Be, Cep, D) with the admissible output feedback wu.(t ) = —uDyc(t) is given by
G\)(I+uDG(X))~L. Since Re D > 0, this transfer function is uniformly bounded on
C4 by Lemma A.1(b), and since (A#, B¥,C", , D¥) is exponentially stabilizable and
detectable due to assumption (3), the semigroup generated by A# is exponentially
stable [34, Cor. 1.8].

For all sufficiently small y € (0,1) the transfer function P, (A) of (A, B,Cy,vD)
satisfies Re P, (iw) > 79 > 0 for some constant 7y > 0 and for all w € Q. Since
D¥ = D.(I + pDD,.)~!, Lemmas A.1 and A.2 imply that we can choose u € (0,1)
so that I +vDD¥ and I + P, (iw)D¥# for all w €  are invertible, and sup,,cq|/(I +
P, (iw)D*)7Y|| < oco. Thus u(t) = —DHy(t) is an admissible output feedback for
(A, B,Ca,vD). Denoting the resulting regular linear system with (A*, B*, C\, D) =
(A — BDHQECK, BQY,QECA, vQE D), where QY = (I + vDD#*)~1 and Qf = (I +
vD!D)™1 we can write

L _[A-BDrQiCy  BQLCY,
—BIQ5Cy Al —vBEQEDCLy

oA BrC*,
~|-BECY  AM — BEDRCE |
Similarly as in Lemma A.3 we can show that sup,,cq||R(iw, A*)|| < co and the transfer
function of (A*, B*,CK, D*) satisfies P, (iw) = P, (iw)(I+ D! P, (iw))~" for all w € Q.
The transfer function of (A#, B, C*,, Dé‘) is denoted by GH(\).

Let w € Q. If we denote wa = R(iw, A"), then iw — A, has a bounded inverse

Rl 40 = [P~ PLBICAS G BRCRRE, LB i)
— 5 (iw) " BECY R, S’ (iw)
provided that the Schur complement
Sh(iw) = iw — A¥ + B¥DH*C", + B*CY R(iw, A*)B*C"!,
= iw — A* 4+ B#P,(iw)(I + D" P, (iw)) "' C*,

has a bounded inverse. If S% (iw) is boundedly invertible for all w € €, then the reg-
ularity of (A*, B*, C\, D*) and sup,,¢q|| R(iw, A")|| < oo imply sup,,cql|R(iw, Ac)|| <
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0 provided that [|S% (iw) Ll [|5% i)~ BE |, [CFy 8% () 1], and [[C¥y 8% i) 1 BY|
are uniformly bounded with respect to w € Q.

Let w € Q be arbitrary. Since Re P, (iw) > 7jo > 0 and Re G*(iw) > 0, Lemma A.1
implies that P, (iw) and I+G* (iw) P, (iw) = (P, (iw) "'+ G*(iw)) P, (iw) are boundedly
invertible. Therefore the same is true for

I+ D!P,(iw) + C* R(iw, A¥)B" P, (iw) = I + G*(iw) P, (iw).
Lemma 2.1 implies that S (iw) has a bounded inverse
54 (iw) ™! = R(iw, A¥)[I — B*P,(iw)(I + G*(iw) P, (iw)) ' C¥\ R(iw, A)],

where || P, (iw)(I + G*(iw)P,(iw)) || < ||P,(iw)||?/fo. Thus iw € p(Ac). Since
supyerl| Py (iw)|] < co and (A¥, B¥, C*, , D¥) is regular and exponentially stable, the
norms |57 (i) 1, [} 9% (i)~ BE |, €S i) 1], and || €2 5% (ico) " B e uni-
formly bounded with respect to w € €. This further implies that sup,,cq||R(iw, Ae)|| <
00, and the closed-loop system is exponentially stable. a

Since both (A, B,Cy, D) and (A, Be, Cen, D.) are exponentially stabilizable in
Theorem 3.5, the exponential closed-loop stability could alternatively be studied us-
ing [44, Prop. 4.6].

3.3. Nonuniform closed-loop stability. In this section we introduce condi-
tions for polynomial and nonuniform stability of the closed-loop system in the case
where A, is diagonal. In addition, our main result can be used as an alternative
to Theorem 3.5 in showing exponential closed-loop stability. The closed-loop system
is said to be nonuniformly stable when T, () is uniformly bounded and iR C p(A.)
but the norms ||R(iw, A¢)|| are not bounded with respect to w € R. If Mg(-) is a
continuous nondecreasing function such that ||R(iw, A.)|| < Mg(|w|), then there exist
M., c,ty > 0 such that

M,
4 Te(t)zeo|| < ———|| Aecze Vzeo € D(Ae), t > to,
(3.4) [ Te(t)zeoll MT(t)II Teo | Teo € D(Ae) 0

where the continuous nondecreasing function Mp(-) : [0,00) — (0, 00) is determined
by the results in [7, 8, 36]. In particular, if Mg(w) < 14 w® for some a > 0, we can
choose Mr(t) =t/ [8], and if Mr(w) < 1+ e for some a > 0, then we can choose
My (t) =log(t)/a [7, Ex. 1.6].

In this section we assume (A, B¢, Cep, D.) is regular and passive with D, > 0
on a Hilbert space Z = @7 Zk with norm |[(zx)xl|% = Y pezllzllZ, , where Zj, are
Hilbert and Z C Z is infinite. We assume A, has the structure

D ozl < OO},

(3.5) A, = diag(iwklzk)kez, D(Ac) = {(Zk)k ez
kel

where wy, # w; for k # | and {wg }r has no finite accumulation points. Since A, is
skew-adjoint, the operators B, € L(Y,Z_1) and C. € L(Z;,Y) are formally adjoint,
ie., (Beu,z)—1,1 = (u,Cez) for all z € D(A.) and v € Y, and thus

B.u = (Bepu)ker, and Cez = Z Blzk, 2= (zk)kez € D(Ac)
kel

for some B, € L(Y, Z),). Our main result uses wavepackets of A. [39, sec. 6.9].
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DEFINITION 3.6. Let w € R and 6 > 0. An element z = (2p)rez € Z is a
(w, §)-wavepacket of A, if zp = 0 for those k € T for which |w — wg| > 4.

The following theorem is the main result of this section. The role of Q. C R
is to show that only the behavior of Re P(iw) near o(A.) = {iwg}rez affects the
asymptotic growth of | R(iw, Ae)||. By [28, Cor. 2.17] §(-) and () can be chosen as
constant functions if and only if (4., B.) is exactly controllable. The assumption that
Mpg() : [0,00) — (0,00) has “positive increase” means that there exists o, ¢,wg > 0
such that Mp(Aw) > cA*Mp(w) for all A > 0 and w > wp [36, sec. 2], and this
condition is in particular satisfied if Mg(-) grows polynomially or exponentially. The
estimation of ||S4(iw)~!|| in the proof extends techniques developed in [12].

THEOREM 3.7. Assume (A, B,Ca, D) is passive and exponentially stable and the
system (Ac, Be, Cen, D) is passive with A, of form (3.5) and D, > 0. Assume further
that condition (2) of Theorem 3.5 is satisfied for @ = Q. == {w e R | Ik € T :
|w—wg| < &} with some € > 0 and that there exist continuous nonincreasing functions
7(-),0(:),v(-) : Ry — (0, 1] with the following properties:

e Re P(iw) > n(Jw|) for all w € Q..
o |Cez|| = v(Jw|)||2]| for every w € R and every (w, §(|w|))-wavepacket z of A..
Then T,(t) is strongly stable, iR C p(A.), and

|R(iw, Ac)|| < Mr(lwl),  where Mg() = Mon(-)~y(-)726()~?

for some My > 0. Moreover, the following hold:
(a) If sup,soMg(w) < oo, then T.(t) is exponentially stable.
(b) If Mg(:) is strictly increasing and has positive increase, then (3.4) holds with
Mr(t) = Mp'(ct) for some constants My, c,to > 0.
(¢c) For all other Mg(-), (3.4) holds with Mr(t) = Mlggl (ct) for some M., c,tog >0,
where Miog(w) = Mp(w) (log(1 + Mg(w)) + log(1 + w)) for w > 0.

Proof. By Theorem 3.2 and Lemma 3.4 the closed-loop system is strongly stable
and iR C p(Ae). Once we show ||R(iw, Ae)|| < Mgr(Jw|) the stability properties of
the closed-loop system follow from the characterization of exponential stability (part
(a)), from [36, Thm. 1.1] (part (b)), and from [7, Thm. 1.5] (part (c)).

