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ABSTRACT

In this paper, we consider the robust output regulation problem for the thermoelastic system where
the boundary control input and the output are located at the left end of the wave equation and the dis-
turbance input is located at the right end of the heat equation. We formulate the system as a boundary
control system and prove that it is impedance passive and well-posed. We design a finite-dimensional
controller based on the internal model principle and show that the controller can achieve robust output
tracking and disturbance rejection. The numerical simulations demonstrate that the finite-dimensional
dynamic error feedback controller can make the output track the reference signal asymptotically and
the state of the closed-loop system is bounded.

1. Introduction
During the past decades, due to the extensive applica-

tion of output regulation in aerospace, engineering, and other
fields, the output regulation problem of distributed parame-
ter systems has been widely studied. The objective of the
output regulation problem is to design a controller to make
the output of the system track the reference signal and reject
the disturbance signal asymptotically.

The study of the output regulation problem for finite-
dimensional systems begun as early as the 1970s [9, 6, 10].
The internalmodel principlewas introduced in [10] for finite-
dimensional systems. The principle is summarized as that a
robust output regulation problem is solvable if and only if the
controller contains amultiple copy of the dynamics of the ex-
osystem. Later, the output regulation theory was extended
to infinite-dimensional systems. In [3, 19, 20], the output
regulation problems for the infinite-dimensional system are
considered using state space methods, and in [18, 33], the
robust output regulation problems are analyzed in the fre-
quency domain.

We consider the robust output regulation problem for the
thermoelastic system [5, 21, 2, 25, 1, 14], which models the
interaction between temperature and elastic system for 0 ≤
x ≤ 1 and t ≥ 0:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

)2w
)t2

(x, t) − )2w
)x2

(x, t) +  )�
)x
(x, t) = 0,
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wherew(x, t) represents the displacement, �(x, t) represents
the absolute temperature, k > 0 is the thermal conductivity,
 > 0 is the coupling constant, u(t) ∈ ℂ is the control input,
d(t) ∈ ℂ is the disturbance input. The output signal is

y(t) = )w
)t
(0, t).

The disturbance d(t) ∈ ℂ and the reference signal yref (t) ∈
ℂ are assumed to be generated by the exosystem

v̇(t) = Sv(t), v(0) = v0, (2a)
d(t) = Ev(t), (2b)
yref (t) = Fv(t), (2c)

where S ∈ ℂ2q×2q has purely imaginary eigenvalues, E ∈
ℂ1×2q , F ∈ ℂ1×2q . The eigenvalues of S are given by

�(S) = {i!1,−i!1,⋯ , i!q ,−i!q} ⊂ ℂ. (3)

We assume !1, !2,⋯ , !q are known and 0 < !1 < !2 <
⋯ < !q ,E, F and the initial value v0 ∈ ℂ2q×1 are unknown.
Our contributions focus on the following aspects:
∙We formulate the thermoelastic system as a boundary con-
trol system and prove this system is an impedance passive
system.
∙We prove the disturbance input operator, the control input
operator and the output operator are admissible, and from
the boundedness of the transfer functions, we prove that the
open-loop system is well-posed.
∙ We design a finite-dimensional dynamic error feedback
controller for (1) based on [33] and prove that the controller
we designed solves the robust output regulation problem.

In the past decade, output regulation has been studied in
detail for several different types of PDEs. The state feed-
back regulator obtained by using the solvability of regula-
tor equations and the backstepping method is considered in
[7, 8, 38, 11] for parabolic PDEs with spatially varying pa-
rameters, coupled linear parabolic partial integro-differential
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equations (PIDEs), first-order hyperbolic PIDE systems, anti-
stable coupled wave equations. In addition, the adaptive er-
ror feedback output regulation of the one-dimensional wave
equation, beam equation, heat equation are presented in [17,
16, 15], and the controllers are designed based on the con-
struction of some auxiliary systems and the adaptive control
approach. The internal model principle has been used to de-
sign controllers for robust error feedback output regulation
for a heat equation and a Schrödinger equation in [13, 24], as
well as for a general class of impedance passive distributed
port-Hamiltonian systems in [22, 31]. These works are about
the output regulation of particular PDE systems, and the ab-
stract theory of output regulation has also been developed in
several articles during the past decades [3, 32, 29]. The in-
ternal model principle for infinite-dimensional systems with
unbounded control and observation is introduced in [32],
and the authors concentrate on characterizing the solvabil-
ity of the robust output regulation problem. The internal
model principle has been used to design controllers for ro-
bust output regulation of several different classes of infinite-
dimensional systems in [18, 33, 23, 20, 30, 22, 31]. In partic-
ular the controller designs in [33, 30] are applicable for well-
posed and regular linear systems, which cover large classes
of PDE models with boundary control and observation.

