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Abstract

In this paper we study the robustness of strong stability of a discrete semigroup on a Hilbert space under bounded
perturbations. As the main result we present classes of perturbations preserving the strong stability of the semigroup.
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1. Introduction

Due to the high level of generality and the many forms
of strong stability, finding conditions for preservation of
strong stability of a semigroup under perturbations of its
generator is a challenging research problem. However, re-
cent advances in the theory of nonuniform stability of semi-
groups [1, 2, 3, 4] have made it possible to study robust-
ness of stability of semigroups that are not exponentially
stable [5, 6]. While general strongly stable semigroups
may have no intrinsic robustness properties, the theory
of nonuniform stability of semigroups opens doors for re-
search on robustness properties for many important sub-
classes of strongly stable semigroups.

In this short paper we consider the preservation of strong
stability of a discrete semigroup (A™),en with A € L(X)
under additive perturbations A + BC with B € L(Y, X)
and C € L(X,Y) for some separable Hilbert space Y.
In particular, we assume that the unperturbed semigroup
(A™),en is strongly stable in such a way that A has a finite
number of spectral points on the unit circle T, and the
growth of its resolvent operator is polynomially bounded
near these points.

The main result of this paper is a discrete analogue of
the set of conditions for preservation of strong stability
of strongly continuous semigroups presented in [6]. The
techniques employed here are similar to those used in [6],
but in many situations the proofs can be greatly simpli-
fied due to the fact that the operator A is bounded. The
discrete proofs also require several modifications, mainly
in estimating the behaviour of the resolvent operator near
the unit disk ID. To the author’s knowledge, the preser-
vation of strong stability of discrete semigroups has not
been studied previously in the literature. Moreover, the
resolvent estimates presented in this paper generalize the
results found in the literature by allowing A to have mul-
tiple spectral points on T.
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Assumption 1 below states the standing assumptions on
the semigroup (A™),en. The strong stability of (A™)nen
implies that ¢,(A) NT = @. Since X is a Hilbert space,
Theorem 1.2.9 and Corollary 1.2.11 in [7] imply that for all
¢ € [0, 2n]

X =N(A— %) e R(A—e?) = R(A— ).

Because of this, all spectral points of A on the unit circle
belong to o.(A).

Assumption 1. Let X be a Hilbert space and assume the
discrete semigroup (A™)neny with A € L(X) is strongly
stable in such a way that o(A)N'T = {e*}N_ for some
N e N and dy = ming4|er—¢i| > 0. Assume further that
for some a>1, Mg >1 and 0 < e4 < min{r/8,d4/3}

sSup ‘gp_wk‘@HR<e’Mp7A)” SMAa (1)
0<|p—pr|<ea
for all k € {1,...,N} and |R(e*?, A)|| < M4 whenever
| — @r| >ea for all k.

We assume that for some (5,7 > 0 the operators B €
L(Y,X) and C € L(X,Y) of the perturbation satisfy

R(B) C R((1— e "+ A)F) (2a)
R(C*) C R((1 — €'+ A*)7) (2b)
for every k € {1,...,N} and
(1—e @A) PB, (1 —ePrA")—7C* (3a)
are Hilbert—Schmidt operators for all k. (3b)

We recall that if (ey)72, is an orthonormal basis of Y,
then T' € L(Y, X) is called Hilbert-Schmidt if (Tex)?2 | €
¢%(X). The condition (2) combined with the Closed Graph
Theorem implies (1 — e~**A)=#B € L(Y,X) and (1 —
e  A*)7YC* € L(X,Y). Since A is bounded, also B and
C* are necessarily Hilbert—Schmidt operators whenever (3)
is satisfied. Finally, if dimY < oo, i.e., if the perturbation
BC is of finite rank, then (3) follows immediately from (2).