Since (A, B, C¢, D) is regular and exponentially stable by Lemma A.3, we
have from the proof of Theorem 3.2 that

IR (i, Ae)ll S max{||Sa(iw) " (I, [1Sa(iw) ™ Bell, [|CenSaliw) ™ I, [ CenSalicw) ™  Bell}

for w € R, where Sa(iw) = iw — Ac + B.Py(iw)Cep and Py(iw) = P(iw)(I +
D.P(iw))~!. Moreover, (3.2) and our assumptions imply SUp,er\0, || R(iw, Ae)|| < o0
similarly as in the proof of Theorem 3.5. Thus it is sufficient to show that for each
w € Q¢ the norms ||S4(iw) ™|, [|Sa(iw) B, |CeaSa(iw) ||, [|CenSaliw) 1 B.||
are bounded by Mg(|wl|) for some constant My > 0.

We begin by showing [|CeaSa(iw) ' Be| < Mg(|Jw|). Formula (3.2) implies that
for all w € Q. \ {wk }x

CeaSa(iw) ' Be = CeaR(iw, Ao) B [I — (I + P(iw)G(iw)) ' P(iw)Cep R(iw, A.) B,
= (G(iw) — D)(I + P(iw)G(iw)) (I + P(iw)D,).

Since Re P(iw) > 0 and Re G(iw) > 0, I + P(iw)G(iw) = P(iw)(P(iw) "t + G(iw)) is
boundedly invertible by Lemma A.1(a). If we denote Q(iw) = (I + P(iw)G(iw))~1,
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the above formula and stability of (A, B, Cy, D) implies
[CeaSa(iw) Bell = [[(G(iw) — De)Q(iw)(I + P(iw) De)[| S |G (iw)Q(iw) || + [ Q(iw) |-

Here ||G(iw)Q(iw)|| < n(Jw])~! by Lemma A.1(b). We claim that ||Q(iw)|| < n(|w|)~!
for w € Q. \ {wr}rez. If this is not true, then (considering Q(iw)*) there exist
sequences (sp)n C Qc \ {wk}x and (uy), CY with [Ju,|| = 1 such that n(|s,|) = (I +
G(i8y)*P(isn)*)un| — 0 as n — oo. Since sup,,cp||P(iw)| < oo, we have that also

; 185,)F 25, ) s ) u Re<P(ZSH)un;un>
0« n(|sn|)Re<(I+G( ) P(i5p) Ytn, P(isn) upn) > oToD

as n — 0o, which is impossible since 1(|s,,|) "t Re(P(isy, )un, un) > 1 by assumption.
This contradiction shows that the claim holds. Thus ||CepSa(iw) 1 Be|| < n(|w|)~! <
Mpg(Jwl|) for some My > 0 and for all w € Q. \ {wg}x, and by continuity the same
estimate holds for every w € Q..

To estimate the norms ||S4(iw) ||, [|Sa(iw) "1 B.|l, [|CeaSa(iw)™t|, let w € Q.
with |w| > 1 and define P, s = diag(frlz,)kez € L(Z), where f; = 1 for those
k € T for which |w — wg| < d(|lw]) and By = 0 otherwise. The operator F, s is a
spectral projection of A, associated to the part {iwg}r N (iw — i6(|w]), iw + 16(Jw]))
of its spectrum and P, sz is a (w,d(|w|))-wavepacket of A, for every z € Z. Let
u € Y and y € Z be arbitrary and define z = Sa(iw) Y (B.u +y) € Zp,, ie.,
(iw — Ac 4+ BePy(iw)Cen)z = Bou + y.

Define zg = P, 52, 2c = 2 — 20, Yo = Po.sY, Yo = y — yo. Similarly decompose
Ao =A%+ A, B. = BY+ B¢, and Cep = CO+C%,, where A2 = A P, 5, B = P, 5B.
and C? = C.P, 5. The diagonal structure of A, and the decompositions imply

(iw — AQ)ze = Yo + Bi(u — Py (iw)Cep 2)
= z.= R(iw, AD)y. + R(iw, AL)BS(u — Puy(iw)Cenz)
=  Cerze = CopR(iw, AD)ye + Gociw) (u — Py (iw)Cep2),

where we have denoted Go.(iw) = CS\R(iw, AS)BS. The system (A, BS,CS,) is
regular and due to the diagonal structure of A, we have ||R(iw, AS)| < o(|w|)~t.
The resolvent identity R(iw, AS) = R(iw + 1, A%) + R(iw, AS)R(iw + 1, AS) and the
admissibility of BS and C¢ further imply

IR (iw, ADBEN < 6(jwD) ™, CeaR(iw, AD| S 0w, [|Gocliw)]| < 6(lw) ™"

Since 2 is a (w, §(|w|))-wavepacket, we have also ||2g]| < v(|w|)~!||Cez0]|. The above
expressions for z. and Cep 2. together with C.zg = Cepz2—Cenze and sup,cpl| Pe(is)|| <
oo (Lemma A.2) therefore imply

121 = llzel® + llz0ll* < [lzel® +v(Jwl) 7| Cezol®
S zell® + (w72 Cenzl|® + (w72 Cenze ]l
< (IR iw, ADI* + () "I CeaR(iw, AD ) lyell® + 7 (|w]) 7| Cenz|®
+ (IR (iw, AD) BEN 4+ ~(|w]) 21 Goe (i) [1?) ([[ull® + | Per (i) 1| Cenz|?)
S (w720 (wh) 72 Iyl + llul® + | Ceazl?).
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First let u = 0 to estimate ||.S4(iw) | and ||CepSa(iw)~t||. Then z = Sa(iw)y €
D(S4(iw)). The passivity of (A., Be, Cep, D.) implies
Re(y,z) = —Re{Acz + Be(—Pu(iw)Cenz), 2)
> Re(Cepz — D Py (iw)Cep z, Pey(iw)Cep 2)
= Re((I + D.P(iw)) *Cepz, P(iw)(I + D P(iw)) *Cep 2)

e n(|wl)
> n(lw|)||I + DeP(iw)||~?||Cenz|* > 2 [Cenz])?,
P

where Mp = 1 + [|Dc|| sup,cg [ P(iw)|| < oo, and thus [|Cepz]|* S n(lw])~|[2[lllyll
The above estimate for ||z]|? (again with u = 0) together with the scalar inequality
2ab < ea?® + b? /e for € > 0 implies

1211 < v(w)) 726 (w]) "2 (lylI* + [Ceazl|®)
S () 728w D 2 Iyl + n(lw)) "My (WD =28 (wh) "2 2]yl
_ _ € 1 _ _ _
< y(lwD 728 (wh) 2yl + §||Z||2+ 221(Iwl) y(lwh) o (wl)  lyll
Letting € > 0 be small shows that ||z < n(|w|)~ v(Jw])~26(Jw])~2|ly||. Since y € Z

was arbitrary, we have that ||S4(iw) || < Mg(|w|) for some My > 0. Moreover, our
earlier estimate ||Ceaz||? < n(lw|)~t|2]/|ly]| further implies

1CenSaliw) ™ yl* = Ceazl* < nllwD ™ Iyl < n(lwh) "y (w) 2o ()~ [lyll?,

and thus [|CeaSa(iw) ™ < n(lw]) "y (Jw)) ~é(Jw]) ™t < Mp(|wl|) for some My > 0.

Finally, to estimate ||Sa(iw) ™' Be||, let y = 0 and let u € Y be arbitrary. Now we
have z = S4(iw) ' B.u, and thus ||Cepz|| = ||CeaSa(iw)Beul| < n(lw|)~Y|ul| due to
our earlier estimate. Because of this, we also have

1S a(iw) ™" Beull* = [12]1* < v(lwl) 728 (lwl) 7 (lul® + | Cenz1?)
S (W) 728 (lwl) 72 (1 + n(lw) ) ul?
and thus [|Sa(iw) ' Be|| < n(|w)) 'y (lw])7*0(|w|) ™! < Mg(|Jw|) for some My > 0. O

In the case where X = {0}, A=0€ L(X), B=0€ L(U,X),C=0¢€ L(X,U),
and D = I € L(U) the operator S4(iw) reduces to iw — A, + B.(I + D;)"'Cea. This
way Theorem 3.7 can also be used to study the nonuniform stability of semigroups
generated by operators of the form A, — B.B; and A. — B.(I + D.)"'C.x. This topic
is considered in detail in [12].

