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Abstract. In this paper we study the stability properties of strongly
continuous semigroups generated by block operator matrices. We con-
sider triangular and full operator matrices whose diagonal operator
blocks generate polynomially stable semigroups. As our main results,
we present conditions under which also the semigroup generated by the
operator matrix is polynomially stable. The theoretical results are used
to derive conditions for the polynomial stability of a system consisting
of a two-dimensional and a one-dimensional damped wave equation.
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1. Introduction

The main topic of this paper is the nonuniform stability of strongly continuous
semigroups generated by 2 x 2 block operator matrices. In particular, we are
interested in the asymptotic behaviour of semigroups generated by operators
of the form

_ 141 BC - /41 l?le
A_<0 A2>, and A_<3201 A2> (1)

where Az : D(As) C Xo — X and Ay : D(Az) C Xy — X5 generate strongly
continuous semigroups 77 (t) and T5(t), respectively, and where X; and Xs
are Hilbert spaces. The remaining operators are assumed to be bounded. In
both of the cases in (1) we denote by T'(t) the semigroup generated by A
on the Hilbert space X = X; x X5. We concentrate on a situation where
the semigroups 77 (t) and T5(¢) are polynomially stable [1, 3, 4], that is, the
semigroups are uniformly bounded, o(A;) C C~ and o(A3) C C~, and there
exist aq, s > 0 and My, M > 1 such that for all t > 0
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As the main results of this paper, we present conditions under which also the
semigroup T'(t) generated by A is polynomially stable.

If the semigroups T3 (t) and T»(t) are exponentially stable, the operator
A can be seen as a bounded perturbation of an operator

(A0
AO_(O A2>?

which generates an exponentially stable semigroup. The perturbation theory
for exponentially stable semigroups then states that also the semigroup gen-
erated by A is exponentially stable provided that the norms of the operators
BC, or B1Cy and ByCh, are sufficiently small [7, Thm. I11.1.3]. In fact, the
semigroup generated by the block triangular operator A in (1) is exponen-
tially stable regardless of the size of | BC||. However, if the stability of T} (t)
and T»(t) is not exponential, the situation becomes more complicated, as is
illustrated by the following example.

Example 1. If A; : D(4;) C X; — X1 generates a semigroup 77 (t) on X
and if € > 0, then the block operator matrix

A_(“(‘)l Z) D(A) = D(Ay) x D(A;)

generates a semigroup
_ Tl (t) €tT1 (t)
) = ( 0 Ty (t)
on X = X; x Xj. In order for this semigroup to be uniformly bounded, it is
necessary that

sup t]| 74 ()] < oo,
t>0

which implies ||T1(t)|] — 0 as ¢ — oco. However, this is only possible if the
semigroup T (t) is exponentially stable [7, Prop. V.1.7]. This implies that the
semigroup T'(t) is unstable whenever the semigroup 77 (¢) is not exponentially
stable.

In this paper we show that if T3 (¢) and T5(t) are not exponentially stable,
then the stability of the semigroup T'(t) also depends on other properties
of BC, B1Cs, and ByC4 besides their norms. In fact, if 71 (t) and T5(¢) are
polynomially stable, it is necessary to impose smoothness conditions on these
operators in order to guarantee the stability of T'(¢). In particular, we assume
the bounded operators in A satisfy range conditions of the form

R(B)  D((—A1)")  and  R(C*) C D((—A43)")
for some 3,y > 0, or
R(B1) C D((-A)™),  R(C}) € D((—-A])™)
R(Bz) C D((—A2)),  R(C3) C D((—A3)™)
for some Sk, vr > 0 and k = 1,2. We will show that the semigroup generated
by a triangular A is polynomially stable provided that the exponents 5 and ~y
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are sufficiently large. In the case of the semigroup generated by a full operator
matrix A, it is in addition required that the graph norms

I(=AD)?Bull,  [I(=ADC5ll,  [I(=A2)"Bafl, and [(=43)2C3]

are small enough. The results presented in this paper are based on the recent
characterization of polynomial stability of a semigroup on a Hilbert space in
terms of the behaviour of the resolvent operator of its generator [3, 4, 2].

In addition to our main focus, which is the case where both T;(¢) and
T5(t) are polynomially stable, we separately consider the situations where
one of T1(t) and T»(t) is exponentially stable and the other is polynomially
stable. We show that in such a situation it is possible to completely omit the
conditions on the operator BC', and relax those on operators BoC and B1Cy
in the stability results. In fact, we will see that these conditions agree with
the interpretation of exponential stability as the “limit case” of polynomial
stability with the exponent o = 0.

To the author’s knowledge, the polynomial stability of semigroups gen-
erated by block operator matrices has not been studied previously in the liter-
ature. One known result regarding nonuniform stability of triangular systems
states that if one of T3 (¢) and Tx(t) is exponentially stable and the other is
strongly stable, the semigroup generated a triangular A is also strongly sta-
ble, see, for example, [10, Lem. 20]. The result only applies to triangular
systems, and in the corresponding situation for a full operator matrix the
stability can in general be destroyed even by operators B;Cs and BoCy with
arbitrarily small norms. Example 19 in Section 6 demonstrates this situation.

The results presented in this paper can be used in studying the as-
ymptotic behaviour of linear partial differential equations. In addition, they
have applications in the control of infinite-dimensional linear systems. The
procedure for stabilizing a linear system using an observer-based dynamic
feedback controller requires studying the stability of semigroups generated
by block operator matrices, see for example [18, 10, 17, 16], and [6, Sec. 5.3].
If the controlled system is only strongly or polynomially stabilizable, de-
termining the stability of the closed-loop requires results on operators of the
form (1) where both of T} (t) and T(t) are strongly or polynomially stable. In
particular, since the systems under consideration usually have finite numbers
of inputs and outputs, the interconnections corresponding to the operator
blocks BC, B1Cs, and ByC5 in (1) are very often finite rank operators.

The operators in (1) can be seen as perturbations of the block-diagonal
operator Ag = diag(A;, As). Therefore, the perturbation results in [13, 14, 15]
could be used to derive conditions for the stability of the semigroup generated
by A. During the course of this paper we will see that taking into account
the structure of the operator matrices yields considerably better results. In
particular, the general perturbation results in the above references require
that the exponents § and ~ are sufficiently large, and the corresponding
graph norms of the perturbing operators are small enough. The results in
this paper show that in the case of the triangular block operator matrix,
the conditions on the graph norms can be omitted completely. Moreover, for
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both triangular and full operator matrices the conditions on the exponents
8,7 >0, and B1,71, B2,72 > 0 are weaker than the conditions achievable by
a direct application of the perturbation results in [13, 14, 15].

We illustrate the applicability of the theoretical results by studying a
system consisting of two damped wave equations — one two-dimensional
and the other one-dimensional. Both of the wave equations are polynomi-
ally stable, and they are coupled in one direction. We use our results on
triangular systems to derive conditions under which the full coupled system
is polynomially stable. In addition, in Section 6 we present two shorter ex-
amples demonstrating that the conditions on the exponents ,~v > 0, and
B1,71, 82,72 > 0 in our main results are, in a certain sense, optimal.

The paper is organized as follows. In Section 2 we introduce notation and
collect some essential results on polynomially stable semigroups. The main
results of the paper are presented in Section 3. The results concerning the
stability of semigroups generated by triangular and full systems are proved
in Sections 4 and 5, respectively. Section 6 contains two examples illustrating
the optimality of our results. In Section 7 we apply the theoretical results to
determining the stability of two coupled wave equations.