The following theorem presenting conditions for preser-
vation of strong stability is the main result of this paper.
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Theorem 2. Let Assumption 1 be satisfied for some a > 1
and let B, > 0 be such that 5+~ > a. There exists 6 > 0
such that if B € L(Y,X) and C € L(X,Y) satisfy (2)
and (3) and

11— e~™c A)PB| < 8, and ||(1— e¥*A*)"7C*|| < §

for all k € {1,...,N}, then the discrete semigroup
((A+ BC)")nen is strongly stable. Moreover, we then
have 0(A + BC)NT = o.(A+ BC)NT = {e¥:} V|
and for all k

sup o — x| R(e'?, A+ BO)|| < cc.

0<]p—pr|<ea

We begin the paper by studying the behaviour of the re-
solvent operator R(\, A) near the unit disk D in Section 2.
These results are required in the proof of Theorem 2, which
is presented subsequently in Section 3.

If X and Y are Banach spaces and A : X — Y is
a linear operator, we denote by D(4), R(A4), and N(A)
the domain, the range, and the kernel of A, respectively.
The space of bounded linear operators from X to Y is
denoted by L(X,Y). If A:D(A) C X — X, then o(A),
op(A), 0.(A) and p(A) denote the spectrum, the point
spectrum, the continuous spectrum and the resolvent set
of A, respectively. For A € p(A) the resolvent opera-
tor is given by R(\,A) = (A — A)~!. The inner prod-
uct on a Hilbert space is denoted by (-,-). We denote
T={ze€C||z]=1},D={zeC| 2] <1}
D={zeC||z| <1}

2. Resolvent Estimates

In this section we study the behaviour of the resolvent
operator R(\, A) near the unit disk D. In particular, the
proof of Theorem 2 is based on the property that the poly-
nomial growth of the resolvent operator near the points
e"* can be cancelled by a suitable operator. The general
form of the resolvent estimates follows the recent results
for strongly continuous semigroups that have appeared
in [3, 8, 4], and the results in this section can be seen
as straightforward discrete reformulations of correspond-
ing results in the previous references. The main difference
compared to the previous references is that we allow the
operator A to have multiple spectral points on the unit
circle T.

Define Ay, = 1 —e kA for k € {1,...,N}. The op-
erators Ay and A; commute for every k,l € {1,...,N},
we have A} = 1 — e+ A*, and the families (Aj)Y_, and
(A;)N_, are uniformly sectorial [9, Sec. 2.1]. Indeed, since
the operator A is power bounded, the strong Kreiss resol-
vent condition [7, Sec. 1L.1.2] implies |R(A, e~ "*A)|| <
M/(J]A| = 1) for all A € C\ D, where M = sup,,cy||A"|| =
sup,, eyl (e A)™||. This implies that for every A > 0 we
have

M

M+l —e e )y <A\ =M

Since the bound is independent of ¢ € [0,2n], by [9,
Prop. 2.1.1] the family (Ag)f_, is uniformly sectorial.
Since 0,(A) N T = @, the operators Ay are injective and
have sectorial inverses Ay ' : R(Ay) € X — X [9, Prop.
2.1.1(b)]. The same conclusions are true for the operators
A; =1— ¢+ A*. The fractional powers Ag and (A})" are
therefore defined for all 5,y € R.
Consider regions 2, C C\ D defined as (see Figure 1)

Qo ={AeC|A =1, 0<|A—€*|<ra},

where 74 = |1 — e®®4|. We have 0 < r4 < 1 and |e¥* —
elvrtea)| =, for all k.

A

Q

\

Figure 1: The domains Q.

The following is the main resolvent estimate required in
the proof of Theorem 2.

Theorem 3. If Assumption 1 is satisfied, there exists
My > 1 such that

sup [[R(A, A)AY]| < My (4)
AEQy

forallk e {1,...,N}.

The proof of the theorem is based on the following two
lemmas. The Moment Inequality in Lemma 4 is an essen-
tial tool used several times during the course of the paper.

Lemma 4. Let 0 < 6 < 0. There exists Mz > 1 such that
forallk e {l,...,N}
IAZz] < M|l =070 A%)%° Ve e X.

If Y is a Banach space and R € L(Y, X), then
IARRI < Mg | RI*"7 AR
for all k. The corresponding results are valid for (A})g.