Remark 3.8. Assume {wy, }rez has a uniform gap, i.e., infj4|wi —wi| > 0, and 7 :
R4 — (0, 1] is a continuous nonincreasing function such that inf,,~o5(w+do)/5(w) > 0
for some 0 < &y < min{l, §infyz|wp — wi} (so that 5(-) does not decrease too
rapidly). If ||Bl.zkll > F(|lwk|)||zk]| for all & € Z and 2z, € Z, then there exists a
constant 0 < ¢ < 1 for which the functions v(-) = ¢¥(-) and () = 9 > 0 are such
that ||Cez|| > v(Jw])||z|| for every w € R and every (w, d(|w]|))-wavepacket z of A..

4. The robust output regulation problem. We will now turn our attention
to constructing passive controllers of the form (1.4) to achieve robust output tracking
and disturbance rejection for a passive regular linear system (2.1). We assume the
reference signal y.¢(t) and the disturbance signal wg;s:(t) are of the form

(4.1) Yret(1) = ) ypepe™*’ and  waise(t) = ) wiigpe™**
f f
kex keT
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with a given set {wg}rez C R of distinct frequencies with no finite accumulation
points, and {y¥ trer C Y and {wh,Ivezr C Us. We use the notation wes(t) =
(Waist (), Yrep ()T and wk,, = (w’;ist,yfef)T. We consider yper(t) and wgis (t) with
both finite and infinite number of frequency components, and these two classes of sig-
nals are treated separately. The latter situation is encountered in tracking and rejec-
tion of nonsmooth periodic signals [24]. If 7 is infinite, we assume (yffcf) kez € 1(Z;Y)
and (wgist)kel— € (Y(Z;Uy), which imply that y,ef(t) and wgst(t) are uniformly con-
tinuous almost periodic functions [5, Def. 4.5.6]. In the case of real-valued y,.f(t) and
waist (t) we have tw,, € {wy}rer for all n € 7.

We make the following standing assumption on the system (2.1). Here Pg()\)
is the transfer function of the system (A%, BY,C¥, D?) obtained from (2.1) with
admissible output feedback u(t) = —D.oy(t) with D.y > 0. It should be noted that
Assumption 4.1 is satisfied for some Do > 0 for which {iwy.}1, C p(A®) if and only if
it is satisfied for all D.o > 0 with this property. In particular, if iwy € p(A) for some
k € Z, then Pg(iwy) is invertible if and only if P(iwy) is invertible.

Assumption 4.1. There exists Dy > 0 such that iw, € p(A%) and Ps(iwy) is
boundedly invertible for all k € Z.

We define the regulation error as e(t) = yrp(t) — y(t). Our aim is to choose
(Ae, Be, Cep, D) in such a way that e(t) converges to zero in a suitable sense as
t — 00. The closed-loop system consisting of (2.1) and the controller (1.4) with state
2e(t) = (2(t), 2(t))T on X, = X x Z is of the form

(4.2a) Ze(t) = Aee(t) + Bewegt (1), 2.(0) = ze0 = (0, 20)7 € X,
(42b) e(t) - Cexe (t) + Dewczt(t)a

where wezt(t) = (Waist (), Yref (t))T. If we denote @1 = (I + DD.)~! and Q2 =
(I + D.D)~!, then A, and D(A,) are as in (3.1) and

b [5 O1 - Lae anc. n-b o)

The following result shows that the closed-loop system is a regular linear system.
The result also holds whenever Re D, > 0 and I + DD, is invertible.

LEMMA 4.2. The closed-loop system (4.2) is reqular and A. in (3.1) generates a
contraction semigroup.

Proof. Consider the regular linear system

A 0 B Bgs 0 Chn O D 0 0
0 Ac|’|0 0 Be|’|0 Cea|l’|0 0 D.|)"
The closed-loop system (4.2) is obtained from the above system with output feedback

with K = [ 181 é} , which is an admissible feedback operator since I+ D D, is boundedly

invertible by Lemma A.1(d). Thus (4.2) is regular [43].

Since A, generates a semigroup T, (t) on X, the Lumer—Phillips Theorem implies
that T, (t) is contactive if A, is dissipative. The estimates Re(Ax+ Bu,z) < Re{(Cprz+
Du,u) and Re(A.z + B.y,2) < Re(Cepz + D.y,y) and a direct computation show
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that for any z. = (z,2)T € D(A.) we have

Re(Acxe,xe) = Re(Ax + BQ2(—D.Crx + Cepz), x)
+ Re(Acz + B.Q1(—Chrx — DCop2), 2)
< Re(CAa: + DQQ(—DCCAQJ + OCAZ), Qz(—DCCAQJ + CCAZ)>
+ Re(Cepnz + DeQ1(—Crx — DCopz), Q1(—Crz — DCepz)) =0,

and thus A, is dissipative. a

In the following we define the robust output regulation problem for the regular
linear system (2.1). In the problem we consider perturbations for which the perturbed
system (fl, [B , Bd], Ca, D) and the perturbed closed-loop system remain regular. The
robustness of the controller also implies that output tracking and disturbance rejection
are achieved even if the operators B., C., and D. of the controller are perturbed
or approximated in such a way that the closed-loop stability is preserved and the
additional conditions on the perturbations stated in section 5 are satisfied.

The robust output regulation problem. Choose (A., B, Cen, D.) in such a
way that the following are satisfied:

(a) The semigroup T.(t) generated by A, is strongly stable.

(b) For the reference and disturbance signals of the form (4.1) and for all initial
states xeg € X, the regulation error satisfies

t+1
(4.3) / le(s)[lds — 0 as t— oo,
t

(¢) If (A, B, Bq,Ca, D) are perturbed to (A, B, By, Cy, D) in such a way that the
perturbed closed-loop system is strongly stable, then for the signals (4.1) and
for all initial states xeo € X, the regulation error satisfies (4.3).

It follows from the results in [30, sec. 3] that if the closed-loop system is expo-
nentially stable, then convergence in (4.3) is uniformly exponentially fast, i.e., there
exist M., > 0 such that j;tHHe(s)Hds < Mee ! (||lzeo|| + 1) for all zp € Xe. If
the input and output operators of the system and the controller are bounded, then
the error convergences pointwise, i.e., [|y(t) — yref (t)|] — 0 as t — oo, and the rate is
exponential if T, (t) is exponentially stable.

5. Passive controllers for robust output regulation. The controller con-
structions in this section are based on the internal model principle [17, 31, 32], which
implies that a controller solves the robust output regulation problem provided that its
dynamics contain a suitable number of copies of the frequencies {wy }rez of the sig-
nals (4.1) and the closed-loop system is stable. If dimY < oo, then (A., Be, Cea, D¢)
contains an internal model of the signals (4.1) if [30, Thm. 13]

dimN(iwg — Ae) > dimY  VkeZ.

In the case of an infinite-dimensional output space, the controller contains an internal
model if [30, Thm. 13]

(5.1a) R(iwy, — Ac) NR(B.) = {0} Vk € T,
(5.1b) N(B.) = {0}.

We consider three different situations: In section 5.1 we construct a finite-di-
mensional robust controller for a strongly stabilizable system (2.1). If (A, B, Ca, D)



STABILITY AND ROBUST REGULATION OF PASSIVE SYSTEMS 3841

is exponentially stabilizable, then the convergence of the error is exponentially fast.
In section 5.2 we design a robust controller to track and reject nonsmooth 7-periodic
reference signals. The controller is based on a periodic transport equation and achieves
exponential closed-loop stability if the system (2.1) is exponentially stabilizable and
satisfies Re P(iw) > n > 0 for some constant n > 0 near the points wy = @
for k € Z. In section 5.3 we design an infinite-dimensional robust controller for
nonsmooth signals (4.1) with a general set of frequencies {wg}rez. In general, the
closed-loop system cannot be stabilized exponentially, and we introduce conditions
for nonuniform subexponential rates of convergence of the output.

In the constructions we choose the feedthrough of the controller to have the form
D. = D + Do, where Do > 0 is used to prestabilize the system (A4, B,Cy, D). We
assume that the system (A%, BY,C¥, D%) = (A — BDQ7Ch, BQ3,Q7Ca, Q5 D),
where Q7 = (I + DD.)~" and Q5 = (I + D.2D)™! obtained from (2.1) with the
output feedback u(t) = —Dgoy(t), is either strongly or exponentially stable. Its
transfer function is denoted by Ps(A). The passivity of (A4, B,Ca, D) implies that
also (A%, B%,C%, D¥) is passive.

5.1. A robust finite-dimensional controller. In this section we assume the
signals (4.1) contain a finite number of frequencies {wy}7_;, i.e., T ={1,...,q}. The
controller parameters are chosen in the following way.