2. Background on Polynomially Stable Semigroups

In this section we introduce the notation used throughout the paper, and re-
view the definition and some of the most important properties of polynomially
stable semigroups. If X and Y are Banach spaces and A : X — Y is a linear
operator, then we denote by D(A) and R(A) the domain and the range of A,
respectively. The space of bounded linear operators from X to Y is denoted
by L(X,Y). If A: D(A) C X — X is a closed operator, then o(A) and p(A)
denote the spectrum and the resolvent set of A, respectively. For A € p(A)
the resolvent operator is given by R(\, A) = (A — A)~!. The inner product
on a Hilbert space and the dual pairing on a Banach space are both denoted
by (-, ).

For a function f : R — R and for @ > 0 we use the notation f(w) =
O (Jw|®) if there exist constants M > 0 and wp > 0 such that | f(w)] < M|w|*
for all w € R with |w| > wp.

Definition 2. Let o > 0. A semigroup 7'(t) on a Banach space X generated by
A:D(A) C X — X is polynomially stable with power «, if T'(t) is uniformly
bounded, iR C p(A), and if there exists M > 1 such that

M
IT(HA™ < e vt > 0.

o’

For a polynomially stable semigroup T'(t) generated by A, the operators
operators —A and —A* are sectorial in the sense of [9, Ch. 2] due to the fact
that T'(¢) is uniformly bounded. Therefore, the fractional powers (—A)? and
(=A%) are well-defined for all 3 > 0.
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The theory presented in this paper is based on the following characteri-
zations for polynomial stability of a semigroup on a Hilbert space. For proofs
of the equivalences, see [2, Lem. 4.2], [4, Lem. 2.3, Thm. 2.4], and [11, Lem.
3.2].

Theorem 3. Assume A generates a uniformly bounded semigroup T(t) on
a Hilbert space X, and iR C p(A). For fized a,f > 0 the following are
equivalent.

L M
(@) [TOATN < e V>0

. M
(@) ITE)(=A) 7| < wa >0

(b) R (iw, A)[| = O(|w|?)
(c)  sup [[R(A A)(=A4)"7 < oo
Re A>0

Lemma 4. Assume T(t) generated by A on a Hilbert space X is polynomially
stable with power o > 0, assume 3,7 > 0 are such that 3+v > «, and let Y
be a Banach space. There exists a constant M > 1 such that if B € L(Y, X)
and C € L(X,Y) satisfy R(B) C D((—A)?) and R(C*) C D((—A*)), then

ICR(X, A)B| < M||(—=4)° BJ|| (=A%) C*||
for all X € C+.
Proof. Since (—A)? has a bounded inverse, (—A)? and (—A)” B are closed op-
erators. Since D((—A)? B) = Y, the Closed Graph Theorem implies (—A)’ B €
L(Y,X). Similarly, we have (—A*)YC* € L(Y, X) and C(—A)" extends to a
bounded operator C, € L£(X,Y) with norm [|Cy| < [[(—=A")YC*||. If we
choose M = ||(—A)*=F=7|| -sup, g7 || R(A, A)(—A) ]|, then for all A € C*
ICR(A, A)B|| = [|C(=A)TR(\, A)(—=A)~*(=A)* "~ (- A4) B
<G IR A)(=A) | (=A)* Pl (~A)7 B
< M|(=A)B||(-A")C*.
O
Remark 5. The proof of Lemma 4 shows that the assumption R(C*) C
D((—A*)7) could be replaced with the condition that C(—A)Y : D((—A)Y) C
X — Y has a bounded extension C,, € £(X,Y). In this version of the result
the estimate on the operator CR(A, A)B would become
ICR(X, A)B|| < M||(=A)’B[IC, .

Lemma 6. Let A generate a semigroup T(t) on a Hilbert space X and let
o(A) € C~. The semigroup T(t) is uniformly bounded if and only if for all
z,y € X we have

up ¢ / (IR(E + in, A)z]]® + [ R(E +in, A)*y|?) dn < oc.
> —00
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Moreover, sz € L(Y, X) where dimY < oo, then

sup ¢ [ IR +in ABPdn < oo sup ¢ [ IR+ in Ay BJdy < .
£>0 —00 £>0 —00

Proof. The proof of the first part can be found in [8, Thm.~2]. The second part
follows from the first part together with the estimate | RB||? < Z§:1 | Rb;||?

for R € £(X) when Bu = S8y ujbj for u € CP. O

3. Stability of Semigroups Generated by Operator Matrices

In this section we present our main results. The proofs of the theorems are
given in Sections 4 and 5. Throughout the paper we assume T4 (t) and T5(t)
are strongly continuous semigroups generated by A; : D(4;) C X; — X3
and As : D(A2) C X2 — X, respectively. Most of our results concern the
case where both X; and X5 are Hilbert spaces, and we specifically point out
the results that are also valid for Banach spaces. Unless otherwise stated,
we assume 77(t) is polynomially stable with power «; > 0, and T5(t) is
polynomially stable with power as > 0.

Our first main interest is in the stability of the semigroup 7'(¢) generated
by

A= (5 5) P =Dy x Dy 2)

where B € L(Y, X;) and C € L(X>,Y) for some Banach space Y. Since the
operator BC' is bounded, the semigroup T'(¢) has the form [6, Lem. 3.2.2]

T(t) - (Tlo(” . %) ,

where S(t) € L(X5, X1) is such that
t
S(t)xe = / Ty (t — s)BCTs(s)xads Vg € Xo.
0

We assume the operators B and C satisfy

R(B) CD((—-A1)?)  and  R(C*) C D((—A3)") (3)
for some 3,y > 0. As seen in the proof of Lemma 4, these conditions imply
(—A1)PB € L(Y, X1) and (—A43)7C* € L(Y, X>).

The first two results provide sufficient conditions for the stability of the
semigroup 7T'(¢) on Hilbert and Banach spaces, respectively.

Theorem 7. Assume X; and X are Hilbert spaces. If /oy + v/as > 1,
then the semigroup generated by A in (2) is polynomially stable with power
a=max{ay,as}. If dimY < oo, then it is sufficient that B/ay +v/as > 1.
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Theorem 8. Assume X1, X5, and Y are Banach spaces. If /oy +v/as > 1,
then the semigroup generated by A in (2) is strongly stable. If o = aq + «a,
then there exists M > 1 such that

Int\
ITOA™ <M (t> vt > 0.
If one of the subsystems is exponentially stable, then the requirements
on the exponents § and y can be omitted completely.

Theorem 9. If T (t) is exponentially stable, then the semigroup T (t) generated
by A in (2) is polynomially stable with power o = ag. Similarly, if To(t) is
exponentially stable, then T(t) is polynomially stable with power o = .

The above results are stated for upper triangular systems, but the anal-
ogous results are also valid for lower triangular systems. Indeed, any lower
triangular block operator matrix can be transformed into an upper triangular
one with a similarity transformation

G o) (o %) 0)=(56 1)

Since the stability properties considered in this paper are invariant under
similarity transformations, Theorems 7, 8, and 9 also provide conditions for
stability of semigroups generated by lower triangular block operator matrices.
The remaining results in this section concern the stability of the semi-
group generated by an operator of the form
(A BiC _
A= <B201 A, ) D(A) = D(A;) x D(A2) (4)
where B € E(Yl,Xl), By € [:(YQ,XQ), C, € E(Xl,YQ), and Cy € E(XQ,Yl)
satisfy

R(B1) C D((=A1)™), R(CY) C D((—A})™) (5a)
R(B2) C D((—=A2)™), R(C3) C D((—A3)") (5b)
for some By, B2,71,72 > 0.
Theorem 10. Assume X1 and Xo are Hilbert spaces and let one of the fol-
lowing conditions be satisfied:

(i) 1,71 > a1 and B2, 2 > ao

(i) dimY; < oo, B1 +71 = a1, and B2, 72 > az

(i) dimYs < 00, f1,71 > a1, and B2 + Y2 > a9

(iv) dimY; < o0, and dimYs < oo and Bi/ak + vi/ou > 1 for every k,l €
{1,2}.