Proof. For a fixed k the properties follow from [9, Prop.
6.6.4]. However, by [9, Prop. 2.6.11] and the uniform
sectoriality of the operator family (Ag)g it is possible to
choose M to be independent of k. O



Lemma 5. If Assumption 1 is satisfied, then there exists
My > 1 such that for all k

sup |\ — e" %Y R(\, A)|| < Mp.

S92

Proof. Let M = sup,cy||A™||. From Assumption 1 we
have

sup | — k||| R(e?, A)|| < Ma.
0<|p—pr|<ea

The strong Kreiss resolvent condition implies (|A| —
DIIR(A, A)|| < M whenever |\ > 1.

Let A = re®® € Q. Since |p—py| < ea < 7/8, and since
| — @] is equal to the arc length between points ¥ € T
and e’ € T, we have |e!? —e'?*| < |p—¢y|. For 7 = 1 the
bound |A — e |*||R(X, A)|| < [0 —oi|*[| R(e", A)|| < Ma
follows from (1). On the other hand, if ¢ = ¢, 1 < r <
1474 and A = re'*, then the strong Kreiss resolvent
condition implies

(A= e RO A)| = (r = DR, A)]|
< (r=DIRAN A<M
since (r — 1)® < r — 1 due to the fact that @ > 1 and
0<r—1<r7ry <1. It remains to consider the case
A =re¥ € QO with r > 1 and ¢ # ¢,. We can estimate
[re'? — ek < |re'? — '] + ' — e'Pk|
<r—1+4[p— il
Since &« > 1 and 1 < r < 2, we have (r — 1) < r —1
and (using the scalar inequality (a +b)* < 2%(a® +b®) for
a,b>0) we get
A= <2 (r = 1+ | — i)
and the resolvent identity R(re'?, A) = R(e*?, A)(1 — (r —
1)e? R(re, A)) implies
IR(re'?, A)|| < [[R(e", A)||(L + (r — 1) R(re™?, A)|])
< [|[R(e, A)I(1 + M)

and

A —€F||[ RN, A)|| < 2% (r — 14| — @i|*) |R(A, )|
<2%(M + | — @r|*[|R(e", A)|[(1 + M))
<2%(M + Ma(14 M)).

Since in each of the situations the bound for |\ —
ek |*||R(X, A)|| is independent of k € {1,...,N}, the
proof is complete. O

Proof of Theorem 3. Let k € {1,...,N}, A € 4, and de-
note Ry = R(\, A) and A\, = X — e'¥* for brevity.

We begin by showing that if &« = n + & with n € N and
0 < & < 1, then there exists M > 1 (independent of k)
such that

sup [\l | RO\, A)AZ]| < IT. (5)
AEQ

By Lemma 5 there exists My > 1 such that |\ —
e#r|Y| RN A)|| < My for all k. If & = n and & = 0,
we have ||| RAAZ || = |Ak|¥]| Rx|| < M. Thus the claim
is satisfied with M = My, which is independent of k.

If 0 < & < 1, then by Lemma 4 there exists a con-
stant Mz independent of k and A such that ||RyA¢| <
Mg ||[RA|I" %[ RaAg||*. Using

e  RyAp = Ry(e'?* — A) =1 — MR, (6)

and the scalar inequality (a + b)® < 2%(a® + b%) we get

MR IRAAZ N < Mal Ak|™|RAI' [ RaAg 1
= MaXx|"|RA" (T = AR
<2 Mg [ Ak |RANM (1 + Pl RAY)
< 2% Mg [(IARlTF(1BAID ™% + A" RA] -

Since n = |« > 1 we have

n - no o no >a
- (1-a&)m+a) n—-amn-1)—-az = "

11—«
Since A € Qy, we have |[Ag| < ry <1, and thus ‘)ﬂﬁ <
|Ak|*; and

e IRAAR N < 2% Mg [([Ael* RAID'™ + Al [ Rall]
< 2%Mg [My~% 4 Mo] < 2%F! Mg Mo,

since My > 1. Therefore the claim holds with M =
28+ M5 My, which is independent of k.