DEFINITION 5.1. Choose Z =Y 7 and
A. = diag (iwily, ..., iwgly) € L(Z),

where Iy is the identity operator on Y. Choose C. € L(Z,Y) of the form C.z =
Yot Copzi for z = (2)i_, € Z so that Cer, € L(Y') are boundedly invertible for all
k, choose B, = C}, and choose D, = D 1+ Dy with D¢y > 0. Finally, choose D¢y > 0
in such a way that (A%, BS,C%, D%) is passive and strongly stable with iR C p(A%).

In the case where Y and Uy are real spaces and wgis¢(-) and yref(-) real-valued

functions we have {wi}i_; = {0, 2w1,...,twy } or {wp}{_; = {£wi,...,twy} for
some wr, ...,wq > 0. In this case the controller can be chosen to be real by choosing
(Jo is omitted if 0 ¢ {wr}i_;)
A, = diag (Jo, J1r- o dy)s Jo=0€L(Y), Jo=| O @by
C ) Yyt q ) ) _wkIY 0 )

) €EZ = Y24+ where
C.r € L(Y) are boundedly invertible for 0 < k < ¢/, B. = C¥, and D. > 0 is as in
Definition 5.1. This controller is passive and it will achieve robust output regulation
by Theorem 5.2 due to the fact that under the similarity transform

1

. Iy I
V = diag(Iy, Vi, ..., Vy), Vk:ﬁ{i;; _Z.L]

the system (V*A.V,V*B.,C.V, D.) is of the form given in Definition 5.1.
THEOREM 5.2. The controller in Definition 5.1 solves the robust output regulation
problem. The closed-loop system is strongly stable and iR C p(A.).

If (A%, B%,C%, D%) is exponentially stable, then also the closed-loop system is
exponentially stable and for any yref(t) and was(t) there exist Me, o > 0 such that

/
q 1 1,2 1,2
and Cc = Ceozo + Dy Cerzj, for z = (20, 21,21, -+, 2415 2

t+1
/ le(s)llds < Moe=(||ze|| + 1)  ¥aeo € X..
t
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In both cases the controller is robust with respect to all perturbations that preserve

the stability of the closed-loop system and for which iR C p(Ae).

Proof. The controller (A., B¢, Ce, D.1) is passive and its transfer function G(A)
satisfies Re G(iw) = D¢y > 0 for all w € R\ {wx}j_;. The operators (A, B.) sat-
isfy (5.1). Indeed, the injectivity of B, in (5.1b) follows directly from the fact that
the components C%, of B, are boundedly invertible by assumption. Condition (5.1a)
can be verified using the diagonal structure of A, and the invertibility of C,.

To prove closed-loop stability, we apply Theorem 3.2 to (A%, BS,C%, D®) and
(A¢y Be, Cey Deq). Condition (2) of the theorem is satisfied since for any w € R\
{wi}?_, we have Re G(iw) = Re(C.R(iw, Ac)Be + De1) = D¢y > 0, and condition (3)
is satisfied by Lemma 3.4 since Ci are invertible. Thus the strong and exponential
closed-loop stabilities follow from Theorem 3.2. Finally, the conclusion that the con-
troller solves the robust output regulation problem follows from [30, Thm. 13]. The
results in [30] are presented for controllers with D, = 0, but they are applicable since
D, > 0 can be written as an output feedback for the system (2.1) without changing
the properties of the closed-loop system. Moreover, the results are presented for an
infinite set {wg }rez, but they also apply trivially when Z is finite. O

PROPOSITION 5.3. The requlation error in Theorem 5.2 converges pointwise, i.e.,
lle(®)]| = 0 ast — oo for all initial states xeo € Xe satisfying Aexeo+ Beweqst(0) € Xe.
If the closed-loop system is exponentially stable, then for all yref(t) and wast(t) there
exist M., > 0 such that

le@®) < Mee_at(HAeer + Bewert(0)[| + 1)

for all xeo € X, satisfying Aeep + Bewest(0) € Xe.

The proof of Proposition 5.3 is based on the following technical lemma, which is
also used later in the following sections. The assumptions on H are automatically
satisfied if Z is finite, or if the closed-loop system is exponentially stable. In the
latter case the property Hv € D(Cea) can be verified similarly as in the proof of
Theorem 5.11.

LEMMA 5.4. Assume the controller solves the robust output regulation problem
and yref(t) and waisi(t) are such that for some fized (fx)x € ¢*(C) the operator H :
D(H) C (*(C) — X, defined by Hv = 3", .7 fi ' R(iwk, Ae) Bewk op for v = (vp,)i
satisfies H € L(0?(C), X.) and Hv € D(Cep) for allv € £%(C). If yref(t) and wgis(t)
are such that the series

(5.2) Qext = Zika(iwk, A.)Bewk,,
keZ

converges in X., then for all zep € X, satisfying Acxeo + Bewest(0) € X and for
almost all t > 0 we have

e(t) = CeATe(t)Agl(AefeO + Bewemt(o) - Qewt)~

Proof. It follows from the properties of H and the results in [30] that for every
ZTep € X and almost all ¢ > 0 the regulation error is given by

e(t) = ConTu(t) (xeo — Y R(iw, Ae)Bew’gﬂ> :

kel
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If Aceo + Beweqt(0) € X, then a direct computation and gert € X, show

Ae Z R(iwy, Ae)B wem = lekR (iwg, Ae)Bewﬁzt — Beweat (0),
keZ kel

which implies the claim. a

Proof of Proposition 5.3. Since Z is finite, the conditions of Lemma 5.4 are sat-
isfied. If 2.0 € X, is such that A.2eo + Bewest(0) € X,, then the estimate [le(t)]| <
|CA AT I Te () ||| Aeeo + Beweat (0) — ezt || implies both claims of the proposition. O

The following sufficient condition for A.zeo + Beweqst(0) € X, follows directly
from the structures of A. and B.. Later in section 5.4 the same condition implies a
nonuniform decay rate for the regulation error.

LEMMA 5.5. If B, € L(U,X), C. € L(X,Y), and wgist(0) = 0, then Acxeo +
Beweys(0) € X, is satisfied for xoo = (x0,20)T € D(A) x D(A.) if Cezog = D.(Cxg —
Yref(0))-

5.2. A robust controller for m-periodic signals. In this section we will con-
struct a regular linear controller that achieves exponentially fast output regulation of
T-periodic reference and disturbance signals. The controller structure is based on a
shift semigroup with periodic boundary conditions and is related to controllers con-
structed in [21, 45, 23]. We assume that dimY = p < oo and that Y. (t) and wais: (t)
are T-periodic functions, i.e., Z = Z and {wg }rez = {Q’J—k}kez.

DEFINITION 5.6. Choose the controller as

(5.3a) zt(€,t) = 2(, 1), £e(0,7), t>0,

(5.3b) 2(-,0) = zo(+) € L*(0,; CP),

(5.3¢) e(t)=2" 1/2( (1,t) — 2(0,1)),

(5.3d) u(t) = 272 (2(1,t) + 2(0,t)) + (Der + Deo)e(t),

where z(&,t) = (21(&,t),...,2p(&,t))T and Dy > 0. Choose Deo > 0 in such a way
that (A%, BS,C%, D®) is passive and exponentially stable.

To achieve closed-loop stability, we also assume that Re Pg(iwy) > n > 0 for some
constant > 0 and for all £ € Z. If this condition is not satisfied, then exponential
closed-loop stability is unachievable, but strong closed-loop stability can be studied
using Theorem 5.11 in the next section.

THEOREM 5.7. Let yref(t) and wais(t) be as in (4.1) with wy = 2’;—’“ for some
7 > 0. Assume there exist n,e > 0 such that Re Ps(iw) >n >0 forw € Q. = {w €
R|3k€Z:|w—wy <e}, and ReD > 0. Then the controller in Definition 5.6
solves the robust output regulation problem in such a way that the closed-loop system
is exponentially stable, and there exist M., > 0 such that

t+1
/ le(s)llds < Moe=(||ze|| + 1) ¥aeo € X..
t

The controller is robust with respect to all perturbations that preserve the exponential

closed-loop stability, and for which u(t) = —Deoy(t) remains an admissible output
feedback and {iwy}rez C p(A?).
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Proof. The controller in Definition 5.6 consists of p = dimY independent one-
dimensional periodic transport equations with boundary control and observation and
an additional feedthrough (D1 + Dc2)e(t). The system (5.3) defines a regular linear
system with state z(t) = z(-,t) on Z = L?(0,7;CP) [51, Thm. 2.4], and a direct
computation shows that its transfer function from e(t) to wu(t) is

_ 1_|_e—)\7'

Go(N) = T— ===

ok
I+ Dei + Des, Agé{ii} .
kEZ

T

Thus the controller can be written as a system (A., B, Cea, D) on Z, where A,
satisfying A.f = f' for f € D(A.) = {f € HY0,7;CP) | f(0) = f(7)} generates a
unitary group with spectrum o(A4.) = {i2%E},cz. We also have dim N (iwy, — A.) =
dimY for every k € Z, and thus A, contains an internal model of the signals (4.1).
By [30, Thm. 13] the controller solves the robust output regulation problem if the
closed-loop system is exponentially stable.