Then there exists 6 > 0 such that if B1,C1, Ba, and Cy satisfy (5) and

I(=AD)? Bal| - |(=AD 5| - (= A2)™ Bo| - [ (=A5)C5]l < 6, (6)

then the semigroup generated by A in (4) is polynomially stable with power
a = max{ay, as}.
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Written out explicitly, the conditions (iv) in Theorem 10 become
Bi+m =1,  Bifar+y/az>1,
Pot2 >,  Paf/astmi/ar > 1.

If the semigroup Ti(¢) is exponentially stable, it is possible to remove
the requirements on the exponents 8 and y; from the assumptions.

Theorem 11. Assume Ti(t) is exponentially stable and B,V > ao. There
exists 0 > 0 such that if Ba, and Cy satisfy (5b) and

[Bill - IC1l - (= A2)™ Bal| - [|(—=A45)=C5]| < 6,

then the semigroup generated by A in (4) is polynomially stable with power
a = ay. Ifdim Y, < oo, it is sufficient that the exponents satisfy Ba+~v2 > .
. . . . 3 . -1 . _ -1 _ 0TI
Applying a similarity transformation QAQ~" with Q = Q" = ( I 0)
yields the following analogue of Theorem 11 in the case where T5(t) is expo-
nentially stable.

Corollary 12. Assume Ts(t) is exponentially stable and B1,7v1 > «y. There
exists § > 0 such that if By, and Cy satisfy (5a) and

I(=A0)" Ball - [|(=AD) ™ CE || - 1 B2l - | C2 ]l <,

then the semigroup generated by A in (4) is polynomially stable with power
a=ay. IfdimY; < oo, it is sufficient that the exponents satisfy B1+v1 > aq.-

We begin by presenting the proofs for the results concerning semigroup
generated by triangular operator matrices. The results on the stability of
semigroup generated by full operator matrices are proved in Section 5.

4. Semigroups Generated By Triangular Operator Matrices

In this section we present the proofs for Theorems 7, 8, and 9 concerning the
stability of the semigroup generated by the triangular operator matrix

A, BC
A= ( ! A2> .
The main standing assumptions are that the semigroup Ti(t) generated by

A is polynomially stable with power «q, the semigroup T5(¢) generated by
Aj is polynomially stable with power «s, and that B and C satisfy

R(B) C D((-41)°)  and  R(C*) C D((~43)")

for some 3,7 > 0. For a triangular operator matrix, the spectral properties
of A are determined by those of the operators A; and As.

Lemma 13. Assume X1, Xo, and Y are Banach spaces. The spectrum of A
satisfies o(A) C C~ and

R(\, A1) R(\ A))BCR(), AQ)) (7)

R 4) = ( 0 RO\, As)

for every A € CT.
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Proof. Let A € CT be arbitrary. Since A € p(A;) and A € p(Asy), a direct
computation shows that A — A has a bounded inverse given by the right-hand
side of (7). This immediately implies A € p(A). O

Lemma 14. If X;, X5, and Y are Banach spaces and B/ay +v/ae > 1, then
the semigroup T (t) is uniformly bounded.

Proof. Since the semigroups T (t) and T5(¢) are uniformly bounded, the semi-
group T'(t) is uniformly bounded if (and only if) the operators S(t) are uni-
formly bounded with respect to t > 0. Denote M, = sup,sl|71(t)| and
My = sup;~||Ta(t)||. Moreover, let Mg, M., > 1 be such that

_ M - M
T3 (t)(— A1) P < tﬁ/fjl, and | To(t)(=A42) |l < 272

for all £ > 0. Let € X3 and ¢ > 2. If we denote Bs = (—4,)?B € L(Y, X;)
and C., = C(—Ay)7 € L(X>,Y), then for s € [1,¢ — 1] we have
|71 (t — s)BCTy(s)x||
= | T1(t = 8)(=A1) (= A1)" BO(=A2) T (s)(— A2) x|
< |Ta(t = 5)(=AD) 2B ICy 11 T2 (s) (= A2) 7 |||
< Mg M., ||Bs|[[|C || ||| (t — )= #1572

3

and thus

1S(@)z]| < /0 IT1(t = 5) BCTy(s)x|ds

t—1

1

< /O T2 (t = s)[[[| BC| T2 (s) | =] ds +/1 [T1(t — s) BCTy(s)x||ds

t
+/t 1Ty ( = )| BCI[ T2 (s) |l ]| ds

< M B el + M B IC ] [ (0 5)7/ 5 o2

Since x € X was arbitrary, we have that sup,[|S(t)|| < oo if
t—1

sup / (t —s)™F/ag=r/02(ds < 0. (8)

1

t>2

If v/ag > 1, then
t—1 t—1 o)
/ (t— 8)_’8/"15_7/0‘2ds < / sTv/e2qg < / s~/ dg < 0,
1 1 1

and if 8/ay > 1, then similarly

t—1 t—1 [eS)
/ (t —s) Plong=/azqs < / (t —s)PFlods < / rAledr < oo,
1 1 1
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In both of these cases (8) is satisfied. It remains to consider the case where
0 < B/ag <1 and 0 < y/as < 1 satisfy /a1 + v/as > 1. Choose ¢ =
B/a1 +v/az > 1, p=cai/B, and g = caz /. Then

1 1 1

g = g(ﬁ/m +7/a2) = 1.

Since p > a1/8 > 1, and ¢ > as/v > 1, and since p - 8/a; = ¢ > 1 and
q-v/as = ¢ > 1, the Holder inequality with exponents p and g shows that

t—1

/t_(lt —s) Bl gv/eagg < (/t—(lt _ s)—pﬂ/alds) v (/ S_Q'W/Qst)%
1 1 1
= (/j‘i—cdr) 1/p (/lt_;—cds) 1/q - (/1007“_0(17“) 1/p (/loos_cds) 1/q e

This shows that (8) holds also in the case where 0 < /oy < 1,0 < y/ag <1,
and 3/ay + y/az > 1. This finally implies that sup,-[[S(t)|| < oo, and thus
T(t) is uniformly bounded. O

Lemma 15. Assume Xy, Xo are Hilbert spaces and Y7 and Yo are Banach
spaces, and that B € L(Y1, X1) and C € L(Xo,Ys) satisfy R(B) € D((—A;)?)
and R(C*) € D((—=A%)) for some B,y > 0. If /oy + v/ag > 1, then
| R(iw, A1) B|||C R (iw, As)|| = O(Jw|®) with o = max{ay,as}. Moreover, if
B > aq, we then have

aup € / IR(E + in, A BI2|CR(E + in, As)e|?dn < 50 Va € Xs. (9)
>0 —00

If dimYy < oo, then (9) is satisfied whenever /oy + v/az > 1.