The organization of this paper is as follows. In Section 2,
we formulate the thermoelastic system as a boundary control
system. In Section 3, we prove that the open-loop system is
well-posed. In Section 4, we design an error feedback con-
troller and show that the designed controller solves the robust
output regulation problem. Numerical simulations are pre-
sented in Section 5 to illustrate the theoretical results. Some
conclusions are given in Section 6.

1.1. Notation
For the Banach spaces X and Y and the linear operator

A ∶ X → Y , L(X, Y ) denotes the space of bounded linear
operators fromX to Y . The domain, spectrum and resolvent
of a linear operator A are denoted by D(A), �(A) and �(A),
respectively. The resolvent operator of a linear operator A is
denoted byR(�, A) = (�−A)−1 for � ∈ �(A). We denote by
X−1 the completion ofX with respect to the norm ‖z‖X−1 =
‖(�0 −A)−1z‖X with �0 ∈ �(A) and z ∈ X. For any � ≥ 0,
we denote ℂ� = {s ∈ ℂ|Res > �}.

2. The boundary control system
In this section, we formulate the thermoelastic system as

a boundary control system [34, 4, 28, 36] and prove that this
system is impedance passive [28, Section 3]. We define

H1
R(0, 1) = {f ∈ H

1(0, 1)|f (1) = 0},

and the state space

X = H1
R(0, 1) × L

2(0, 1) × L2(0, 1)

with the inner product
⟨

(f1, g1, ℎ1)⊤, (f2, g2, ℎ2)⊤
⟩

= ∫

1

0

[

df1
dx

(x)
df2
dx

(x) + g1(x)g2(x) + ℎ1(x)ℎ2(x)

]

dx,

where (fi, gi, ℎi)⊤ ∈ X, i = 1, 2. Choosing the state vari-
able z(t) = (w(⋅, t), �(⋅, t), �(⋅, t))⊤, the system (1) can be
expressed as a boundary control and observation system [4]

ż(t) = A0z(t), z(0) = z0 ∈ Z, (4a)

Bz(t) = u(t), (4b)

Bdz(t) = d(t), (4c)

y(t) = ℭz(t), (4d)

where

A0 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0 I 0
d2

dx2
0 − d

dx

0 − d
dx

k d
2

dx2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

Bz = −dw
dx
(0, t),

Bdz =
d�
dx
(1, t),

ℭz = �(0, t),

and

D(A0) = Z ∶=
{

(w, �, �)⊤ ∈ (H2(0, 1) ∩H1
R(0, 1))

×H1
R(0, 1) ×H

2(0, 1)|�(0) = 0
}

,

the norm on Z is defined by ‖z‖Z =
√

‖A0z‖2X + ‖z‖2,
and A0 ∈ (Z,X), B,Bd ,ℭ ∈ (Z,ℂ).

We define the operatorA = A0|D(A) withD(A) = (B)
∩ (Bd). It has been shown in [21] that A generates an
exponentially stable semigroup T (t) on X.

Theorem 2.1. ( [21, Corollary 3.2] ) The operator A gener-
ates an exponentially stable semigroup T (t) onX, i.e., there
exist constantsM1, �1 > 0 such that

‖T (t)‖ ≤M1e
−�1t, ∀ t > 0.

The operator
(

B
Bd

)

∈ (Z,ℂ2) is surjective, and thus

by [36, Proposition 10.1.2] there exist unique B ∈ (ℂ,
X−1) and Bd ∈ (ℂ, X−1) such that A0z = Az + BBz +
BdBdz for all z ∈ D(A0). We also define C = ℭ|D(A) ∈
(D(A), ℂ), and A ∶= A0|D(A) ∶ D(A) ⊂ X → X with
D(A) = (Bd).

Lemma 2.2. If d(t) = 0, the system (4) is an impedance pas-
sive boundary control and observation system in the sense
that

Re ⟨Az, z⟩ ≤ Re ⟨Bz,ℭz⟩ℂ , z ∈ D(A).
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PROOF. Using integration by parts, we obtain

Re ⟨Az, z⟩

= Re

⟨

(

v, d
2w
dx2

−  d�
dx
, kd

2�
dx2

−  dv
dx

)⊤
, (w, v, �)⊤

⟩

= Re
⟨dv
dx
, dw
dx

⟩

L2(0,1)
+ Re

⟨

d2w
dx2

−  d�
dx
, v
⟩

L2(0,1)

+Re
⟨

kd
2�
dx2

−  dv
dx
, �
⟩

L2(0,1)

= Re
(

Bzℭz
)

− k
‖

‖

‖

‖

d�
dx

‖

‖

‖

‖

2

L2(0,1)

for every z ∈ D(A). This implies

Re ⟨Az, z⟩ ≤ Re ⟨Bz, ℭz⟩ℂ , z ∈ D(A).