To show closed-loop stability, we will verify the conditions of Theorem 3.5 for
the systems (A%, BY C¥, D) and (A, B, Cep, De1) with © = Q.. For this we will

consider the controller with inputs and outputs

ue(t) = 27V 2(2(1,t) — 2(0,1)),
ye(t) = 271/2(,2(7', t)+ 2(0,t)) + (De1 + Deo)uc(t).

The feedthrough operator of the controller is given by D. = limy_oc Go(A) = I +
D1 + D.2. Without the component (D1 + D.2)u.(t) of the feedthrough the solutions
of (5.3) satisfy & ||2(t)[|2. = 2Re(uc(t), y(t)), and thus the controller is passive by [38,
Thm. 4.2]. Let d. > 0 be such that D,y > d. > 0. The transfer function G(\) of
(Ac, Be, Cep, I + D.y) satisfies ReG(iw) = Dey > de. > 0 for all w € R\ {wg }rez,
and thus condition (2) of Theorem 3.5 is satisfied. To show that condition (3) of
Theorem 3.5 is satisfied, it is sufficient to show that for any Dy € L(U) with Re Dy > 0
the system (A., B¢, Cen, I + D.1) is stabilized exponentially with feedback w.(t) =
—Doy.(t). The feedback leads to a partial differential equation

Zt(f,t):2’§(f,t), g€ (077-)7 t >0,
(I + Dtot)Z(T, t) = (I — Dtot)z(O, t),

where D;oy = Do(I+ D.1 Do)~ . The exponential stability of this system follows from
a straightforward application of [41, Thm. III.2], since Re Dot > 0 by Lemma A.1(c).
Thus Theorem 3.5 shows that the closed-loop system is exponentially stable. a

Remark 5.8. The results in [30] also show that if (y},;)x = (axyk)r and (wh,,)r =
(arwy )k, where (yg)i € £2(Y), (wi)r € £2(Uy) are fixed, and (ax)x € £2(C), then there
exist M., a > 0 such that [[|e(s)[|ds < Mee™(|[zeo|| + || (ar)k]lez) for all 2o € X,
and (ak)k S éz(C)

Lemma 5.4 implies the following result on the pointwise convergence of |le(t)]|.
The conditions require that y,.f(t) and wg;s: (t) have a sufficient levels of smoothness.

COROLLARY 5.9. If the signals (4.1) are such that (kyfef)k € (1Y) and (kwk, ), €
1 (Uy), then in Theorem 5.7 there exist M., > 0 such that for all z.o € X, satisfying
Acxeo + Bewert(0) € X, we have

le@®) < Meeiat(”Aeer + Bewez (0)|| + 1).
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If P(ip;) is not invertible for some {Z’,Uj};vzl C {i@}kez, for example, for p; =0,
then the robust output regulation problem is not solvable for signals y,.s(t) and
wa;st () containing these frequencies. In this situation we can modify the controller

in Definition 5.6 by replacing (5.3a) with
1 N p T
) = 2¢(E,1) — — Cetit Je Mitds, €€ (0,7),
a(e) = 26, =7 Y e [ s tpemods, €€ (07

where {e;}},_, are the Euclidean basis vectors of CP. This corresponds to stabilizing

the eigenvalues {is; }ﬁvzl of the transport system (5.3), and the resulting controller has
the property o(Ac) NiR = {i2Z%}, 07\ {ip; N,. With this modification the system
operator of the controller is of the form A, = A% — ByB§ with By € L(CN?, Z).
The controller is again passive and is stabilized exponentially with feedback u.(t) =
—Doy.(t) with ReDy > 0, and the exponential closed-loop stability follows from

Theorem 3.5.

5.3. A robust controller for nonsmooth signals. In this section we con-
struct an infinite-dimensional diagonal controller for signals (4.1) with a general set
{wk }rez of distinet frequencies with no finite accumulation points. The controller can
also be used for systems with an infinite-dimensional output space Y. If y,f(t) and
wasst () are T-periodic and dimY < oo, then the controller is of similar form as in
Definition 5.6.

DEFINITION 5.10. Choose Z = (*(Z;Y) and
Ac = diag(iwly rez, D(Ac) = { (zk)k € Z | (lwnlllzx|)r € £2(C) },

where Iy is the identity operator on Y. Let D. = D. + D. with D,y > 0 and
D¢2 > 0. Choose admissible B, € L(Y,Z_1) and C. € L(Z1,Y) as

By = (Bay)s Vy€Y, Cez=)Y Bhz Vze D(A)
kel

with boundedly invertible Be, € L(Y) so that (Ac, Be, Cen, De1) is a regular linear
system whose transfer function G(\) satisfies Re G(iw) > d. > 0 for some constant
de > 0 and for all w € R\ {wk}rez. Finally, choose D.o > 0 in such a way that
(AS,B5,C%, DY) is passive and strongly stable with iR C p(A%).

If dimY < oo and {wy}rez has a uniform gap, i.e., infy;|wy — w;| > 0, then [39,
Cor. 5.2.5, Prop. 5.3.5] imply that B, and C. are admissible with respect to A. if
(1Bek]l) ez € €°(C) and (||Cek||) ez € €°°(C). For more general conditions for admis-
sibility, see [39, sec. 5.3]. The system (A, Be, Cca, De1) is regular whenever B, and C..
are admissible and there exists ¢ > 0 such that ((1+ |wg|)~/27||Bek|)x € £2(C) [14,
Prop. 4.1]. However, there are also regular linear systems, such as the controller in
Definition 5.6, for which neither of these conditions is satisfied. If {wg }rez has a uni-
form gap, (|wk|®||Bek||)x € £°°(C) for some € > 0 and D.; > 0, then (A., Be, Cen, De1)
satisfies the conditions of Definition 5.10.

Due to the lack of exponential closed-loop stability, the solvability of the robust
output regulation problem requires additional conditions on the reference and distur-
bance signals. These conditions relate the behavior of the coefficients yffaf and wk |
to the behavior of the transfer functions P(A) and P;(A) on the frequencies {wy}rez.
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We pose conditions on the sequences eyt = (gt (k))kez € XB,B, X Y consisting of
the elements Il (k) = (I, (k), 112, (k)) with

Iy (k) = R(iwk, A%) B up + Rliwg, A) Bwgey,  1Zp (k) = (Bi) ™! (ur — Deayiyey),

where uy, = Ps(iwg) " 'yy,; — Ps(iwg) ' CF R(iwy, A%) Bgw},,,. In the case of a per-
turbed system, we define | p— (ﬁm(k)) ke analogously. Alternate ways of express-
ing Il..; (k) are presented in Lemma 5.12. Note in particular that if (4%, BS, C§, D%)
is exponentially stable, then (5.4) are satisfied provided that (|juk|)r € ¢*(C) and
(IBZ Muk — Dezyrer )k € £2(C).

THEOREM 5.11. Assume Re Pg(iwy) > 0 for all k € Z. The controller in Defini-
tion 5.10 solves the robust output regulation problem for all yref(t) and wqst(t) whose
coefficients satisfy

(5-4) (Megy (k)i € £1(X),  (IZg(R))k € C2(Y),  (u)i € £1(0).

The closed-loop system is strongly stable and iR C p(A.).

The controller is robust with respect to all perturbations (A,B,Bd,é/\,ﬁ) for
which u(t) = —Deoy(t) remains an admissible output feedback, the strong closed-loop
stability is preserved, {iwp}rer C p(Ae) N p(A®), Ps(iwy) are invertible for k € T,
and (egi(k))rer satisfies (5.4).

If the closed-loop system is exponentially stable, then (5.4) are satisfied automat-
ically, and there exist M., > 0 such that [, le(s)||ds < Mee=(||zeo| + 1) for all
Teo € Xe.