Proof. By Theorem 3 we can choose My > 1 such that [| R(), A;)(—=A;) " <
My and ||R(>\,A2)(*A2)7Q2H < My for all X € C+.
If 8/a; > 1, then for every A € C+ and = € X, we can estimate
IR\, A)B[I[CR(, Ag)a| = [[R(A, A1) (= A1)~ (= A1) B[|[CR(A, Ag)z]|
< [R(A, A1) (=An) " [ (= A)* BIl|CI[[R(A, Az)z||
< Mo|[(=A1)™ BJ[[|CI[[R(A, A2)z,

which in particular implies | R(iw, A1) B||||C R(iw, A2)|| = O(|w|*) due to the
fact that ||R(iw, A2)|| = O(|w]*). Moreover, we then have

sup E [ IIRE + in, A)B|*||CR(E + in, As)a||>dn
>

— 00

o0
< M4 BIFICI sp & [ IR+ in Aoy < o0
> —0o0

by Lemma 6. Since x € X was arbitrary, this shows that (9) is satisfied.
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If v/ > 1, then for every A € CT+

IR(Y, ADBI[ICR(A, A2)z|| = |R(A, A1) BII[|C(—A2)*2 (—A2) "2 R(A, Az)z||
< IR A1) BI[[|Cas [[[[B(A, A2) (= A2) ™|
< Mol|Cas [ll|2[|[|R(A, Ar) B

where Cl,, is the bounded extension of C:’(—{lg)‘” to Xs. Since ||R(iw, A1)| =
O(Jw|*), this again implies ||R(iw, A1)B||||CR(iw, A2)|| = O(|w|*). If in ad-
dition dim Y7 < oo, we have

21118 f/ IR(& + in, A1)B|*|CR(E + in, A2)x||*dn
> —00
< MG 2 sup & / IR(E + in, A2) B|Pdn < oo
> —00

again by Lemma 6. This shows that (9) holds if 5 = 0.

It remains to consider the case where 0 < f < a3 and 0 < v < as
satisfy 8/a; + v/as > 1. We can choose 0 < By < 8 and 0 < 79 < 7 such
that Bo/a1 + vo/az = 1. By the Moment Inequality [9, Prop. 6.6.2] there
exist Mg, /a,> My, /a, = 1 such that

I(=AD) TP Rl < Mgy o, [IR|P 5070 | (= Ay) =t R o/ e
I(=A2) QI < My /0, QN7 2| (—Az) 2@/

for any R € L(Y, X1) and @ € L(Y, X2). Let A € C+ and for brevity denote
Ry = R(\, A1) and Ry = R(\, A). If Cy, € L(X3,Y) is the bounded exten-
sion of C(—A3)" to Xo, and Bg, = (—A;)?B € L(Y, X1), then for every
AeCH

|B1B|||CRox|| = [|(= A1) Ri(=A1) B | C(—A2)™ (= A2) 77 Rox|
< [I(=A1) 7 Ri By, [[|C | (— A2) ™ Rot|
< Mgy ja, IR By |~/ | (AL~ Ry By, ||/
X (1G5 | Mg pas || Rol |7/ 92| (= Ag) ~02 Ry |20/
< Mg o Moy s M3 | By 17074 | Cog o] 22
X IR\, A1) B, |70/ | R(A, Ag)a||' =70/ 2

which implies ||R(iw, A1) B||||CR(iw, A3)|| = O(|w|®) since ||R(iw, A1)| =
O(Jw|®), | R(iw, A2)|| = O(|w|*), and 1— By /a1 +1—7/a2 = 1. If in addition
dimY; < oo, using the Holder inequality for p = 1/(1 — Bo/a1) and ¢ =
1/(1 — /a2) (which satisfy 1/p+1/q¢ = 1 — Bo/or + 1 — y/ag = 1) and
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denoting M = Mgo/alM%/azM(?HBBO||BO/O‘1 |Co ll]]][ 70722, we have
oo

sup ¢ | |R(E+in, A1)B|*|ICR(E + in, A2)z|*dn
> —00

~ o ~ _bo . _Jo
<M J IR im0 By 0B R(E + i, Aol ay
> —0o0

q

< NPsup (s / IIR(§+in7A1)BBo||2dn)p (5 / ||R<s+mA2>x||2dn)

£>0

< ar (i“%’ ef ||R<5+m,A1>BﬁO||2dn)
> — 00
. (2“%’5 / IIR(€+in,Az)xll2dn) < o0
> — 00

by Lemma 6. This shows that (9) is true if 5, > 0, and thus concludes the
proof. O

Proof of Theorem 7. The claim of the theorem is that if /a1 + v/as > 1,
then the semigroup T'(¢) is polynomially stable with power o = max{ay, a2 }.
Moreover, if dimY < oo, then the condition 8/a; + v/ag > 1 is sufficient.

We have from Lemma 13 that 0(A) C C~. In order to prove that T'(¢)
is polynomially stable with power o = max{aj, s}, we need to show that
T(t) is uniformly bounded and ||R(iw, A)|| = O(|w|®). Assume first that
B/a1 + v/az > 1. By Lemma 13 the resolvent operator is of the form

~ (R(A\ A1) R(M\ A1)BCR(M A)
for every A\ € Ct. We have |R(iw, 41)| = O(|w|®), and || R(iw, A3)|| =
O(Jw|*) by assumption, and

[ R(iw, A1) BCR(iw, A2)|| < ||R(iw, A1) B||[|CR(iw, A2)|| = O(|w|*)
by Lemma 15. Together these properties imply that ||R(iw, A)|| = O(|w|®).

If B/ + v/ag > 1, the uniform boundedness of T'(t) follows directly
from Lemma 14.

It remains to show that if dimY < oo, then the semigroup T'(¢) is
uniformly bounded whenever 8/a; + v/as > 1. Since we already showed
that ||R(iw, A)|| = O(Jw|*), the polynomial stability will then follow from
Theorem 3. For any z = (x1,72) € X and A € C* we have (denoting R; =
R(A\, Ay) and Ro = R(\, Az) for brevity)

IR\, A)z||” = | Rizy + Ry BCRows||” + || Rows |
< 2| Ryat||* + 2||R1 B|*[|C Rows || + || Roa |2
IR\, A)*z|* = | Riz1|* + [|(RiBCR»)" @1 + Rjas|
< |[Ria1||* + 2| R3C™|1| B Ria | + 2| Ry
< [Riz1||* + 2| R(X, A3)C™ 12| B* R(A, A7 )a || + 2| Ry .
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Now
sup € [~ (IR(E-+in A)ol+ [R(E + in,A)a]) dy
<2sup & [ (IR(E +in A P+ [R(E+ in Ay ) dy
w2sp € [ (IR(E+ in Aa)oall+ [RIE+ in, Ao)' ) d
+2sup € [ IR(E +in ADBIPICRIE + in, Ava Py
+ 22213 6/:3(5 —in, A5)C* || B*R(€ — in, A7)z || *dn < oo,

where the first two suprema on the right hand side are finite by Lemma 6 since
Ty (t) and Ty(t) are uniformly bounded. The third and the fourth suprema
are finite by Lemma 15 since dimY < oo. Now Lemma 6 shows that the
semigroup T'(¢) is uniformly bounded, and it is therefore polynomially stable
with power @ = max{a, as}. O

Proof of Theorem 8. We want to show that if 5/a; +7v/az > 1, then T'(t) is
strongly stable, and there exists a constant M > 1 such that ||T(t)A7!|| <

M ()t g an g s 0.

We have from Lemmas 13 and 14 that ¢(A) C C~ and that the semi-
group T'(¢) is uniformly bounded. We therefore have from [5, Cor. 4.2] that
T(t) is strongly stable.