Hence, the system (4) with d(t) = 0 is impedance passive.

3. Well-posedness of the system (4)
In this section, we prove that (4) defines a well-posed

linear system.

3.1. Computing the transfer function
In this subsection, we apply the Laplace transform to ob-

tain the transfer functions from the control input to the output
and from the disturbance input to the output respectively, we
also show that the transfer functions are bounded.

Lemma 3.1. The transfer function Pu(s) of (4) (from the
control input u(t) to the output y(t)) is bounded on a vertical
line in ℂ0 in the sense that

sup
Res=�

‖Pu(s)‖ < ∞, for some � > 0.

PROOF. In (4), we have shown that (1) can be written as
a boundary control system (A0,B,ℭ), and by [4, Theorem
2.9] we obtain the transfer function Pu(s) (from the input u(t)
to the output y(t)) by Laplace transform (with respect to t).
For d(t) = 0, taking the Laplace transform on both sides of
(1) gives

s2ŵ(x, s) − ŵ′′(x, s) + �̂′(x, s) = 0, (5a)

s�̂(x, s) − k�̂′′(x, s) + sŵ′(x, s) = 0, (5b)

−ŵ′(0, s) = û(s), ŵ(1, s) = 0, (5c)

�̂(0, s) = 0, �̂′(1, s) = 0, (5d)

ŷ(s) = sŵ(0, s). (5e)

Define

(

w1
w2

)

=
⎛

⎜

⎜

⎝

ŵ(x, s)
dŵ
dx
(x, s)

⎞

⎟

⎟

⎠

,
(

�1
�2

)

=
⎛

⎜

⎜

⎝

�̂(x, s)

d�̂
dx
(x, s)

⎞

⎟

⎟

⎠

,

then (5) can be written as

d
dx

⎛

⎜

⎜

⎜

⎝

w1
w2
�1
�2

⎞

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎝

0 1 0 0
s2 0 0 
0 0 0 1
0

s
k

s
k

0

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

w1
w2
�1
�2

⎞

⎟

⎟

⎟

⎠

, (6a)

−w2(0, s) = û(s), w1(1, s) = 0, (6b)
�1(0, s) = 0, �2(1, s) = 0, (6c)
ŷ(s) = sw1(0, s). (6d)

Solving (6), we obtain

ŷ(s) = sw1(0, s) = s
Â(s)
B̂(s)

û(s),

where
Â(s) =

(

r1(s)r2(s) + s2
) (

r1(s) − r2(s)
) (

er1(s)+r2(s)

−e−r1(s)−r2(s)
)

+
(

r1(s)r2(s) − s2
) (

r1(s)

+r2(s)
) (

−er1(s)−r2(s) + er2(s)−r1(s)
)

,

(7)

B̂(s) = s2
(

r21(s) − r
2
2(s)

) (

er1(s) + e−r1(s)
) (

er2(s) + e−r2(s)
)

,
(8)

r1(s) =

√

ks2 + 2s + s +
√

(ks2 + 2s + s)2 − 4s3k
2k

,

(9)

r2(s) =

√

ks2 + 2s + s −
√

(ks2 + 2s + s)2 − 4s3k
2k

.

(10)

Thus the transfer function is given by

Pu(s) = s
Â(s)
B̂(s)

. (11)

From [14, Section 3.6], we have the following estimations
for (9) and (10):

r1(s) = s
(

1 +
2

2ks
+ 

(

|s|−2
)

)

, |s| → +∞, (12)

r2(s) =

√

s
√

k

(

1 −
2

2ks
+ 

(

|s|−2
)

)

, |s| → +∞. (13)

When |s| → +∞, it can be seen from (12) and (13) that the
highest power terms of r1(s) and r2(s)with respect to s are s
and

√

s repectively. If we consider the highest power terms
and ignore the lower order terms of s in (7) and (8), then the
highest power terms of Â(s) and B̂(s) are s3

(

es+
√

s + es−
√

s
)

and s4
(

es+
√

s + es−
√

s
)

respectively. So, for any fixed � >
0 and Res = �, we have

lim sup
|s|→+∞

|

|

|

|

|

s
Â(s)
B̂(s)

|

|

|

|

|

≤ lim sup
|s|→+∞

|

|

|

|

|

|

|

s
s3
(

es+
√

s + es−
√

s
)

s4
(

es+
√

s + es−
√

s
)

|

|

|

|

|

|

|

= 1.