Proof. The proof is based on the application of [30, Thm. 13]. The diagonal
structure of the controller and the invertibility of B, imply that A. and B, satisfy
the conditions (5.1). To show that the closed-loop system is strongly stable, we apply
Theorem 3.2 for the systems (4%, B, C¥, D) and (A, Be, Cea, De1). Conditions (1)
and (2) are satisfied due to the construction in Definition 5.10, and condition (3) is
satisfied by Lemma 3.4 since C.;, = B}, are invertible. Thus by Theorem 3.2 the
closed-loop system is strongly stable and iR C p(A.).

To apply [30, Thm. 13] directly, we would need R(iwy, A.)Bowk,, € ¢*(X.).
However, in [30] this property is used as a sufficient condition for the existence of
(fe)r € £3(C) such that the operator H : D(H) C ¢*(C) — X, in Lemma 5.4
satisfies H € L(¢?(C), X.) and R(H) C D(C.s). Here we will verify that the sequence
(fr)k € 22(((:) with

f = HHext( M+ (g | + Mg (k) + ugl)Y? - if wiy, # 0,

Ikl if wk, =0
has this property. If k € T and ¥ = (111, (k), 2) € X B, X Zp, where

2k = (Zi)jEIv zk - ngt(k)v zIJg = 0 j 7é k
then it is straightforward to verify that (iwk — A.)zF = B.wk,,, and thus we have
R(iwr, Ae) Bewgyy = (Wiyy (k). 2). Now (fi ! ([lwipll + [Ty (B)|| + [|uxl))e € £2(C)
and (f, 'T12,,(k))x € £2°(Y). These properties and the structure of R(iwg, A,) Bow",,
imply that Hv is well-defined for every v € £?(C), and

2
S A M| G ),
kel

< Pl e (k ))k||é2 () + Il I ()il (v

[ Hol* =
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implies H € L({%(C), X.). It remains to show R(X) C D(Cep). If we denote P.o(\) =
CeaR(M, Ae)Be, then Pog(iwg)w®, = —Q1(CAILL,, (k) + D(up — Dczyfef)) for every
k € I. The regularity of (4%, B%,C§, D) and (5.4) imply (f, ' Peo(iwg)wk,, )i €
2(Y). If v € £2(C) and X > 0, the resolvent identity implies

Mot )
ACeaR(N, Ac)Ho = Z /\f_k iwz Peo(iwr)wey, — Peo(A) X — iwp

ke keT

— > [ Peoliwr)whyon
kel
as A — oo since (A, B, Ce) is regular and since (f;, ' Peo (iwg)w®,, v )x € £1(Y) and
(fy 'wk vp) € £1(Ug x Y). Thus Hv € D(C.p) by definition. An analogous argument
shows that for perturbed systems (A, B, By, Ca, D) the sequence (fi)r can again
be chosen so that H has the required properties. Thus the claims of the theorem
follow from [30, Thm. 13]. If the closed-loop system is exponentially stable, then
(1L, (k), 21) = R(iwk, Ae)Bew",, implies (Iloz1(k))x € €*(X x Y), which also shows
(lul)x € £1(C). O

The following alternate expressions for Il..; (k) can be verified using standard
operator identities and Lemma 2.1.

LEMMA 5.12. Ifiwy € p(A) for some k € I, then

IT;,,(k) = R(iwy, A)Bgwh,,, + R(iwy, A)Biiy,,
I2,,(k) = (Biy) ik,  uk =k + Deayyops
where @y = P(iwg) " yy,; — Pliwy) " Paliwy)wh,,. If D is boundedly invertible, then
I}, (k) = RPBawly,, + R(iwy, A%)B® Ps(iwy) 'yl for all k € T, where Ry =
R(iwg, AS — BS(D%)~1C%).

The following result shows that pointwise convergence is achieved for sufficiently
smooth signals y,.f(t) and wass () and for suitable intial states.

PROPOSITION 5.13. Assume yref(t) and waisi(t) are such that (wiIll (k) €

ext

(X)) and (Wil (k) € 2(Y). If xeo € Xe and Aceo + Bewert(0) € Xe, then

the regulation error in Theorem 5.11 satisfies ||e(t)|| — 0 as t — oo. If the closed-loop
system is exponentially stable, then there exist M, > 0 such that

le@®) < Mee_at(HAeer + Bewert(0)[| + 1)

for all xeo € X, satisfying Aeep + Bewest(0) € Xe.

Proof. As in the proof of Theorem 5.11, R(iwy, Ae)Bew®,, = (1L, (k), 21,), where
zr = (2]); is such that zf = I2,(k) and z; = 0 for j # k. This structure,
(eIl (k) € 1(X), and (wiIl?,,(k))r € ¢3(Y) imply that ge,; in (5.2) satisfies
Gext € Xe. Since the required properties of H were verified in the proof of Theo-

rem 5.11, the claims follow from Lemma 5.4. a

5.4. Nonuniform convergence rates of the regulation error. We will now
use Theorem 3.7 to derive convergence rates for the regulation error in Theorem 5.11.
The estimates are valid for reference and disturbance signals with sufficient levels of
smoothness. In particular, we assume {wg }rez has a uniform gap and the coefficients
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of Yrep(t) and waist (t) satisfy

(5.5) (wrlleg (k) ey € (X)), (rllZe (k) oz € C2(Y),

which is a strictly stronger condition than the first two parts of (5.4).

THEOREM 5.14. Assume (AS,BS,CE,DS) is passive and exponentially stable,
the controller is as in Definition 5.10, and the conditions of Theorem 5.11 are satisfied.
Assume there exists 0 < € < %infk¢l|wk — wy| such that Re Ps(iw) > 0 for all
weQ={welR|Fkel:|w-uw<ce} Letn()y:) : Ry — (0,1] be
continuous nonincreasing functions with the property inf,~ovy(w + do)/v(w) > 0 for
some 0 < 69 < min{1,e} such that the following hold:
e Re Ps(iw) > n(|w]) for allw € Q..
o 12l = ~(wrDllyll for all k€ T and y € Y.
Then the controller solves the robust output requlation problem and there exists My > 0
such that | R(iw, A.)|| < Mg(|w|) with Mgr(-) = Mon(-)"'y(-)72. If sup,~o Mr(w) <
o0, then the closed-loop system is exponentially stable. More generally, there exist
ME¢ to > 1 such that if (5.5) hold, then for all zep € X, satisfying AcTeo+ Beweyt(0) €
X. we have

t+1 Me
(5.6) / le(s)l|ds < ~2e (| Ao + Boweut(O)]| + Muns), £ > to,
t MT(t)

where Mr(t) is determined by (b)—(c) in Theorem 3.7 and M2, = ||(willl,, (k)% +

ext

[ (wiIT2,, (k)i |12 In particular, if n(w) ™ y(w) ™2 = O(w®) for some o > 0, then (5.6)

ext
holds with Mrp(t) = t'/«.

Proof. Theorem 5.11 shows that the controller solves the robust output regula-
tion problem, and ||R(iw, A¢)|| < Mg(|w|) follows from Theorem 3.7 and Remark 3.8.
Thus (3.4) holds Mz(-) and for some M,,ty > 0. As shown in the proofs of The-
orem 5.11 and Lemma 5.13, the conditions of Lemma 5.4 are satisfied whenever
Yref(t) and wgise(t) are such that (5.4) and (5.5) hold. If z.o € X, is such that
Aeeo + Beweyt (0) € X, then e(t) = ConTe(t) A7 (Aeeo + Bewert (0) — Gext). The
admissibility of C.a and (3.4) imply

t+1
/ ||€(S)||d8 5 HTe(t)Ae_l(Ae$60 + Bewemt(o) - Qewt)”
t

e

M.
< ¢ Acxe Beweg: (0 ex )
< i ([ Autia + Bt O]+ o)

which implies the claim since ||ges¢||* < M2,. 0

If C e £L(X,Y) and C. € L£(Z,U) in Theorem 5.14, then (5.6) can be replaced
with a pointwise rate |le(t)]| < %‘gt) (| Aeteo + Bewegt (0)|| + Mege) for t > to. If
wgist(0) = 0 and B, € L(Z,U), then Lemma 5.5 gives a sufficient condition for initial
states zp € Z that achieve the convergence rate (5.6).

The following result presents necessary conditions for exponential closed-loop sta-

bility with controllers satisfying the conditions (5.1), which in turn are necessary for
robustness by [30, Thm. 13].