Since the semigroups 71(t) and T5(¢) are polynomially stable, we have
from (3, Prop 1.3 & Ex. 1.4] that ||R(iw, A1)|| = O(jw|**) and ||R(iw, A2)| =
O(Jw|*?). If @ = a1 + ag, then

[ R(iw, A1) B|[[[CR(iw, A2) || < [|R(iw, A BI[[|Cll[| R(iw, A2)|| = O(|w]),

which together with Lemma 13 further implies that ||R(iw, A)|| = O(|w|*).
We now have from [3, Thm. 1.5 & Ex. 1.7] that there exists M > 1 such that

1T A=Y < M (2t)V for all £ > 0, O

Proof of Theorem 9. The claim of the theorem is that if T} (¢) is exponentially
stable and T5(¢) is polynomially stable with power s, then the semigroup
T(t) is polynomially stable with power o = . Moreover, we also want to
show that if T(t) is exponentially stable and T7(t) is polynomially stable
with power a1, then the semigroup 7'(¢) is polynomially stable with power
o = Qq.

Since by Definition 2 a polynomially stable semigroup is also strongly
stable, we have from [10, Lem. 20] that the semigroup T'(t) is strongly stable.
In particular this implies that 7'(¢) is uniformly bounded. By Theorem 3 it
remains to show that iR C p(A) and || R(iw, A)|| = O(Jw|%).
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Let x = (21,22)7 € X be such that ||z|> = ||z1]|® + ||z2]|> = 1. For
brevity denote R; = R(iw, A1) and Ry = R(iw, A2). Now

| R(iw, A)z||* = |Rix1 + R1 BCRoxs||* + || Roxa|)?
<2 (|Ba|Pllaal” + [1B: [P BCIP | Rl |22 ]1*) + [ Ra (|22
<2 ([lza P + [|l2l?) (1R )1* + 1B 2 IBC? | Ra |1 + [ R2]|?)
< 2max {||BC|*, 1} (| Ru[*(1 + || R2|[*) + | R2]|*)
< 2(|BO|I* + D(||R(iw, A)|” + 1)([| R(iw, A2) > + 1).

Due to the assumptions and Theorem 3 one of the norms ||R(iw, A1)| and
|R(iw, A2)|| is of order O(Jw|*), and the other is uniformly bounded. This
together with the above estimate shows that |R(iw, A)| = O(|w|%). O

5. Semigroups Generated By Full Operator Matrices

In this section we prove the results concerning the semigroup generated by

the block operator matrix
A— (A BiC
BQCl A2

where A; and A generate polynomially stable semigroups. The operators
By € L(Y1,X1), By € L(Y2, X2), C1 € L(X1,Y2), and Cy € L(X2, Y1) satisfy

R(B1) € D((-A1)™), R(CT) € D((—A})™)
R(Bz) € D((~42)™), R(C3) € D((~A3)")
for some ﬂl,ﬁg,’yl,’}/g > 0.

Lemma 16. If A € CT is such that 1 € p(CoR(\, A3) BoC1R(\, A1) By), then
A€ p(A) and

R()\ A)— R1+R1810251(A)71B201R1 RlBlc'QSl()\)fl
’ o Sl(A)713201R1 Sl()\)il

where Ry = R(\, A1), R2 = R(\, A2), and
Si(A)7t = R(\, A2) + R(\, A2) BoCO1 R(\, A1) Bi Dy ' CoR(\, As),
Dy =1 — CoR(\, A3)B2C1R(\, Ay) By

Proof. Let A € C* be such that 1 € p(CoR(\, Ag)B2C1R(\, A1)B;) and
denote Ry = R(\, A1) and Ry = R(\, Az). The Schur complement Sy (\) of

A — A1 in
o A — Al —Bng
A-d= (—3201 A AQ)
is Sl(>\) = A—Ag—BgClRlBlcQ. Since 1e p(CgRngClRlBl), the Shermanf
Morrison-Woodbury formula (see, e.g., [13, Lem. 10]) implies that S;(A) is
boundedly invertible and

S1(A\)7! = Ry 4+ RyBoC R By (I — CoRyBoC1R1By) "' CyR,.
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Since the A — A; and its Schur complement S7(\) are boundedly invertible,
we have that A € p(A4) and the resolvent operator R(\, A) is given by

(I RBG\ (R 0 I 0
R(A’A)_(o I )(0 Sl(A)1> (320131 I)

. R1+R1310251(/\)_13201R1 RlBngSl(/\)_l
o Sl()\)ilBgclRl Sl()\)71

O

Lemma 17. If any one of the conditions (1)-(iv) in Theorem 10 is satisfied,
then ||R(iw, Ag) Bi||||C1R(iw, A})|| = O(Jw|*) with @ = max{a;, a2}, and

Sup 3 | R(& + in, Ax) Byl (| CLR(€ + in, Ay)a||*dn < oo (10a)

E> —00

sup ¢ | R(& + in, Ap)*Cy| || By R(E +in, Ay)*z||?dn < oo (10b)
> —00

for every k,l € {1,2}.

Proof. The property ||R(iw, Ak)Bg||||CiR(iw, A;)|| = O(Jw|®) follows from
Lemma 15 since in each of the situations (i)-(iv) the exponents satisfy By /o +
/o > 1.

We have from Lemma 15 that for fixed k,1 € {1,2} the condition (10a)
is satisfied if either

(a) Br > ay, or
(b) dimY}y < oo and Bi/ag +vi/au > 1.

It is therefore sufficient to verify that in each of the situations (i)-(iv), for
every k,l € {1,2} either (a) or (b) is satisfied.

In the following we list the possible situations with respect to the con-
ditions (i)-(iv), and the possible combinations of (k,1).

Condition (i): (a) is satisfied for £ = 1,2 (and consequently, for every
(k,1) € {1,2} x {1,2}).

Condition (ii): For (k,1)
(1,1) (b) is satisfied since dimY; < oo and B1/a; +71/c1 > 1
(1,2) (b) is satisfied since dimY; < oo and f81/ay + v2/ae > f1/ar +1>1
(2,1) (a) is safisfied since B3 > g

Condition (iii): For (k,!)

(1,1) (a) is satisfied since 81 > ay
(2,1) (b) is satisfied since dimYs < oo and fBa/as + y1 /a1 > fBo/as+1>1
(2,2) (b) is satisfied since dim Y3 < oo and fSa/ag + v2/ae > 1

Condition (iv): (b) is satisfied for for every (k,1) € {1,2} x {1,2} since
dim Yy < oo and Bi/ar + v1/aq > 1 by assumption.
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To show (10b), we note that

o
sup § [ IR +in, Ap)*CylPII By R(€ + in, A)* x| *dn
>

— 00

= sup ¢ / |R(E — in, ADCLIP| By R(E — in, A ) |*dn
= sup ¢ / |R(E + in, ADCEIPI| Bf R(E + in, A7 )| %dn,
> —o0

We can apply Lemma 15 to operators A*, C} and B}, for k,l € {1,2}, and
see that for fixed k,l € {1,2} the condition (10b) is satisfied if either

(&) i > ayg, or
(b") dimYy < oo and 8;/aq + vi/ax > 1.

Similarly as above, it can be verified that in every situation (i)-(iv) either
(a’) or (b') is satisfied. O

Proof of Theorem 10. The assumption in the theorem is that the exponents
B1, P2,71,72 > 0 satisfy at least one of the conditions (i)-(iv). The claim is
that there exists § > 0 such that if

I(=AD)? Bl (=AD" CT Il (- A2)™ Ba[l(-A3)* C5 [ <6, (11)

then the semigroup T'(¢) is polynomially stable with power o = max{ay, a2 }.
By Lemma 4 we can choose M7, My > 1 such that

ICLR(N, A)B1 | < Mu[(=A1)” By [[|(- A7) x| (12a)
IC2R(N, A2)Ba|| < Ma||(—=A2)” By |||(—A3) Cs | (12b)

for all A € C*. If we choose 0 < & < 1/(M;Ms) and if (11) is satisfied, then
IC1R(A, A1) B1CoR(\, A2)Bal| < §M; My < 1. In particular, this implies that
1 € p(C1R(\, A1) B1CoR(\, A3)By) for all A € C+. Lemma 16 now shows that
o(A) € C~ and gives a formula for the resolvent R(\, A) for A € C+.

