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1. INTRODUCTION

In this paper we investigate the stability properties of a
system consisting of two one-dimensional wave equations.
The wave equations share the same spatial domain, and
they interact via a coupling inside the domain. Only one
of the wave equations has damping, and this leads to the
system losing uniform exponential stability. However, it
has been demonstrated in (Santos et al., 2007; Alabau-
Boussouira et al., 2011) that such systems instead exhibit
polynomial stability (Borichev and Tomilov, 2010). We
take a systems theoretic approach and prove stability prop-
erties of the coupled wave equations using observability
estimates.

We first study the coupled wave equation system

utt(£7 t) = ’u’ff(§7 t) - "ﬂ}(ga t) - d(é)ut(ga t)

Uit (57 t) = Vgg (ga t) - /ﬂ,l,(g, t)

u(0,t) = u(1,t) =0, v(0,t) =v(1,t) =0
for £ € (0,1) and ¢ > 0 with initial conditions

{u(fa O) = Uo(ﬁ), U(S,O) = Uo(f),
ut(£70) :ul(g)a Ut(gao) :’Ul(é-).
In the equations the constant x > 0 is the coupling
parameter which describes the interaction between the two
waves, and the damping profile d € L>(0,1) is assumed
to satisfy d > 0 and
essinfd(§) > do >0
£€la,b]
for some 0 < a < b <1 and dy > 0. Note that without the
coupling parameter the two wave equations in (1.1) would
evolve independently from one another. We also emphasise
that the damping only affects one of the wave equations,
and therefore the other wave profile experiences only

(1.1)

(1.2)
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indirect damping (Russell, 1993). We assume throughout
the paper that 0 < k < 72.

The system (1.1) is not exponentially stable, and as our
main result we show that its classical solutions converge to
zero at a specific polynomial rate as ¢ — co. More precisely
we show that there exist constants M > 0 and ¢y > 0 such
that all solutions of (1.1) corresponding to initial states
ug,vg € H*(0,1) N H}(0,1) and uy,v1 € HE(0,1) satisfy
l[ug (- )|+ [lee (5 N+ lvg G )N+ flve (- D)l
M

< o7 (e + s + et + ek )

for t > to, where all norms are L?(0,1)-norms.

In the case where d(§) is a positive constant, the stability
result for (1.1) can be deduced from (Santos et al., 2007;
Alabau-Boussouira et al., 2011) (which also consider the
equation on multi-dimensional spatial domains). These
and other earlier articles often utilise energy methods or
direct resolvent estimates for the coupled wave system. In
this paper we complete the stability analysis by reinter-
preting the damping in the system as a megative output
feedback for an open-loop wave system without damping,
and using the results in (Anantharaman and Léautaud,
2014) and (Chill et al., 2023) to prove polynomial stabil-
ity based on suitable generalised observability estimates.
The advantage is that the open-loop wave system without
damping is relatively simple and easy to analyse. Because
of this, the proof of the polynomial stability becomes
relatively short compared to earlier proofs.

Our approach also adapts easily to different types of
indirect damping in the coupled wave system. In Section 4
we consider a wave system with weak indirect damping,
where the damping term —d(§)u(,¢) in (1.1) is replaced
with a averaged damping of the form
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—dy (&) /0 dy (r)us(r, t)dr

for some function d,, € L?(0,1). We prove that under mild
assumption on d,,, the coupled wave system is polynomi-
ally stable and establish a convergence rate for the classical
solutions of the system based on the properties of d,,. To
the authors’ knowledge the stability properties of coupled
wave equations with weak indirect damping have not been
previously considered in the literature.