PROPOSITION 5.15. Assume (A%, B%,CY,D%) is strongly stable, {iwg}rer C
p(A%), and (A., Be, Cea, D.) satisfies (5.1). If the closed-loop system is exponentially
stable, then supycz||Ps(iwg) ™t < oc.
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Proof. 1t follows from the proof of Lemma 4.2 that B® = [ } and C0 = [0, Cep]
are admissible with respect to A.. The proof of Theorem 3.2 implies CO R (iwy, A.) BY =
CepSaliwg) 1B, where Sa(iwg) = iwr — Ae + BeP(iwg)Cepn and Py(iwy) =
Ps(iwg)(I + D¢y Ps(iwy))™ . Since the closed-loop system is exponentially stable,
we must have

(5.7) sup [|CepSa(iw) ™" Be|| < oo.
ke

Let y € Y and denote z = Sy(iwg) 'Bey € Zp,, which implies (iw, — A.)z =
B.(y— P (iwg)Ceaz). The conditions (5.1) show that we must have y = P (iwg)Coen 2.
Thus CepSa(iwg) L Bey = Pol(iwy) ty = (Ps(iwg) ™ + De1)y for all y € Y, and the
claim follows from (5.7). O

6. Examples.

6.1. A wave equation with boundary control. We consider a one-dimen-
sional undamped wave equation with boundary control and observation,

(6.1a) wi(§,t) = wee(§,1),  £€(0,1),
(6.1b) we(&,0) = wo(§), wi(§,0) =wi(§),
(6.1c) u(t) = —we(0,1), we(l,t) =0,
(6.1d) y(t) = w;(0,1).

The results in [51] show that (6.1) defines a regular linear system with state x(t) =
(we (-, 1), we(+, 1)) on X = L2(0,1) x L?(0,1). Its transfer function is given by

14e 22

PO = 1=

\#irk, kez,

and D = 1. In particular, we have Re P(\) > 0 for all A € C,. We will construct a
controller that achieves exponential closed-loop stability and robust output regulation
for 1-periodic signals of the form y,.;(t) = >, 4 y’ﬁefeizﬂkt with (yffaf)k € (*(C). For
this we will use a controller based on the transport equation presented in section 5.2
with 7 = 1.

The system (6.1) can be stabilized exponentially with negative output feedback
u(t) = —Deoy(t) with Dey > 0. For A € Cy the transfer function Pg(A) of the
stabilized system (A%, BY,C¥, DY) is given by

_ 14e2A
14 D + (ch — 1)672)‘

Ps(\) = P(\)(I + D2 P(N)) ™

and Re Ps (i) = gl . Now Re Ps(iw) = 0 if and only if w = (k +1/2)r
for some k € Z. Therefore for any fixed 0 < e < 7/2 there exists 7 > 0 such that
RePs(iw)>n>0forallwe Qe ={weR |k eTl:|w— 21kl <e}.

The conditions of Theorem 5.7 are satisfied, and thus the controller in Defini-
tion 5.6 solves the robust output regulation problem for all 1-periodic reference signals
with (yfef)k € (!(C) and the output of the controlled system converges to y,f(t) at
an exponential rate. The closed-loop system consisting of (6.1) and the controller



3850 LASSI PAUNONEN

(without the reference signal) becomes

wi(§,t) = wee(§:1),  £€(0,1),
z(§:t) = z(&, 1),  £€(0,1),
we(§,0) = wo(§), we(§,0) =wi(§), =z(&t)=20(§),
we(0,1) = (B —2712)2(0,t) — (B+27"/%)2(1,1),
w (0 ,t)=2 ( (0,t) — 2(1,¢)), we(1,t) =0,

where 8 = D1+ Do > 0 is arbitrary. By Theorem 5.7 the semigroup T, (t) associated
to this coupled system of partial differential equations is exponentially stable, and thus
lwe(-t)||122 + Jwe (- 1|22 + [|2(-, ©)]|22 — O at an exponential rate as t — co.

6.2. A strongly stabilizable wave equation. In this example we consider
another one-dimensional wave equation, now with distributed control and observation,

(6.23) wi(€) = wee(€,1) + b(E(t),  E€(0,1),
(6.2) w(0,6) =0, w(l,t) =0,

(6.20) w(E,0) = wol€), wil£,0) = wi(€),

(6.24) y(t) = /0 (€ ) (€. ),

where b(§) = 2(1 — £). Equation (6.2) determines a passive linear system with state
z(t) = (w(,t),we(-,1))T on X = HE(0,1) N L?(0,1) with bounded input and output
operators satisfying C' = B*. The transfer function P(\) can be computed as in [13,
sec. IT]. Negative output feedback u(t) = —D.oy(t) stabilizes the system strongly for
any D. > 0, but the system is not exponentially stabilizable. However, the semi-
group generated by A° is polynomially stable since fol b(&) sin(km€)dg = % implies
|R(iw, A — BDC)|| = O(w?) for Deo > 0 by [37, Thm. 1].

Our aim is to design a controller to achieve robust output tracking of yer(t) =
sin(rt) + 1 cos(2mt). The frequencies of the signal y,.s(t) are {£m,£2r}. Due to
robustness, the controller will be able to track any reference signal with these fre-
quencies. Since dimY = p = 1, we can construct a passive feedback controller in
Definition 5.1 on Z = R* by choosing

A, = blockdiag(J1, J2), Ji = [_OW ﬂ - [_gw 2(;1 ’
C. = [k1,0,k2,0], B, = C*, and D, > 0. The values of k1, k2 € R and D, affect the
stability properties of the closed-loop system. In this example we choose k1 = ko = 3
and D. = 35. By construction the controller is robust with respect to perturbations
in the system provided that the strong stability of the closed-loop is preserved. Since
B and C are bounded operators, Proposition 5.3 shows that |le(t)]] — 0 as t — oo for
all initial states xg € D(A) and 2 € Z.

For simulations, the system (6.2) was approximated with the finite element method
with N =24 points on [0,1]. Figure 1 depicts the behavior of the error e(t) and the
integrals ft e(s)||ds for 0 < t < 24 for initial states x¢(&) = £(1 — &£)(2 — 5¢) and

z0 = 0. Flgure 1 also plots the solution w(&,t) of the controlled wave equation for
0<t<6.
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Fia. 1. The solution w(€,t) of controlled wave equation (left) and e(t) (top right) and
ftt+1||e(s)||ds (bottom right).

6.3. Periodic output tracking for a heat equation. In the final example we
consider a two-dimensional boundary controlled heat equation on Q = [0,1] x [0, 1]

(633) z(§,t) = Az (&, 1), z(&,0) = z0(§),
630)  SHENk =ul)  poE D = wanl) o€l =0,
(630 o) = | a(enas

where the parts I'g, I'1, and I's of the boundary 9 are defined so that I'y = {£ =
(0,62) [0<& <1}, Ty ={&=(6,1)[1/2<& <1}, T =09\ (I'h UTp). By [11,
Cor. 2] the heat equation defines a regular linear system with state z(t) = z(-,t) on
X = L?(Q) with feedthrough D = 0. The system is passive,

coth(v/\)

\/X )
and |P(iw) ™t = O(]y/w]) for w € R with large |w|. The system (6.3) is exponentially
stabilizable with feedback u(t) = —Doy(t) for any D.s > 0.

We will design an infinite-dimensional dynamic feedback controller that achieves
robust output tracking of the 2-periodic nonsmooth reference signal y,.(t) in Figure 2
and rejects a suitable class of 2-periodic disturbance signals wg;s: (t). The frequencies
of the signals are {wg}rez with wy = 7k for k € Z, and the Fourier coefficients of
Yref () are such that [y [ = O(|k|7?).

We can construct the controller as in Definition 5.10 by choosing Z = (?(C),
A. = diag(iwg)rer, Be = c((1 4 |k|)71/27%) ez for some small ¢ > 0, C. = B, and
D, = 0. The parameters ¢ > 0, D, = D. > 0, and ¢ > 0 affect the stability
properties of the closed-loop system. Proposition 5.15 shows that since P(wg) — 0
as |k| — oo, the closed-loop system cannot be stabilized exponentially. However,
by Theorem 3.7 the closed-loop system consisting of (2.1) and the controller with
the above choices of parameters is polynomially stable. Indeed, since Re Pgs(iw) =

O(lw|~Y/2) and |B,'| = (1 + |k[)}/?*¢ = O(Jwi|*/?7%), we have from Theorem 5.14

PO = ATy \ {03,



3852 LASSI PAUNONEN
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F1G. 2. The reference yrof(t) (left, gray), the output y(t) (left, blue), and ft+1||e(s)||ds (right)

t
for the heat equation.

that || R(iw, A.)|| = O(|w|?/?%2¢) and there exist M., to > 0 such that
M.
||Te(t)x60|| S m”AeerHa Te0 S D(Ae)a t 2 th

where o = 3/2 + 2e.