To prove uniform boundedness of T'(¢) using Lemma 6, we need to esti-
mate the norms ||R(\, A)z| and ||R(\, A)*z|| for x = (z1,22)T € X and
A€ CF. Let A € CF and denote By = R()\ A1), Ry = R(\, Ay), and
D)\ = I—ClR()\, Al)BngR()\, AQ)BQ. If MD = 1/(1 —§M1M2), then a stan-
dard Neumann series argument shows that || Dy || < Mp. If we choose M; =
My (A1) Byl (—A45)7 C5 | and My = Ma | (— Az)% By |[[(— 43)C ., then
the equations (12) imply

||01R()\,A1)31H S Ml and HCQR()\7A2)B2|| S Mg.
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In the estimates we use the scalar inequalities (a + b)? < 2(a? + b?) and
(a+b+c)? <3(a®+b? + ?) for a,b,c > 0. We have

RO\, A)z||? = |[Ryw1 + R1B1CoS1(A) ' BoCy Rizy + RiB1CoS1 (M) L ||?
+[1S1(A) "' BoCrRywy 4 S1(A) " aa?
<3||Ryax1||? + 3| RiB1C2S1(N) 7 BoCr Ry ||* + 3|| R B1C2S1(A) ||
+2(|S1(N) "' BoaCr Ry |2 4 2|1 (N) a2

Using S1(\)~! = Ry + RQBQClRlBlD;lcQRQ, the terms on the right-hand
side can be further estimated by

| Ry B1C2S1(\) "' BoCL Ry ||
< [|R1 By || (|[CoR2 Ba| + [|C2 Ry B ||| C1 Ry By ||| Dy || C2 Re Ba ||) || Cy Ry |
< (My + My M3 Mp)|Ry By [|[|Cy Ryas |,
and similarly we get
| Ry B1C2S1(A) ™ aa|| < (1 + My My Mp)||Ry By ||| CoRoas |
1S1(A\) " BoCy Ryzy || < (1 + My My Mp) || ReBal|||Ch Ry1 |
151 (A) " aa|| < [|Rows || + My Mop||Ro Bal||C2 Raa||.
Denote Mio; = maX{MlMD, 1 4+ My MyMp, My + ]\ZflMQQMD}. Combining
the above estimates yields
IR\, A)z||*> < 3||Riz1||> + 3| Ry B1C2S1 (\) ' BoCy Ry ||
+ 3||R1B1C2S1 (M) tag|)® 4 2||S1(N) 1 BoCyL Ry ||* 4 2|1S1(N) a2
<3| Rian [P + 3M | R B1 | Cr Ruan ||” + 3M¢y || Ry Ba ||| Ca Roaa |
+ 2ME, || Ry Bal*[[Cr Ruwy ||* + 4] Rows ||* + 4ME, || Ry Bal|*[| Ca Rows |2

< 3||Ryan ||* + 4| Rowa||* + AM2, > || Re Bi| | Cr Ry .
k,l=1,2

Lemmas 6 and 17 thus imply

sup ¢ / IR(E + in, A)z|2dn < 3sup ¢ / IR(E + i, A |dn
£>0 —o0 £>0 —o0

+dsup ¢ / IR(E + in, Ag)wa]dn
£>0 —o0

FAME Y zulg § [ IR +in, Ap) Be| P |CLR(E + i, Ap)a || *dn < oo.
kil=1,25> —©

Furthermore, the same estimates also show that
| R(iw, A)[|* < 3||R(iw, Ar)|* + 4| R(iw, A2)||?

+AMZ, > || R(iw, Ay) Be||*[|Ci Riw, A1) 1>
kl=1,2
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This immediately implies || R(iw, A)|| = O(Jw|®) with @ = max{a1, @z}, since
we have ||R(iw, Ay)Bg||||CiR(iw, 4;)|| = O(|w|®*) by Lemma 17.
Because
* RT + (RlBngSl()\)_lBgClRl)* (Sl ()\)_lBgclRl)*
RN\ A)" = vk Y
(R1B1C2S (\)Y) ($1(0)7Y)

we can similarly estimate the norm of R(\, A)*x by
RN, A)*||* < 3| Rz ||* + 3] (R1 B1C2S1(A) ™ BoCy Ry ) ||
+31(S1(A) ' BoC1 Ry)*wa||* + 2||(R1 B1C2S1(N) ™) *a ||?
+2[(S1(\) ) |

Since (S(A)™')* = R3+R3C5(C1R1B1 DY )" B3 R and | B3 R5C5 || = ||(C2R2 Ba)*|| =
||02R2B2||7 we get

[(R1B1C281(N) "' BoCrRy) 21 || = || Ry C B3 (S1(A\) 1) C5 By Ry ||
< |RTCT (102 Ro B || + [|C2Re Ba[[[|C1 Ry Bu ||| DY [[[|C2 Re Be ) | By Ry |
< (M3 + MMz Mp) || Ry CE ||| B Ry,
and
1(S1(A) ™" BoCy Ry)*ma || < (14 My My Mp)||[RiCy ||| B Ryaz |
|(R1B1CoS1(N) ") * 21 || < (14 MyMyMp)||R5Cy ||| B R 1|
1(S1(N) 1) w2|| < ||[R5ws| + My Mpl|R5C3 ||| B Rya||-
Similarly as in the case of ||R(A, A)z||, the above estimates further imply
IR(N, A)*z||* < 3| Riz || + 4| Ryas|® +4Mi, Y | RECEl1 | Bf Ry il
k,i=1,2

Lemmas 6 and 17 now show that
o0

sup & [ |A(E+in, 4)'a] dn<38up€/ VR(E + in, A) 2 |Pdn
>

oo

+dsup € [ |R(E + in, As)*ms|2dn
£>0 —oo
Az, Y sup ¢ \|R<§+m,Ak> CEIPNIBE R + in, A | *dny
k,il=1,25> -

< oQ.
By Lemma 6 we finally have that the semigroup T'(t) is uniformly bounded.

This implies that T'(¢) is polynomially stable with power & = max{ay,as}.
O

Proof of Theorem 11. The claim of the theorem is that if T7(t) is exponen-
tially stable and Bs,v2 > ag, then there exists § > 0 such that the semigroup
T(t) is polynomially stable with power a = g provided that

IBLICLI (—A2)7 Ba|[[(=A3) 2 C5 | < 6, (13)
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Moreover, dim Y3 < oo, it is sufficient that Bs + v2 > as.
Since Ti(t) is exponentially stable, we have sup, _z=[|R(\, A1)|| < oo.
Because of this and by Lemma 4 we can choose My, Ms > 1 such that

|C1R(N, A1) By || < My || By||[|Cy|
|CoR(A, A2) B || < Ma|[(—A2)"2 By ||| (—A5) ™ C |

for all A € C+. If we choose 0 < & < 1/(M;M>) and if (13) is satisfied, then

IC1R(X\, A1) B1CoR(A, A3)Bs|| < M1 Ms < 1. As in the proof of Theorem 10

we can now see that o(A4) C C~, and || Dy " is uniformly bounded for A € C+.
If we can verify that under the assumptions of the theorem the condi-

tions (10) are satisfied for every k,l € {1,2}, then the uniform boundedness

of T'(t) follows directly from the estimates made in the proof of Theorem 10.
If k=1 and ! =1,2, we have that

oo

sup £ [ | R(E+in, A1) Bi|?|CLR(€ + in, A)a||*dn
£>0 —o00

2 00
< 1B P10l (sup 1RO, ) sup € [ IR(E + im, Ay < o
AeC+ £>0 —o0

by Lemma 6. On the other hand, if k¥ = [ = 2, then (10a) follows directly
from Lemma 15 and our assumptions. Finally, we need to consider the case
where k =2 and [ = 1. If B3 > s, then