We can now show that there exists My > 1 such that (4)
is satisfied for all k. Again denote « = n+@& and let K > 0
be such that |ALF|| < K for all 0 <1 < n — 1 and all k.
Using the identity (6) repeatedly, we obtain

n—1

RN, A)AT = (=AR)" RN A) + D (=Ap)" e eR A
=0

and thus (using [Ag] <74 <1)

IR\ AR = [[e™#* R(A, A)ARAL
n—1
< IR AAT] + D" AR < M+ k.
=0

Since the bound is independent of both A € 2 and k, the
proof is complete. O

Lemma 6. Let Assumption 1 be satisfied. There exists
Mo > 1 such that

sup  [[R(A, A)|| < M.
AéDUUk Qp

Proof. Let A =re™¥ € C\ (DU, ) and let Ay = roe™?
be such that 1 < ry < r and \g lies on the boundary of DU
U, Q& Then either A\g € T, which implies [[R(Ag, A)|] <
M, by Assumption 1, or otherwise A\g € Q and |A\g —



e"r| =1, for some k € {1,..., N}. By Lemma 5 we have
that there exists My (independent of k) such that in the
latter case

M

T.Oé

A

Ao = 7[R0, Al < Mo & [[R(No, A)l| <

Now, if M = sup,,en||A™]|, then (|A|-1)||R(A, A)|| < M by
the strong Kreiss resolvent condition. Using the resolvent
identity R()\, A) = R()\(), A)‘F()\Q*)\)R()\(), A)R(/\, A) and
IA=Xo|=r—ro<r—1=|A —1 we have

[R(A, A < [[R(Ao, A)[[(X + [X = Aol[[R(A, A)])
< max{Ma, Mo/r3}(1 + (Al = DIR(X, A))
< max{Ma, My/r5H1+ M).

Since the bound is independent of A, this concludes the
proof. O

Combining the above results shows that the growth of
the resolvent operator R(\, A) near the unit disk D is can-
celled by the operator Af - A%.

Corollary 7. If Assumption 1 is satisfied, then

sup  [[R(A, AJAT -
AEDU{e??k }y,

Y < 0.

3. The Preservation of Strong Stability

In this section we present the proof of Theorem 2. We
begin by studying the change of the spectrum of A under
the perturbations.

Theorem 8. Let Assumption 1 be satisfied for some a > 1
and let B,y > 0 be such that B+ v > «. There exists
0 > 0 such that if B € L(Y,X) and C € L(X,Y) satisfy
R(B) C R(AY) and R(C*) € R((AL)Y) and
IAZ?BI <8, and (A7) 7CT| <4,

for every k, then o(A+BC) C DU{e?**}N_| and {e*¥*}; C
0(A+ BC)\ 0,(A+ BC). In particular, under the above
conditions we have

sup (1 = CR()\, A)B)™ Y| < . (7)
AEDU{et?k }y,

The proof of Theorem 8 is based on the following two
lemmas.

Lemma 9. Let Assumption 1 be satisfied for some o > 1
and let B,y > 0 be such that B+ v > «. There exists
Mpr > 1 such that if B€ L(Y,X) and C € L(X,Y) satisfy
R(B) € R(AY) and R(C*) C R((A})7) for some k, then

ICR(, 4)B|l < Me| AL B|(A7) 7 C7|

for all X € Q.

Proof. Since Ag € L(X), the operators A;ﬁ and A;ﬁB are
closed. Since D(A;BB) =Y, the Closed Graph Theorem
implies A, °B € L(Y, X). Similarly (A7)~7C* € L(Y, X)
and C'A.” extends to a bounded operator C, € L(X,Y)
with norm ||C, || < [[(A})~7C*||. Choose M}, = ||Ag+7*o‘||-
supyeq, [[R(A, A)AZ][. Then for all A €

ICR(\, A)B| = |CA; "R\, A)AGAT AP B||
< LR, A)AZ AL 1AL 2Bl
< My ||AL 7 B[(Af) 77 C.