Thus, for any fixed � > 0, we have sup
Res=�

‖Pu(s)‖ < ∞.
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Then, we calculate the transfer function from the distur-
bance input to the output and show that it is bounded.

Lemma 3.2. The transfer function Pd(s) (from the distur-
bance input d(t) to the output y(t)) is bounded on a right
half-plane ℂ� for some � ≥ 0 in the sense that

sup
Res>�

‖Pd(s)‖ < ∞.

PROOF. For u(t) = 0, taking the Laplace transform on both
sides of the system (1), we get

s2ŵ(x, s) − ŵ′′(x, s) + �̂′(x, s) = 0,

s�̂(x, s) − k�̂′′(x, s) + sŵ′(x, s) = 0,
ŵ′(0, s) = 0, ŵ(1, s) = 0,

�̂(0, s) = 0, �̂′(1, s) = d̂(s),
ŷ(s) = sŵ(0, s).

By simple calculation, we can obtain the transfer function
Pd(s) as follows:

Pd(s) = s
Ĉ(s)
D̂(s)

,

where

Ĉ(s) = −4k
(

er1(s) + e−r1(s) − er2(s) − e−r2(s)
)

,

D̂(s) =
√

(ks + 2 + 1)2 − 4ks
(

er1(s) + e−r1(s)
)

⋅
(

er2(s) + e−r2(s)
)

,

and r1(s), r2(s) are given by (9) and (10). Similarly as in
Lemma 3.1, for any � ≥ 0 and s ∈ ℂ� , Ĉ(s) and D̂(s) can
be regarded as es and s

(

es+
√

s + es−
√

s
)

respectively. Then
for any � ≥ 0 and for all s ∈ ℂ� we obtain

lim sup
|s|→+∞

|

|

|

|

|

s
Ĉ(s)
D̂(s)

|

|

|

|

|

≤ lim sup
|s|→+∞

|

|

|

|

|

|

|

s es

s
(

es+
√

s + es−
√

s
)

|

|

|

|

|

|

|

<∞.

Thus the transfer function Pd(s) is bounded on the right half-
plane ℂ� .

3.2. Well-posedness of system (4)
In this subsection, we will prove that the system (4) is

well-posed. We first give the definition of the disturbance
input operator. A direct computation shows that the adjoint
operator of A satisfies

⎧

⎪

⎨

⎪

⎩

A∗(f, g, ℎ)⊤ = (−g,−f ′′ + ℎ′, g′ + kℎ′′)⊤,

D(A∗) = {(f, g, ℎ)⊤ ∈ (H2(0, 1) ∩H1
R(0, 1))×

H1
R(0, 1) ×H

2(0, 1)|f ′(0) = ℎ(0) = ℎ′(1) = 0}.

If we take (w, �, �)⊤ ∈ D(A0), (f, g, ℎ)⊤ ∈ D(A∗), then we
obtain

⟨

A0(w, �, �)⊤, (f, g, ℎ)⊤
⟩

−
⟨

(w, �, �)⊤, A∗(f, g, ℎ)⊤
⟩

= −w′(0)g(0) + k�′(1)ℎ(1).

By [28, Remark 10.1.6] we therefore have that the adjoint of
the disturbance input operator Bd is given by

B∗d(f, g, ℎ)
⊤ = kℎ(1),

thus, the disturbance input operator Bd is

Bd = (0, 0, k�(⋅ − 1))⊤,

where �(⋅) is the Dirac distribution.
Next, we prove that the disturbance input operator is ad-

missible for the semigroup T (t).

Lemma 3.3. The operator Bd is an admissible disturbance
input operator for the semigroup T (t).