IR(A, A2) Bl < [|R(A, Ag)(—A2)~2||[|(—A2)*>~72[|]|(— A2)" Be|
for all A € Ct+ and

sup € / IR(E + in, Ag) Bal 2 CLR(E + i, Ar)as | i
>0 —00

2
< (= A42)% Ba2ll(~ A2) >~ P2 Gy 12 ( sup | RO, Az)(—A2) =)
AeCH

<sup € / IR(E + in, Ay |*dn < oo
>0 —00

by Lemma 6. On the other hand, if dim Y5 < oo, then

sup & [ IR i, A2) B PICLR(E + i, v [P
>0 —0o0
2 oo
< ICuPller P (sup 1RO A)) sup € [ R+ in, An)BalPdn < oo
AeCH £>0  J—oo

again by Lemma 6.
It remains to show that ||R(iw, A)|| = O(Jw|*?). The estimates made in
the proof of Theorem 10 show that

|R(iew, A)|* < 3| R(iw, Av)||* + 4] R(iw, A2)|?

+AMZ, || R(iw, Ap) Bel|*||CLR(iw, A2,
k=1,2
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This implies |R(iw, A)|| = O(|lw|*?), since in the case where k = 1 or
Il = 1, one of the resolvents is uniformly bounded, and we clearly have
|R(iw, A) Bi||||CiR(iw, A})|| = O(|w|*?). In the case k = | = 2 the same
conclusion follows from Lemma 15. O

6. Examples Concerning Optimality of the Results

In this section we present two examples to illustrate the optimality of the
conditions in the results presented in Section 3. In the first example we show
that the condition 8/a; +7/as > 1 is in general an optimal condition for the
polynomial stability of a semigroup generated by a triangular block operator
matrix.

Example 18. Let A; : D(A4;) C X7 — X5 generate a semigroup 77 (t) such
that Ty (t) is polynomially stable with power a > 0, but

supt || T3 (t)(—=A;) ™% = o0 for every 0<a <. (14)
>0

Choose Xo = X1, Ay = A, Y = X1, B = (-A;)"? € £(X)) and C =
(—A1)77 € L(X1). Consider the triangular block operator matrix

A= A, BC o A (7A1)7(ﬂ+7)
“\0 4 ) \o Ay '

A direct computation shows that T'(¢) generated by A is of the form

_(Tu(t) tTy(t)(—Ay) =P
T(t)_( i . )

Since Ti(t) is uniformly bounded, the semigroup T'(¢) is uniformly bounded
if and only if sup,~o ¢ ||T1(t)(—A1)~P*+7)|| < co. Our assumption (14) shows
that if 8/a1 +7/as < 1, or equivalently 5+~ < «, the semigroup T'(¢) is not
uniformly bounded and it is therefore unstable. This shows that the condition
B/ai +7v/as > 1is in general an optimal condition for the exponents.

On the other hand, it is straightforward to verify that in this example
B/a1 +y/ag > 1 is sufficient for polynomial stability of T'(¢) even though ¥
is infinite-dimensional.

The second example shows that S2+7v2 > a9 in Theorem 11 is in general
an optimal condition for the exponents.

Example 19. Let X; = X, = ¢?(C), and consider

A1 =Y (—o+ik) (- d)dr,  and Ay = (_k;

k=1 k=1

+ Zk’) (-, P) P

where ay > 0, 0 > 0 and {¢k}io=1 is the Euclidean basis of X;. The operators
Ay and As generate semigroups 71 (¢) and Tx(t), respectively, such that Ty ()
is exponentially stable and T5(t) is polynomially stable with power as. Choose
Y; =Y, = C and for some fixed n € N let By = ¢, By = n~/2¢,,, C, =
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(-, ¢n), and Cy = n=22/2(- ¢,.). The block operator matrix A on X = X; x X

is then given by
am (L, e,
na2/2 < ¢71>¢n Ao

We have R(B2) = R(C5) = span{¢,} C D((—A2)*), and therefore the
range conditions on By and Cs are satisfied for any choices of the exponents
B2,v2 > 0. We will show that if S + 72 < ag, then for any § > 0 we can
choose n € N in such a way that the semigroup T'(¢) is unstable even though

IB1]l - ICul - (= Az2)* Bl - [|(=A45)=C3 || < 6.

To this end, let § > 0 be arbitrary. A direct computation yields ||B:|| = o,
IC1] = 1, [[(=A2)»Bs|| = n2722/? and [|(=A3)2C5 || = n*2~*2/2. Since
B2 + 72 < ag by assumption, the product

IB1ll - ICL] - [[(=A2)% Be|| - [[(=A3)72C5 || = on2t727e

can be made smaller than § > 0 by choosing a sufficiently large n € N. It
should be noted that also both of the operator norms || B;Cy|| = on~*2/? and

| BoCy|| = n=2/2 can be made arbitrarily small by choosing a large enough
n € N.
To show that T'(¢) is unstable, consider the operator
>‘ Ay < ¢n>¢n>
A—A= ~ e
( na2/2 < ¢n>¢n A=A

for A € C+. The Schur complement Si(A) of A\—A;in A—Ais

Since o(A;) C C, we have that iw € iR is an eigenvalue of A if and only if
0 is an eigenvalue of S (iw). But a direct computation shows that

o 1
n® in+1/n% —in

S1 (Zn)¢n = Zn¢n - (70 + Zn) ¢7L - ¢n

_U(bn_ o2 a2¢n—0

This implies that A = in € iR is an eigenvalue of A, and thus the semigroup
generated by A is unstable for all choices of n € N.

7. Coupled Wave Equations

In this section we use the results in Section 3 to study the stability properties
of a system consisting of two coupled wave equations,

v (2, 1) — Av(z,t) + a(2)vi(z,t) = BoCow(-,t) (15a)
wee(r,t) — wpp (1) + (1 = r)u(t) =0 (15b)
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onz € Q= (0,7)x(0,7) C R? and r € (0, 1), respectively, and with boundary
and initial conditions

v(z,t) =0 z € 00

v(z,0) = vo(2), ve(2,0) = v1(2)
w(0,t) = w(1,t) =0

w(r,0) = wo(r), we(r,0) =w(r)

The equation (15a) is a two-dimensional wave equation with local viscous
damping term a(z)v(z,t) [12, Sec 3, Ex. 3]. The function a(z) is chosen as

1 0 otherwise

for z = (z1,22) € Q. The function u(¢) in (15b) is chosen in such a way
that the one-dimensional subsystem is polynomially stable. This is done in
Section 7.2. Our main aim in this example is to derive conditions for the op-
erators By and Cj in the coupling between the equations so that the coupled
system (15) is polynomially stable. To accomplish this, we will write (15) as

a triangular system
d (z1 Ay BC\ (z1
= = 1

on a suitable space X = X; x X5, and subsequently use Theorem 7 to study
the stability of the semigroup generated by its system operator.