Finally, we can choose Mp = max{My,..., My}. O

Lemma 10. Let Assumption 1 be satisfied for some o > 1
and let B,y > 0 be such that B+ v > «. There exists
00 > 0 such that if if B € L(Y,X) and C € L(X,Y) satisfy
R(B) € R(AY) and R(C*) € R((A})Y) and ||A,°B|| < &
and ||(A;)™YC*|| < 6o for all k, then {e?*};, C o(A +
BC)\ o,(A+ BC).

Proof. Choose 0 < ;7 < f and 0 < ;3 < « such that
B1+71 =1. Let k € {1,..., N} and assume ||A;ﬂlB|| <1
and |[(A;)~"C*|| < 1. The condition 0 < 7 < 1 im-
plies R(Ax) € R(A}') € X, and thus D(A, ™) = X
due to the fact that ¢'?* € o.(A). The operator CA; ™
has a unique bounded extension C,, with norm ||C,,|| =
(A7) C| < 1.

Since ||614‘P’€A,;51BC’71 | < ||A,:ﬂlB||||C'AY1 || < 1, the oper-
ator 1 — ei“"’ﬂA,:ﬁ 'BC,,, is boundedly invertible, and

et — A~ BC = A (1 — e " A BC,, A}

Since Afl and A} are injective and at least one of them is
not surjective, the operator ¢'?* — A — B(C' is injective but
not surjective. This implies e'?* € o(A+BC)\o,(A+BC).

Finally, let K > 0 be such that ||A£_Bl|| < K and
(A7) || < K for all k. Then [|A,”*B| < K|A;”B||
and [|(A})~"C*|| < K||(Af)~YC*||. This concludes that
||A,:ﬁlB|| < 1 and [[(Af)~7C*|| < 1 can be achieved by
choosing a small enough &g > 0. O

Proof of Theorem 8. Let B+7 > « and choose K > 0 such
that |A?|| < K and ||(A7)Y]| < K for all k. We then have
IBIl < KJ|A;”B]| and |[C]| < K||(A)~YC*|. Lemmas 6,
9, and 10 now imply that it is possible to choose § > 0 in
such a way that if

IAL?B] <8, and [(A})T7C*| <6,

for all &, then |CR(A\, A)B| < ¢ < 1 for every A ¢ DU

{e*?r}g, and {e*?*}, C o(A+ BC)\ 0,(A+ BC). The
Sherman—Morrison—Woodbury formula

R(M\ A+ BC)=R()\A) (8a)

+ R\, A)B(1 — CR(\, A)B)"'CR(\, A)  (8b)



now implies that o(A + BC) C DU {e**},. Moreover,
a standard Neumann series argument shows that |[(1 —
CR(\, A)B)7Y| < 1/(1 — ¢) for every A ¢ D U {e??*}y,
which in turn concludes that (7) is satisfied. O

The following theorem characterizes uniform bounded-

ness of a discrete semigroup on a Hilbert space [7, Thm.
I1.1.12].

Theorem 11. Let A € L(X) on a Hilbert space X be
such that o(A) C D. The discrete semigroup (A™)pen is
bounded if and only if for all x,y € X

2T
sup (r — 1)/ ([|R(re*?, A)z||*+||R(re*?, A)*y||*) dp < co.
1<r<2 0

Lemma 12. Assume that (A")en is bounded. If Y is a
separable Hilbert space and if B € L(Y,X) is a Hilbert—
Schmidt operator, then

sup
1<r<2

27
(r—1) / |R(re’®, A)B|2dp < oo,
0

sup
1<r<2

27
(r— 1)/ ||R(rew, A)*Bszcp < 00.
0

Proof. Let M = sup,cy||A™]|. Asin the proof of [10, Thm.
3.11] and in [10, Rem. 3.2] the Parseval’s equality shows
that for every 1 <r <2and z € X