PROOF. From Theorem 2.1, we know that A generates a
semigroup T (t) in X, thus A∗ generates a semigroup T ∗(t).
Then we will prove that B∗d is admissible with respect to
T ∗(t), which will imply the claim. A direct computation
shows that for (f1, f2, f3)⊤ ∈ X, we have

B∗dA
∗−1 (f1, f2, f3)⊤

= −∫

1

0 ∫

1

�
f3(�)d�d� +  ∫

1

0
f1(�)d�,

(14)

and thusB∗dA
∗−1 is bounded fromX toℂ. In [12], the eigen-

values ofA and the eigenfunctions with respect to the eigen-
values are given, from [26, p.26] we know A∗ have the same
eigenvalues as A with the same algebraic multiplicity for
the conjugate eigenvalues. Then from A∗W = �W , where
W = (f, g, ℎ) is the eigenfunction of A∗ with respect to the
eigenvalue �, we obtain two families of eigenpairs of A∗:
{

(�m, Km), (�m, Km)
}∞

m=1
,
{

(�m,Hm)
}∞
m=1 ,

where Km = (fm,−�mfm, ℎm), Km = (fm,−�mfm, ℎm),
Hm = (fHm ,−�mf

H
m , ℎ

H
m ) and �m are real. Based on [12,

Theorem 5] the eigenpairs (�m, Km), (�m,Hm) have asymp-
totic expressions

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

�m = −
2

2k
+
(

m − 1
2

)

�i + 
(

m−1
)

,

Km(x) =

⎛

⎜

⎜

⎜

⎝

�m(x)
−i sin

(

m − 1
2

)

�x
0

⎞

⎟

⎟

⎟

⎠

+ 
(

m−1
)

,

where �′m(x) = cos
(

m − 1
2

)

�x,

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

�m = −k
((

m − 1
2

)

�
)2
+
2

k
+ 

(

m−2
)

,

Hm(x) =

⎛

⎜

⎜

⎜

⎝

0
0

i sin
(

m − 1
2

)

�x

⎞

⎟

⎟

⎟

⎠

+ 
(

m−1
)

.
(15)
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From [12, Lemma 3], we know that A−1 is compact in X
and �(A) consists of isolated eigenvalues only. Moreover,
there is a sequence of generalized eigenfunctions ofA, which
forms a Riesz basis for the state space X, and all eigenval-
ues of A with sufficiently large modulus are algebraically
simple. This also implies that there is a sequence of gener-
alized eigenfunctions of A∗, which forms a Riesz basis for
X, and all eigenvalues of A∗ with sufficiently large mod-
ulus are algebraically simple, that is there exits an integer
N > 0 such that �m, �m, �m are algebraically simple if m ≥
N . For m < N , we assume the algebraic multiplicities of
�m, �m are nm1, nm3 respectively, and we assume Km,nm1 =
(

fm,nm1 ,−�mfm,nm1 , ℎm,nm1
)

,Hm,nm3 =
(

fHm,nm3 ,−�mf
H
m,nm3

,

ℎHm,nm3

)

are generalized eigenfunctions of A∗ with respect
to �m, �m. Moreover, we assume Km =

(

fm,−�mfm, ℎm
)

,
Hm =

(

fHm ,−�mf
H
m , ℎ

H
m
)

are the normalized eigenfunc-
tions of A∗ corresponding to �m, �m with m ≥ N respec-
tively. Then, all linearly independent generalized eigenfunc-
tions of A∗ are
{

{

Km,j , Km,j
}nm1
j=1

}

m<N
∪
{

Km, Km
}

m≥N
⋃

{

{

Hm,j
}nm3
j=1

}

m<N
∪
{

Hm
}

m≥N .

Hence every z∗0 = (w
∗
0, w

∗
1, �

∗
0 )
⊤ ∈ X can be written as

z∗0 = (w
∗
0, w

∗
1, �

∗
0 )
⊤

=
N−1
∑

m=1

nm1
∑

j=1
am1,jKm,j +

+∞
∑

m=N
am1Km

+
N−1
∑

m=1

nm1
∑

j=1
am2,jKm,j +

+∞
∑

m=N
am2Km

+
N−1
∑

m=1

nm3
∑

j=1
am3,jHm,j +

+∞
∑

m=N
am3Hm,

where (am1,j), (am1), (am2,j), (am2), (am3,j), (am3) are sequen-
ces in l2. We can assume the coefficients of z∗0 correspond-
ing to the generalized eigenspaces with m < N are zero
because the restriction of B∗d to this finite-dimensional sub-
space of X is a bounded operator, and therefore does not
affect the admissibility of B∗d . To this end, let z∗0 ∈ D(A∗)
be such that

z∗0 =
+∞
∑

m=N
am1Km +

+∞
∑

m=N
am2Km +

+∞
∑

m=N
am3Hm.