The stability of variants of (1.1) has been studied in the
literature, both on one-dimensional and multi-dimensional
spatial domains, for example in (Alabau et al., 2002;
Alabau-Boussouira, 2002; Santos et al., 2007; Liu and
Rao, 2007; Alabau-Boussouira et al., 2011; Abdallah et al.,
2012) and (Guglielmi, 2017). The articles (Alabau et al.,
2002; Santos et al., 2007) and (Abdallah et al., 2012) study
systems that can be expressed as abstract second order
equations. The references (Alabau-Boussouira, 2002; Liu
and Rao, 2007) also consider boundary damping in one of
the wave equations. Our results are most closely related to
the ones presented in (Alabau et al., 2002; Santos et al.,
2007; Alabau-Boussouira et al., 2011; Abdallah et al.,
2012). Our results provide a new and shorter proofs for the
wave system in the one-dimensional case and allow a non-
constant damping parameter d. Moreover, the stability
results for the system with weak indirect damping in
Section 4 are completely new.

The paper is organised as follows. In Section 2 we formu-
late (1.1) as an abstract second order equation on a Hilbert
space. Our first main results on stability is presented in
Section 3. Section 4 is devoted to the stability analysis of
the system with weak indirect damping. Finally, Section 5
contains concluding remarks.

Notation. For two Hilbert spaces X and Y we denote by
L(X,Y) the space of bounded linear operators A : X — Y.
If A: D(A) C X — Y is a linear operator, we denote
its domain by D(A) and kernel by N (A). If A is a closed
operator, we denote by o(A), o,(A) and p(A) its spectrum,
point spectrum, and resolvent set, respectively. Unless
otherwise mentioned, the space D(A) is equipped with the
graph norm of A.

2. ABSTRACT FORMULATION

To utilise the results in (Anantharaman and Léautaud,
2014) and (Chill et al., 2023), we recast the coupled wave
system (1.1) as an abstract second order equation of the
form

W(t) + Lw(t) + DD*i(t) = 0, 2.1)
w(0) = wo, w(0) = wq ’
on a Hilbert space H, where L : D(L) C H — H is a
positive operator and D € L(U, H) for some other Hilbert
space U. If we choose the state w(t) as

wi = (507

then we can choose the state space as H = L?(0,1) x
L?(0,1). We define the operator L with domain D(L) =
(H*(0,1) W H;(0,1)) x (H?(0,1) N Hg(0,1)) by
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_ (' +Ef _(h
Lf_(liﬁ—fé')’ f—<f2>€D(L). (2.2)
Moreover, the damping operator D € L(U, H) is defined
by choosing U = L?(0,1) and defining Df = (V/df,0) € H
for all f € U. For convenience, we also define Lo : D(Lg) C
L?(0,1) — L?(0,1) to be the positive Dirichlet Laplacian,
i.e., Lofo = —f for fo € D(Lo) = H*(0,1) N H(0,1).

Since Ly is a positive operator and « > 0, it is easy
to check that L is a self-adjoint operator. Moreover, L
has compact resolvents as a consequence of the Rellich—
Kondrachov Theorem. The next lemma shows that L is a
positive operator given that the coupling parameter s is
sufficiently small. In our case the smallest eigenvalue of Lg
is exactly A\ = 2.

Lemma 2.1. Suppose A1 is the smallest eigenvalue of L.
If kK < A1, then the operator L is a positive operator and
0 € p(L).

Proof. Let f = (f1,f2)T € D(L) be arbitrary. Since
fi,f2 € H(0,1), the Poincaré inequality implies that
M fell? < Iff]1? for k& = 1,2. Using the structure of L
and integration by parts we obtain
<Lf7f>H = <_ {/ + K:f27f1> + <"€fl - 2//7f2>

= (1, f1) + (f3, f2) + 26 Re(f1, f2)

> (A7 + 1207 = 26l £l £

> MIAIP + M fll? =26 fi]l]l foll

> (A= R) (Al + 1207 = = w)ILFIZ
Since L is self-adjoint, this estimate implies that L > 0
and 0 € p(L). O

3. STABILITY ANALYSIS

Since (1.1) can be expressed in the form (2.1), the coupled
wave system has well-defined solutions determined by
the associated strongly continuous semigroup (Engel and
Nagel, 2000, Sec. VI.3). We can then use (Anantharaman
and Léautaud, 2014, Thm. 2.3) to analyse the asymptotic
behaviour of the solutions of (1.1). The following theorem
is the first main result of the paper.