27 x n,.||2

i 2 _ o T 1 A"z

r=1) [ IR, Ayl = 2xm 30T
n=0

r—1 1 2mM?||x||?
< 2 M?llxll? E Skl | el |
S 4T ||£L'H r2 — r2n r+1

< M.
If (¢;);°, C Y is an orthonormal basis of Y, then

oo 2
Z sup (r—1) ||R(rew A)Be|?dye < WMQZHBele
-1 1<r<2 -1

For every R € L£(X) we have |[RB|?> < >i°,|RBe?.
Combining these properties we get

sup
1<r<2

2
(r—1) / |R(rei®, A)B|Pdy
0

00 2m
Z sup (r— 1)/ |R(re'?, A)Be||>dyp
0

1—1 1<r<2

< wM? Z||Bel||2 < oo0.
=1

The second claim can be shown analogously. O

Lemma 13. Let Assumption 1 be satisfied for some
a > 1, let 8,7 > 0 be such that B+~ > «, and let
ke{l,....N}. If Be L(Y,X) and C € L(X,Y) satisfy
the conditions (2) and (3), then there erists a function
fe: C\ (DU{e’}}Y ) = R such that

IR\ A)BIIICRA, Al < fu(A) VA€ Qy,

and fr(-) has the properties sup0<|@_¢k‘§m\<p —
or|® fr(e?) < co and

27

sup (r—1) fr(re™)?dp < . (9)

1<r<2 0

Proof. We begin by considering the case where 5 > 0 and
v > 0. Choose 0 < 1 < B and 0 < 7; < 7 such that
B1 + 71 = a. For brevity, denote Ry = R(\, A) and A\, =
A — €'k, Moreover, denote Bg, = A;BIB € L(Y,X) and
C,, = (A;)™mC* € L(Y,X). Since Bs, = AP""'A "B
and C.,, = (A;)Y~7(A;)~7C*, condition (3) implies that
also Bg, and évl are Hilbert—Schmidt operators.

Let My > 1 be as in Theorem 3. By Lemma 4 there
exist constants Mg, , M., > 1 such that for every A € Q,

IRAB|| = ||A}* RxBg, |
< Mg, | RaBg, ||'~7/*| AR RaBg, | /°
< Mg, | RaBg, ||*=7 /| AZ RA|| P/ By, ||/
IRZC™ ]| = (AR5 G, |
< Mo [R5 G, 17/ (AR B3y |1/
< My [ BRC, 17 RaAG [/ 2G|

Thus for K = Mg, M., My || Bg, ||?/*|C,, ||/ we have

IRABIICRA| < K| RaBs, ||~/ | REC, 1=/

Define fu(-) by fe(N) = KRB, |15/ R5C., |10 /o
for all A € C\ (DU{e™}Y,). We will now show that
fx(+) has the desired properties.

Since 1 — f1/a+1— v /a =1, for all ¢ € [0,27] with
0 < |¢ — k| < £4 we have from Assumption 1 that

o — @k fr(e)
< Ip = eulIR(E, A By, |7/ Coy [
< MAK||Bg, |*=7/2|C,, ||F=7 /.
This concludes that supgc |,y |<c, o — x| f (67 < 0.

Moreover, if we denote ¢ = 1/(1—-p1 /), ¢ = 1/(1—71/a),
then 1/g +1/¢’ = 1 and the Hélder inequality implies

27
/ fk(rew)ngo
0 27
. . ~ 2
:KQ/ IR(re™®, A)Bg, ||5||R(re®, A)*C.,, || ¥ dip
0

27 %
< K? ( / |R(re'®, 4)Bs, ||2ds0>

1

21T P
x ( / IIR(TB“",A)*éwIIan) .
0

The property (9) now follows from Lemma 12 since Bg,
and 071 are Hilbert—Schmidt.

It remains to show that the claims are true if 8 = 0 or
v = 0, or equivalently, whenever either v > « or § > «.



Let M; > 1 be as in Theorem 3. If § > «, then R(B) C
R((1 — e~ **A)*). Choose Ky > 0 so that ||A2870‘H < Ky
for alll € {1,...,N}. For all A € Qy

IRABICRAl < [IRAAZ AL~ 1A BIl| R5C*|
< K||R;C"|,

where K = M1 KoMa6. We choose fi(+) such that fi(\) =
K[R C*|| for all A € C\ (]D)U_{ei“”}ljil). Then |p —
el fe(e?) < o — wu| K[ R(e, A[|C] < KMallC|l
whenever 0 < |¢ — ¢i| < €4, and