We can obtain the following estimation for ‖z∗0‖:

C1

( +∞
∑

m=N
|am1|2 +

+∞
∑

m=N
|am2|2 +

+∞
∑

m=N
|am3|2

)

≤ ‖z∗0‖
2
X

≤ C2

( +∞
∑

m=N
|am1|2 +

+∞
∑

m=N
|am2|2 +

+∞
∑

m=N
|am3|2

)

,

whereC1, C2 are constants. For (w∗, w∗t , �
∗)⊤ ∶= T ∗(t)z∗0 ∈

D(A∗), we have

(w∗, w∗t , �
∗)⊤

=
+∞
∑

m=N
am1e�mtKm +

+∞
∑

m=N
am2e�mtKm +

+∞
∑

m=N
am3e�mtHm,

and we obtain

‖

‖

‖

B∗dT
∗(t)z∗0

‖

‖

‖

2
= |k�∗(1, t)|2 = k2

|

|

|

|

+∞
∑

m=N
am1e�mtℎm(1)

+
+∞
∑

m=N
am2e�mtℎm(1) +

+∞
∑

m=N
am3e�mtℎHm (1)

|

|

|

|

2
.

Let T1 > 0. Since the semigroup T ∗(t) is exponentially sta-
ble, we have |e�mt| ≤ 1 for all m ≥ N . Moreover, since
|ℎm(1)| = (m−1) and CH ∶= supm≥N |ℎHm (1)| < ∞, the
Cauchy–Schwarz inequality and (15) imply that

∫

T1

0

‖

‖

‖

B∗dT
∗(t)z∗0

‖

‖

‖

2
dt

≤ k2 ∫

T1

0

[ +∞
∑

m=N
(|am1| + |am2|)(m−1) + |am3|e

�mtCH

]2
dt

≤ C3T1
+∞
∑

m=N

(

|am1|
2 + |am2|

2)

+ 2k2C2H ∫

T1

0

+∞
∑

m=N

|

|

am3||
2
+∞
∑

m=N
e2�mt dt

≤ C3T1
+∞
∑

m=N

(

|am1|
2 + |am2|

2) + CT1

+∞
∑

m=N

|

|

am3||
2

≤
max{C3T1, CT1}

C1
‖z∗0‖

2
X ,

for some constants C3, CT1 > 0 depending on T1. This to-
gether with (14) imply that the operator B∗d is admissible for
the semigroup T ∗(t). By using [36, Theorem 4.4.3], we ob-
tain that Bd is admissible for the semigroup T (t).

In the last part of this section we prove that the system (4)
defines awell-posed linear system in the sense of [37, Defini-
tion 3.1]. This implies that for all T > 0 there exits DT > 0
such that for all initial data (w(⋅, 0), wt(⋅, 0), �(⋅, 0))⊤ ∈ X
and for all u, d ∈ L2loc(0,∞) the weak solution and output
of (1) satisfy [37, Proposition 4.7]

‖

‖

‖

(

w(⋅, t), wt(⋅, t), �(⋅, t)
)⊤‖
‖

‖

2

X
+ ∫

T

0
|y(�)|2 d�

≤ DT

[

‖

‖

‖

(

w(⋅, 0), wt(⋅, 0), �(⋅, 0)
)⊤‖
‖

‖

2

X

+∫

T

0
|u(�)|2 + |d(�)|2 d�

]

.

Theorem 3.4. The boundary control system (4) defines a
well-posed linear system on X with input (u(t), d(t))T and
output y(t). The transfer function Pu(s) satisfiesRePu(s) ≥ 0
for all s ∈ ℂ0.
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PROOF. We begin by considering the case where d(t) ≡ 0,
in which case u(t) is the only input of (4), corresponding to
the boundary control system (A,B,ℭ). We will show that
this system is well-posed. We have from [27, Theorem 2.3
and Proposition 2.5] that (A,B,ℭ) defines a system node
Σnode = (A,B, C, Pnode) in the sense of [37, Definition 4.1].
In particular, parts (i), (ii), and (iv) of [27, Theorem 2.3] im-
ply that the operatorsA, B, and C are as in Section 2. More-
over, by [27, Theorem 2.3(iv)] the combined observation and
feedthrough operator C&D ∶ D(C&D) ⊂ X × ℂ → ℂ is
given by

C&D
(

z
u

)

= ℭz,

for all (z, u)⊤ ∈ D(C&D) = {(z, u)⊤ ∈ D(A) × ℂ | Bz =
u}. Since the semigroup generated by A is exponentially
stable by Theorem 2.1, we have from [37, Eq. (4.4)] that the
transfer function Pnode(s) of Σnode satisfies

PS (s) = C&D
(

(s − A)−1B
1

)

= ℭ(s − A)−1B = Pu(s)

for all s ∈ ℂ0. Together with Lemma 3.1 we thus have that
PS (s) is bounded on some vertical line in ℂ0.