Theorem 3.1. Assume that 0 < x < 72 and that d €
L>(0,1), d > 0, satisfies (1.2) for some 0 < a < b <1
and dg > 0. The system (1.1) is asymptotically stable, so
that all mild solutions corresponding to the initial states
ug,vo € HY(0,1) and uy,v; € L?(0,1) satisfy
llu(, )N+ e (5 O+ [Jue (- ) — 0
(O + llve (O + [loe (- )]l — 0
as t — oo. In addition, there exist constants M > 0 and
to > 0 such that all solutions of (1.1) corresponding to
initial states ug,v9 € HZ2(0,1) N H}(0,1) and uy,v; €
HL(0,1) satisfy
lJug (5 )|+ [leee (5 N+ Hlvg G )N+ flve (- D)l
M
R

for t > to, where all norms are L?(0, 1)-norms.

lugll + lluill + llvg |l + HU/IH)

We note that the initial conditions ug,vg € H?(0,1) N
H(0,1) and uy,v; € H(0,1), correspond to classical so-
lutions of (1.1), and thus u(0,¢) = u(1,t) = 0 and v(0,t) =
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v(1,t) =0 for all ¢ > 0. Since the Poincaré inequality im-
plies [|u(-, )| < 7~ Hue (-, ¢)[l and lu(-, )| < 7~ Hue (- )]l
also the L?-norms of u(-,t) and v(-,t) converge to zero at
the rate 1/y/t as t — oo. To prove Theorem 3.1, we first
analyse the spectrum of L.

Proposition 3.2. Suppose the operator L is defined as in
(2.2) with 0 < k < 7%. Then

o(L) = 0,(L) = {r*n® £ Kk :n € N}

and N (m%n? + k — L) = span{(sin(mn-), £ sin(mn-))T} for
all n € N.

Proof. Tt is straightforward to check that if n € N, then
¢* = (sin(nn-), £sin(mn-))T € D(L) are eigenvectors
of L corresponding to the eigenvalues A\* = 72n? + k.
Deducing that no other eigenvalues or eigenvectors can
exist can be done by deriving the forms A* = 72n%+x and
©* = (sin(mn-), £sin(mn-))T starting from the eigenvalue
equation (A\* — L)t = 0. This process is somewhat te-
dious but straightforward, see (Kosonen, 2023, Prop. 5.5)
for details. Since L has compact resolvents, we finally have
o(L) = o,(L). O

Proof of Theorem 3.1. If we define z(t) = (w(t),w(t))T,
then equation (2.1) can be reformulated as a first-order-
in-time system of the form

@(t) = (A~ BB )x(t),  2(0) = (wo,w1)"
on the space X = D(L'/?) x H with operators A : D(A) C
X — X and B € L(U, X) defined so that D(A) = D(L) x
D(L'?),

A(_OL é) B(B), B* = (0,D%). (3.1)

Since L > 0, it follows from standard results that A
generates a contraction semigroup on X (Engel and Nagel,
2000, Sec. VI.3), and since —BB* < 0, also A — BB*
generates a contraction semigroup 7'(t) on X.

Our plan is to apply the stability result (Anantharaman
and Léautaud, 2014, Thm. 2.3) which is based on the
observability of the so-called Schridinger group (D*,iL).
This result states that if the pair (D*,<L) is exactly
observable in the sense of (Tucsnak and Weiss, 2009,
Def. 6.1.1), then there exist constants M’ > 0 and ¢y > 0
such that the solutions of (2.1) corresponding to the initial
states wo € D(L) and w; € D(L'Y/?) satisfy