27 27
Fu(rei®)2dp < K?/ |R(rei®, A)*C*|2dyp.
0 0
Since C* is Hilbert—Schmidt, Lemma 12 shows that (9) is
satisfied. The case with 5 = 0 and v > « can be handled
analogously. O

Proof of Theorem 2. Let § > 0 be chosen as in Theo-
rem 8 and assume ||A,”B| < §, and ||[(A})"7C*|| < §
for all k. By Theorem 8 there exists Mp > 1 such that
[(1—CR(\ A)B)™'| < Mp for all X ¢ DU {ef°}Y .
We begin the proof by showing that the semigroup
((A+ BC)")pen is bounded.

Let € X and for brevity denote Ry = R(re'¥, A) and
D) = 1— CR(re*, A)B. Using the Sherman—Morrison—
Woodbury formula (8) and the scalar inequality (a+b)? <
2(a? + b?) for a,b > 0 we can estimate

27
| It 4 BOjslPa
0
271
:/ |Ryx + R\BD;'CRyz|*dyp
0

2m 2m
<2 [ IRaldp+ 203l [ IRBIPICR P,
0 0

Similarly, using ||(RA\BDy'CRy)*|| = |RABD;'CR,| <
Mp||RABJ|||CRx|| we get

27
/ IR(re'?, A+ BC) x| *de
0
27
:/ |R5x + (R\BD'CRy)*z||*dp

27
<2 / | Re|2dp + 203 ] /

2

The above estimates together with Theorem 11 imply that
the semigroup ((A + BC)")pen is uniformly bounded if

2
sup (r—1) / IRABIPICRAPdy < 00, (10)
0

1<r<2

For all £ € {1,...,N} let fi() be the functions in
Lemma 13. By Lemma 6 we can choose Ms > 1 such that
|R(X, A)|| < M; for all X ¢ DU, Q. Let 1 < r < 2. For
each k € {1,..., N} denote by E; C [0,2n] the interval

[RABI?||C R de.

such that re’? € Qy, if and only if ¢ € EJ. Finally, denote
Em =10,27)\ (U, £}). Now

27
| IRBIEICR e
0 N
— [ ImBRICR P+ Y [ IRBIICRs
= k=1"Fk

N
< / ME|BIP|CI2MEdg + 3 / Felre®)2dy
Br k=1"E§

N 2
<2 MA|BIPICI? + 3 / f(rei®)2dy,
k=170

which immediately implies (10) by Lemmas 12 and 13, and
therefore ((A + BC)"),en is bounded.

Since the perturbed semigroup is bounded and X is a
Hilbert space, Theorem 1.2.9 and Corollary 1.2.11 in [7]
imply that c(A+BC)NT C 0,(A+ BC)Uo.(A+ BC).
However, by Theorem 8 we have that {e**}, C (A +
BC) \ 0,(A + BC). Together these properties conclude
that €'+ € o.(A + BC) for all k.

Theorem 8 shows that o(A + BC)NT = {e*}V | is
finite and 0,(A + BC) N T = @. The discrete Arendt—
Batty-Lyubich-Va Theorem [7, Thm. II1.2.18] thus con-
cludes that the semigroup ((A + BC)"),en is strongly sta-
ble.

It remains to show that for all k& we have

sup  |o — @x|*[|R(e'?, A+ BO)|| < oo0.  (11)
0<|p—pK|<ea

Let k be arbitary. By Lemma 13 there exists My > 1 such
that | — pk|® fr(e??) < My whenever 0 < | — x| < €4.
The Sherman—Morrison—-Woodbury formula (8) implies
that for all ¢ € [0,27] satisfying 0 < | — pr| < 4 we
have

|R(e**, A+ BO)|
< |R(e', A)|| + || R(e'?, A)B||Mpl||CR(e"*, A)|
< [[R(e", A)ll + Mp fi(e'?),

and thus
lo — | *|R(e"?, A+ BO)|

<o — or|“|R(e"?, A)|| + Mple — @x|* fr(e"?)
< Ma+ MpMj,.

This concludes that (11) is satisfied. O
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