Let (z, u)⊤ ∈ D(C&D). Then z ∈ D(A) =  (Bd) and
Bz = u and we have Az + Bu = Az + BBz = Az by the
definition of B. Because of this, Lemma 2.2 shows that

Re⟨Az + Bu, z⟩X = Re⟨Az, z⟩X ≤ Re⟨Bz,ℭz⟩ℂ

= Re⟨C&D
(

z
u

)

, u⟩ℂ.

Since (z, u)⊤ ∈ D(C&D) was arbitrary, we have from [35,
Theorem 4.2(iii)] thatΣnode is impedance passive in the sense
of [37, Definition 6.1]. Since PS (s) is bounded on a vertical
line inℂ0, the system nodeΣnode is well-posed by [35, Theo-
rem 5.1]. In particular, B and C are admissible with respect
to the semigroup T (t) generated by A. Moreover, we have
from [35, Theorem 4.2(iv)] that RePu(s) = RePS (s) ≥ 0 for
all s ∈ ℂ0.

Finally, we consider (4) with input (u(t), d(t))⊤ and out-
put y(t). Lemma 3.3 shows that the disturbance input op-
erator Bd is admissible with respect to T (t) and the trans-
fer function Pd(s) (from d(t) to y(t)) is bounded on a right
half-plane in ℂ by Lemma 3.2. Because of this, also the op-
erator (B,Bd) ∈ (ℂ2, X−1) is admissible with respect to
T (t) and the transfer function (Pu(s), Pd(s)) is bounded on
some vertical line in ℂ0. Because of this, we have from [37,
Proposition 4.9 and Proposition 4.10] that (A, (B,Bd), C) is
a well-posed triple in the sense of [37, Definition 4.8], which
exactly means that (4) defines a well-posed linear system on
X in the sense of [37, Definition 3.1].

4. Robust output regulation
In this section, we design a dynamic error feedback con-

troller for the system (1). Based on [33, Theorem 1.2] we

consider a controller of the form

żc(t) = Jczc(t) + Bc(yref (t) − y(t)), zc(0) ∈ Zc , (16a)

u(t) = B∗c zc(t) +Dc(yref (t) − y(t)), (16b)

where Zc = ℂ2q is the state space of the controller, Jc ∈
ℂ2q×2q is skew-symmetric, Bc ∈ ℂ2q×1, Dc ∈ ℂ. The pa-
rameters Jc and Bc will be chosen in such a way the robust
output regulation is achieved for the system (1).

From (4), (2) and the controller (16), we obtain the closed-
loop system

⎧

⎪

⎨

⎪

⎩

że(t) = Aeze(t) + Bev(t),
Beze(t) = dev(t),
e(t) = ℭeze(t) − Fv(t),

where ze = (z, zc)⊤, the state space is Ze ∶= X ×Zc , and

Ae =
(

A0 0
−Bcℭ Jc

)

, Be =
(

0
BcF

)

,

Be =
(

B +Dcℭ −B∗c
Bd 0

)

, de =
(

DcF
E

)

,

ℭe = (ℭ, 0).

We formulate the robust output regulation problem in the
following way.
The Robust Output Regulation Problem. Select the pa-
rameters (Jc , Bc) in the controller (16) in such a way that
the following hold.
(1) The closed-loop semigroup generated byAe ∶=Ae| (Be)

is exponentially stable.
(2) There exists � < 0 such that for all initial states z0 ∈

X and zc0 ∈ Zc , and for all disturbance input d(t) and
reference signal yref (t) of the form (2b)-(2c), such that
the regulation error satisfies

∫

∞

0
e−�t‖y(t) − yref (t)‖ < ∞. (17)

(3) If the operators (A0,B, Bd ,ℭ) are perturbed to (Ã0,
B̃, B̃d , ℭ̃) in such a way that the closed-loop system re-
mains exponentially stable, then there exists �̃ < 0 such
that for all initial states z0 ∈ X and zc0 ∈ Zc , d(t) and
yref (t) of the form (2b)-(2c), the property (17) holdswith
� replaced by �̃.