. M/
||L1/2’lU(t)||H + o) g < 7 (HLonIH + ||L1/2’w1||H)

for t >ty 2. Since L has the form

(Lo 0 071
L‘(o L0>+“<IO)’

where the second term is a bounded operator and the first
term is boundedly invertible, it is easy to check that the
norms defined by f — ||Lf|| and f — ||diag(Lo, Lo) f|| are
equivalent. The result (Kato, 1961, Corollary) therefore

further shows that D(L'/?) = D(Léﬂ) X D(L(l)/Q) and

also the norms defined by f — | LY2f|| and f —

Hdiag(L(l)/Q,L(l)/Q)fH are equivalent. Since Lof = —f" for

2 In (Anantharaman and Léautaud, 2014, Thm. 2.3) the right-hand
side of the estimate has an additional term |[[DD*w1||, but since
0 € p(L'/?), this norm is bounded by a constant times ||L'/2w;].

125

f S D(LO) = Hz(o,l) N H&(O,l), we have D(Lé/Z) _
Hj(0,1) and ||L(1J/2f||L2 = ||f'llLz. Therefore the above

equivalences of the norms imply that there exist constants
¢ >0 for k € {1,2,3,4} such that

(1A + A1) < IZY2F < e (LA + 11D
es(llg Il + gz 1) < [ILgll < ea(llgf I + llg51l)

for all f = (fi,f2) € D(L'?) = Hg(0,1) x Hj(0,1)
and ¢ = (g1,92) € D(L). Because of this, there exist
¢s, ¢ > 0 such that for all solutions w(t) = (u(-,t),v(-,t))T
corresponding to initial states ug,vo € H2(0,1) N H(0,1)
and uy,v1 € HE(0,1) we have

Joag - DI + la DI + [l DI + [, )|
< s (I 2wt + o ®)ln)

1 Lwollrr + 1LY wilzr < eo(|lugl| + lluill + [log Il + i)
This implies that the convergence rate in the claim follows
from (Anantharaman and Léautaud, 2014, Thm. 2.3) if
(D*,iL) is exactly observable. We note that since the semi-
group T'(t) generated by A — BB* is uniformly bounded
(more precisely contractive), this estimate in (Ananthara-
man and Léautaud, 2014, Thm. 2.3) together with (Batty
and Duyckaerts, 2008, Thm. 1.1) and (Engel and Nagel,
2000, Thm. V.2.21) also implies that T'(¢) is strongly
stable, i.e., ||[LY2w(t)|| + ||lw(t)]| — 0 as t — oo for all
wo € D(L) and wy € H, implying the first claim of the
theorem.

Thus it only remains to show that the pair (D*,iL) is
exactly observable. Since iL is a skew-adjoint operator
with compact resolvents and simple uniformly separated
eigenvalues 0,(iL) = {ir?n® £ ik : n € N}, we have
from (Tucsnak and Weiss, 2009, Thm. 6.9.3) that the pair
(D*,iL) is exactly observable if there exists ¢y > 0 such
that

D ¢nllv > collnllm

for every eigenvector ¢, of L. We have D*f = Vdf
for f = (f1,f2) € H due to the definition of D €
L(L?(0,1), H). By assumption, the function d € L>(0,1)
satisfies (1.2) for some 0 < a < b < 1 and dy > 0.
We have from Proposition 3.2 that the eigenvectors of
iL, corresponding to i\f = im?n? + irx have the forms
@ = (sin(mn-), £sin(mn-))T. The properties of trigono-
metric functions imply that there exists ¢ > 0 such that
sin(7n-)|[22(a,p) > qllsin(mn-)||L2(0,1) for all n € N. Thus
we can estimate

b
ID* 3 = [Vasin(n) [2s0.1) > do / sin? (7€) de

2| 2 _ dog® | 1 o

2 dog” |[sin(mn-)l[z2(0,1) = —5— llen Il

Thus (D*,iL) is exactly observable by (Tucsnak and
Weiss, 2009, Thm. 6.9.3) and the proof is complete. O