To verify that the controller is capable of regulating the given signals yy.r(t)
and wg;st (t), we need to show that the conditions (5.4) are satisfied. The norms
|R(iw, A)B|| and ||R(iw,A)By|| are uniformly bounded for large |w|. Lemma 5.12
and (BX,)r € £2(C) imply that it is sufficient to show

(IBek| ™ [Ps (iwie) | ([yres | + | Pa(iws) | [whie ) kez € €3(C).

The eigenfunction expansion of A can be used to show |Py(iw)| = O(|w|™1), and since
|P(iw) ™t = O(Jw|'/?), the above condition is satisfied for all y,es(t) and wa;s; (t) with

([ lyresrez € €2(C)  and (k| [wiiel)rez € £2(C).

The condition on (y’ﬁef)k in particular holds for y,.¢(t) in Figure 2.
Finally, we can study the rational rates of decay of |e(t)|| using Theorem 5.14.
The conditions in (5.5) are both satisfied if

(1K **lysesrez € €2(C)  and (k" *[whe rez € £2(C).

The first condition is satisfied for y,.f(t) in Figure 2 whenever 0 < € < 1/2. Then for
all z.0 € X, such that A.x.0 + Bevg € X, we have

t+1 Me
(6.4) / le(s)lds < 275 (JActeo + Bewrew (O)]| + M), #2 10,
t

where oo = 3/2 + 2¢, and a direct estimate shows that for any fixed € > 0
Moz S N (RP*lyreg | + 11 wGisi )

For disturbance signals satisfying wg;s;(0) = 0, Lemma 5.5 shows that (6.4) holds
whenever zy € D(A) and zy € D(A.) are such that Cczp = Dc(Cazo — Yrer(0)).
Moreover, by Proposition 5.13 the regulation error satisfies |le(t)|| — 0 as ¢ — oo for
all such initial states.

For simulations the solution of the controlled heat equation (6.3) was approxi-
mated with finite differences using an N x N grid with N = 20. The free parameters
of the controller were chosen as ¢ = 1/10, ¢ = 8, and D, = 15. The state of the
controller was approximated by truncating the infinite matrix A, to a 31 x 31 diago-
nal matrix with eigenvalues {imk} s <ns for Ng = 15. Figure 2 depicts the output of
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the controlled heat equation for 2 < ¢ < 8 and the behavior of the error integrals for
0 <t <10 for the initial state x¢(&1,&2) = —(1 + €7 /4 — £ /6)(cos(m€2)/10 + 2) such
that 29 € D(A) and an initial state zp € D(A.) satisfying Cczo = D.(Cao — yrer (0)).

Appendix A.

LEMMA A.l. Let X be a Hilbert space and let T, S € L(X) be such that ReT >
c>0and ReS >d > 0.

(a) If T is boundedly invertible, then Re T~ > ¢|T||=2. If ¢ > 0, then T~ exists
and | T7H| < L.

(b) If¢>0 ord >0, then |[T(I +ST)7 Y < %. If ¢ >0 and d > 0, then

s 2d| T
T+ ST) ' > - .
ReT(I+8T)™ 2 [ ET 1 |52

(¢) If T is invertible, ¢ > 0, and d > 0, then Re T(I+ST)~' > d(|T~*||+]S])) 2.
(d) Ifc >0 and S > 0, then I + ST and I + TS are boundely invertible, and
ReT(I + ST)~! > 0.

Proof. (a) The proof of the first part is elementary and latter claims follow from
the estimate | Tz||||z| > [(Tz,z)| > Re(Tz,x) > c||z|? for x € X.

(b) If ¢ > 0, we can use part (a) and T(I +ST)~! = (T-1 4+ S)~L. If d > 0, then
an argument similar to the one used in [14, Lem. 2.3] shows that || T(I+ST)~!| < 1.

(c) The claim follows from T'(I + ST)~! = (T'~! + S)~! and part (a).

(d) Assume ReT > 0 and S > 0. The invertibility of I + ST implies that also
I+ TS is invertible. It is straightforward to show that the range of I + ST is dense in
X. Thus it suffices to show that 14 .S7T is lower bounded. If this is not true there exists
a sequence (Z,)n, C X such that ||z,]| = 1 for all n € N and |[(I + ST)xz,| — 0 as
n — 0o. Then 0 < Re((I + ST)x,, Tx,) > ||SY?Tx,||?, and further || STz, | — 0 as
n — co. However, since ||z,|| = 1, we would then have ||(I + ST)z,| /4 0 as n — oo,
which is a contradiction. Finally, the proof of ReT(I + ST)~! > 0 is elementary. [

LEMMA A.2. Let P(-): C — L(Y) be such that Re P(A) > 0 for all A € Cy. and
let Do > 0. Then —1 € p(DcP(X)) for all A € Cy. If supy e [|[P(A)|| < oo, then in
addition sup z—[|(I + D.P(N)71| < <.

Proof. The fact that —1 € p(D.P())) for all A € C follows from Lemma A.1(d).
Assume sup, .z~ [P(A)]| < co. In order to show that (I + D.P()))~" are uniformly

bounded for A € C; it is sufficient to show that there exists a constant r > 0 such
that ||(I + D.P(A\))u|| > r||lul| for all u € U and A € C,. If no such r > 0 exists, we
can choose sequences (\,), C Cy and (uy), C U with ||u,|| =1 for all n € N such
that || (I + DeP(An))un|| — 0 as n — co. Then

0+ Re((I + DeP(An))un, P(An)un) > | DY P(A )unl?,
which implies | D.P(An)un| — 0 as n — oo. However, since ||uy,|| = 1, we would then

have ||[(I + D.P(Ap))un|| # 0 as n — oo, which is a contradiction. 0

The last lemma concerns output feedback for passive systems. Several additional
results on this topic can be found in [18].

LEMMA A.3. Assume (A, B,C, D) is a passive regular linear system and o(A) C
C_. If D. > 0, then the system (A — BD.Q1Cx, BQ2,Q1Cx,Q1D) with Q1 = (I +
DD.)~! and Q2 = (I + D.D)~! is regular, passive, and strongly stable in such a way
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that c(A — BD.Q1Cx) C C_. If A generates an exponentially stable semigroup, then
the same is true for A— BD.Q1CHy.

Proof. The system (A — BD.Q1Ch, BQ2,Q1Ca,Q1D) is obtained from (1.1)
with output feedback u(t) = —D.y(t). The regularity follows from [43], since —D,
is an admissible output feedback operator by Lemma A.1(d). Since D. > 0, it
is straightforward to verify that (A — BD.Q1Chx, BQ2,Q1Cx,Q1D) is passive. In
particular A — BD_.Q1C) generates a contraction semigroup, and the strong stabil-
ity of the semigroup follows from the Arendt—Batty—Lyubich-Vi Theorem [4, 27]
once we have shown iR C (A — BD.Q1Cy). Let A € C,. The transfer function
P(\) = CAR(M, A)B + D satisfies Re P(\) > 0, and thus the operator I + DD, +
CaR(M\, A)BD. = I+ P(\)D, is boundedly invertible by Lemma A.1(d). Using
Lemma 2.1 we therefore see that A € p(A — BD.Q1Cy) and

R\, A—BD.Q:Cy) = R(\, A) — R\, A)B(I + D.P(\)) 'D.CAR(\, A).

Since A € C, was arbitrary, we have o(A — BD.Q:Cy) C C_. If A generates an
exponentially stable semigroup, then sup, &—(|({ + D.P()\))71|| < oo by Lemma A.2,
and the regularity and exponential stability of (A, B, Cx, D) imply sup, GEHRO" A—
BD.Q1Ch)|| < co. Thus the semigroup generated by A — BD.Q1C} is exponentially
stable. d

Proof of Lemma 2.1. Let A € p(A) be such that Q~'+Cx R(\, A) B has a bounded
inverse. Denote Ry = R(\, A) and R(\) = Ry — RA\B(Q™! + CAR\B) " 1CAR,. If
x € X, then R(\)z € Xp and a computation on X_; shows

(A — A+ BQCA\)R(\)x
=2+ B[Q—(I+QCy\R\B)(Q ' +CAR\B) '|CAR\z =2 € X.

Thus R(\)x € D(A — BQCy) and (A — A+ BQCA)R(A) = I. On the other hand,
if £ € D(A — BQC}), then x € Xp and we can again compute on X_; (considering
R()\) as an operator R(\) : X + R(B) — X)

R\ — A+ BQCy)zx
=2+ R\B[Q— (Q '+ CAR\B) (I + CAR\BQ)] Cpz = z.

Since € D(A — BQC)) was arbitrary, this completes the proof. O
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