7.1. The Two-Dimensional System

The equation (15a) with the boundary conditions in (16) can be written as
a first order linear system on a Hilbert space X = H}(Q) x L?(Q) with inner
product (z,y)x = (Va1, Vy1)r2()2 + (22, ¥2) 12(0) by choosing (see [12, Sec.
3, Ex. 3]) z = (v,v¢), and

A= (2 aI(z)> . D(A) = {(z1,22) | 32 € Hj(Q), Azy € L*(Q) }.

With these choices (15a) without the term ByCow(-,t) on the right-hand side
becomes

& = Az, x(0) = o,

where zg = (vo,v1)?. Since a(z) is strictly positive on a vertical strip of Q,
we have from [12, Sec. 3, Ex. 3] that A generates a strongly stable semigroup
and || R(iw, A)|| = O(|w|?), and thus by Theorem 3 the semigroup generated
by A is polynomially stable with power o = 2.

In the composite system (17) we choose the first subsystem as X; =
H(Q) x L?(Q2) and A; = A. The semigroup T} (t) generated by A; is then
polynomially stable with power a; = 2.
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7.2. The One-Dimensional System
Now we turn our attention to the one-dimensional equation (15b) with the
boundary and initial conditions in (16). We define go(r) = 1 — r and Ay :
D(Ag) C L?(0,1) — L?(0,1) as Ag = d22 with the domain
D(Ay) = {x € L*(0,1) ‘ x, 2’ abs. cont., 2" € L*(0,1), x(0) = z(1) = 0},

(i.e., D(Ag) = H}(0,1)NH?(0,1)). The operator Ag has a positive self-adjoint
square root

(1)/23: = Z km(z(-),V2sin(km-)) 12 V2sin(kr-)
and the space X = D(Al/z) x L?(0,1) is a Hilbert space with the inner
product (z,y)x = (AO/Qxl,A(l)/ y1)r2 + (va,y2) 2 for @ = (z1,72)T and

y = (y1,y2)T. Choosing
x:(w) A:(—?ax é) D(A) = D(Ao) x D(4"?),
0

w,

0 wWo
G = = =
u=gu (go> o (wl) ’

the wave equation (15b) can be written as

& = Az + Gu, z(0) = xo. (18)
We will now show that we can choose K = (-, h) € £(X,C) in such a way that
with feedback input u(t) = Kz(t) the system (18) is polynomially stable with
power « = 5/3. The eigenvalues of the operator A are A\, = ik for k € Z\{0},
and the corresponding eigenvectors

(2) = 1 [ sin(krz)
PriZ) = Ae \ Mg sin(kmz)
form an orthonormal basis of X and

1

a.
For k # 0 denote p, = f‘kl%/ngikﬂ. Then for any A € C with dist(\, o(A4)) >

T = Linfr| A, — /\l| and for any | # 0 we have

(g9, 0k)x = {go,sin(km)) 2 =

S < E Z (192)
P |/\ /\k| 72 dist( /\ a(A k#)
(g, @) 1 1
E < = E < 00 (19b)
2 2 2.2
k20 |/\k )\l| ™ k:;éokﬂ
k£l k£l

Z |/~Lk - Ak| Ik\m/3 =

k=0 k=0 7r2k2 k=0

|k\4/3 (19¢)




24 L. Paunonen

We now have from [19, Thm. 1] that there exists h € X such that A + GK
with K = (-, h)x is a Riesz-spectral operator with eigenvalues {fx}r-0 and
A+4+GK has at most finite number of nonsimple eigenvalues. This immediately
implies that for some constant M > 1 and for w € R we have

M

jw, A < —
1R, A+ GE)|| < infy, dist(iw, pg)

= O(|w]*®),
and thus the semigroup generated by A + GK is polynomially stable with
power o = 5/3.

In the composite system (17) we choose X5 = D(Aé/Z) x L2(0,1) and
As = A+ GK. We then have that the semigroup Tx(¢) generated by As is
polynomially stable with power as = 5/3.

7.3. The Composite System

If the space X; and X5 and the operators A; and A, are chosen as in Sec-
tions 7.1 and 7.2, then the coupled wave equations (15) can be written as a

triangular system
i T o A1 BC I
dt \z2) \0 Az ) \x2)’

where the operators B € L(Y,X;) and C € L(X3,Y) are such that By =
(0, Boy)T € X; for y € Y and C(z3,23) = Coxl for x5 = (21,23)T € X,.

We can now use Theorem 7 to impose conditions on B and C' so that
the triangular block operator matrix generates a polynomially stable semi-
group. Indeed, if these operators are such that R(B) C D(A;) and C(—As) :
D(A2) — Xo extends to a bounded operator on X» (ie., if 5 = v = 1),
then /a1 4+ v/az =1/2+43/5=11/10 > 1, and Theorem 7 shows that the
system (15) is polynomially stable with power @ = max{a;, a2} = 2. In par-
ticular, the space Y does not have to be finite-dimensional. As an example,
we can consider an interconnection of the form

(BoCow(-,1))(2) = Z %(w(-, t),sin(km-)) 2 sin(kzy) sin(kzo) (20)

k0

for 2 = (21, 22) € Q. Here we can choose Y = 2(C) with the Euclidean basis
vectors {ex}rez (o}, and define By € L(Y,L*(2)) and Cy € E(D(Aém),Y)
such that

(Boy)(2) = 3 25y cx) sinkz1) sin(hz2)

k0

Coxh = Z(x%, sin(km-))p2eg
k40
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for z = (21, 22) € 2. We then have

[e.°]
|Coxd||* = Z| xy,sin(kr))p2|? = Z x3, sin(kr-)) 2|2
k#0 k=1

o0
< Y el (ad, VEsin(hm) el = |32 e
k=1

For every (z!,22)T € D(A2) = D(Ay) x D(A (1)/2 ) we also have that

e (1) =5, §) () -eo ()

1
= —Coa® — CG (%)

T

Since CGK € L(X5,Y) and since

[Cox®||> = (2?, sin(kr-)) 12| Z\ V2sin(km)) 2] = (|27 (172 (0.1
k0

X
< e+ 10 = | (x>

we have that C'(—Az) extends to a bounded operator on X, and thus we can
let v =1.

In order to verify that B satisfies R(B) C D((—A;)?) for 8 = 1, we
need to show that R(Bg) C H(2). Let y € Y = ¢2(C) be arbitrary. We have
((y, ex) /k) k20 € £*(C), and therefore

2

)

0 —(Boy)(2) = Z <yl’:k>kc05(kzl)bln(kz )= Z@cos(kzl)sin(kzz)

0z k0 k50

682 (Boy)(z) = Z <y’kek> sin(kz1) cos(kza).
k40

Moreover the property ((y,ex)/k)r20 € £'(C) implies that (Boy)( ) and
azQ (Boy)(-) are bounded uniformly continuous functions on Q = [0, 7] x [0, 7].
Indeed, if we for instance denote f(z) = S%I(Boy)(z) and yi = (y, ex)/k, and
if € > 0, then there exists N € N such that >, . v|yx| < £/4. Moreover,
since the function z — fn(2) = > ok <n Yk cos(kz1) sin(kzz) is uniformly
continuous, there exists § > 0 such that |fy(z) — fn(2)] < £/2 whenever
Iz — Z|| <. Thus if ||z — Z|| < ¢, then

1f(z) = f()] < |fn(2) = [n(Z)] +2 Z lye| < 2+§—
|k|>N

Since we also clearly have (Boy)(z) = 0 for every z € 99, this shows that
Boy € H}(Q). The element y € Y was arbitrary, and we have thus shown
that R(By) C Hg ().
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Since the conditions of Theorem 7 are satisfied, we have that the sys-
tem (15) of wave equations with the coupling (20) is polynomially stable with
power o = max{a,az} = 2.
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