To solve the robust output regulation problem, we select the
parameters of controller (16) so that (16) is a realization of
the controller in [33, Theorem 1.2]. The parameters are cho-
sen as

Jc = blockdiag(J 1c ,⋯ , J qc ),

J nc =
(

0 !nIY
−!nIY 0

)

,

Bc =
⎛

⎜

⎜

⎝

B1c
⋮
Bqc

⎞

⎟

⎟

⎠

, Bnc =
(

IY
0

)

, Dc =
3
4
,

(18)
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where, n = 1,⋯ , q.
The robust output regulation problem is solvable if no

eigenvalue of S in the exosystem is a transmission zero of
the control system. Here, we make the following slightly
stronger assumption on the frequencies of the reference and
disturbance input signals for the transfer function Pu (from
u(t) to y(t)):

Assumption 4.1. For !1 < !2 < ⋯ < !q , we assume
RePu(±i!n) > 0 for all n ∈ {1, ..., q}.

In order to prove that the controller (16) with the param-
eters (18) can solve the robust output regulation problem, we
will use [33, Theorem 1.2]. Now, we state the main result in
the following theorem.

Theorem 4.2. The controller (16) with parameters (18) sol-
ves the robust output regulation problem for the system (1).

PROOF. The transfer function Pu(s) from control input to the
output and the transfer function Pd(s) from disturbance input
to the output are bounded from Lemma 3.1 and Lemma 3.2
respectively. The transfer function satisfies RePu(s) ≥ 0 for
all s ∈ ℂ0 by Theorem 3.4, and RePu(±i!n) ≠ 0 due to
Assumption 4.1. From Theorem 3.4 we obtain that (4) is
well-posed.

Now, we verify that the controller (16) with parameters
(18) satisfies the assumptions in [33, Theorem 1.2]. By using
the Laplace transform for (16) and from (18), we obtain the
transfer function C(s) (from y(t) − yref (t) to u(t) ) of (16) as
follows:

C(s) = −
[

B∗c (s − Jc)
−1Bc +Dc

]

,

= −
[

3
4
+
∑q
n=1

1
2(s − i!n)

+
∑q
n=1

1
2(s + i!n)

]

.

(19)

From the transfer function C(s) in (19), we know that the
controller (16) has the form of the controller in [33, Theorem
1.2]. Using the structure of Jc and Bc , it is easy to show
that the pair (Jc , Bc , B∗c ) is controllable and observable, and

Dc =
3
4

≥ 1
2
. Thus we finally have from [33, Theorem

1.2] that the controller (16) with parameters (18) solves the
robust output regulation problem.

5. Numerical simulations
In this section, we present some numerical simulations

to show the effectiveness of the proposed controller. The
numerical results are obtained by the finite element method.

For numerical computations, the steps of space and time
are both set as 0.001. The parameters are taken as k = 1 and
 = 0.9. The disturbance to be rejected and the reference
signal to be tracked are chosen as

⎧

⎪

⎨

⎪

⎩

d(t) = sin
(3�
2
t
)

− cos
(3�
2
t
)

,

yref (t) =
1
2
sin

(�
2
t
)

− cos
(�
3
t
)

,

and they can be generated by the exosystem with

S = blockdiag
(3�
2
Ĩ , �
2
Ĩ , �
3
Ĩ
)

, Ĩ =
(

0 1
−1 0

)

,

E = (1,−1, 0, 0, 0, 0) , F =
(

0, 0, 1
2
, 0, 0,−1

)

,

and

v0 = (0, 1, 0, 1, 0, 1)
⊤ .

The initial states for (1) are taken asw(x, 0) = 1∕3+ sin(x),
wt(x, 0) = 2 sin(x), �(x, 0) = sin(2x). Now, we select the
parameters of the controller (16): Jc = S,Bc = (1, 0, 1, 0, 1,
0)⊤, Dc =

3
4
. From Fig.1, it is seen that the state w(x, t) of

(1) with the controller (16) is bounded. Fig.2 demonstrates
the state �(x, t) of (1) with the controller (16) is bounded.
Fig.3 shows that the output y(t) and the reference signal yref (t),
we can see that y(t) = wt(0, t) is forced by the controller (16)
to track yref (t).

Figure 1: The state of w(x, t) of the closed-loop system

Figure 2: The state of �(x, t) of the closed-loop system
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Figure 3: The output wt(0, t) and the reference signal yref (t)

6. Conclusion
In this paper, we studied the robust error feedback reg-

ulation for a thermoelastic system. By formulating the sys-
tem as a boundary control system and proving the system is
impedance passive, we proved the considered system is well-
posed and constructed a controller to achieve robust output
regulation by using the theory in [33]. Future research topics
include the robust regulator design for distributed parameter
systems with unknown frequencies in the exosystem.
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