4. THE WAVE SYSTEM WITH INDIRECT WEAK
DAMPING

In this section we consider a version of the coupled wave
system (1.1) where the viscous damping has been replaced
with weak damping. More precisely, we study the system
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wip(€,8) = uge (€, 1) — K&, 1) — du (€) /0 oo ()uis (r, £)dr
Utt(évt) = vff(fat) - liu(fvt)
u(0,t) =u(l,t) =0, v(0,t) =v(1,t) =0

with initial conditions
{’U,(g, 0) = uO(f)v ’U(f,O) = UO(g)a
ut(€70) = ul(f)a Ut<§7 0) = ’U1(€)~

In this model the damping parameter is a function d,, €
L?(0,1). The damping in (4.1) acts in an averaged manner,
and this generally causes the damping to be weaker than
viscous damping. This feature is understood well in the
case of a single wave equation, where the viscous damp-
ing achieves uniform exponential stability, whereas weak
damping results in polynomial stability (Russell, 1969,
Thm. 1). Moreover, polynomial decay rate depends on the
properties of the function d,, (Chill et al., 2023, Sec. 6B2).

Also the weakly damped system (4.1) can be expressed as
an abstract second order equation (2.1) on H = L%(0,1) x
L?(0,1) with the same operator L : D(L) C H — H as
before, and with the operator D € £(C, H) defined by

Du = <d'6u> , u € C.

Because of this, the coupled wave system (4.1) has well-
defined solutions which are determined by a strongly
continuous semigroup (Engel and Nagel, 2000, Sec. VI.3).

The following theorem is the second main result of the
paper. The result gives conditions for the polynomial
stability of the coupled wave system (4.1) with weak
indirect damping in terms of the Fourier sine coefficients
of the damping function d,,.

Theorem 4.1. Assume that 0 < k < 72. Denote the
(scaled) Fourier sine coefficients of d,, € L*(0,1) by

1
dn = / dy (&) sin(mng)dg, n €N,
0

Assume that there exist 3, K > 0 such that |d,| > K/n”
for all n € N. Then system (4.1) is asymptotically stable,
so that for all solutions corresponding to the initial states
ug,vo € HE(0,1) and uy, v, € L?(0,1) satisfy

[l )l + flue (5 DN + lJue (-, )| =0

[oC Ol + [log (5 DI + lloe (- I —= 0
as t — oo. In addition, there exist constants M > 0 and
to > 0 such that all solutions of (4.1) corresponding to
initial states ug,v9 € HZ2(0,1) N H}(0,1) and uy,v; €
HL(0,1) satisfy

[JuC DN 4 [l G O+ oG DN+ (o D

M
< sy (gl + i |+ g |+ 1)

for t > ty, where all norms are L?(0,1)-norms.

The system (4.1) is not exponentially stable. Moreover, if
d, = 0 for some n € N, then (1.1) is not asymptotically
stable.

Proof. If we define x(t) = (w(t),w(t))?, we can again
express equation (2.1) as a first-order-in-time system of
the form
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i(t) = (A— BB )al(t),
on the space X = D(L'/?) x H with operators A : D(A) C
X — X and B € L(U, X) defined by (3.1) and D(A4) =
D(L)xD(L'/?). We begin by noting that since A generates
a unitary group on the infinite-dimensional space X and
since the operator BB* is of rank one, the semigroup

T(t) generated by A — BB* cannot be exponentially
stable (Engel and Nagel, 2000, Prop. 1V.2.12).

Moreover, if d, = 0 for some fixed n € N, then the
definition of D implies that D*@* = (sin(mn-), dy) = d,, =
0. If we define ¥, = (¢;7,ivVm2n2 + k)T, then a direct
computation shows that Avy,, = iv/72n2 + k1, and

(ivV7?n? + Kk — A+ BB* )y, = BB*Y,
0
- <i\/7r2n2 + KDD*QO;:) =0

Thus o(A — BB*) NiR # & and the semigroup generated
by A — BB* is not asymptotically stable.

Assume now that |d,| > K/n? for all n € N. We will
use the stability result (Chill et al., 2023, Thm. 3.9)
which utilises so-called “wavepackets” associated to the
operator L'/2. This result will imply that there exist
constants M’ > 0 and ty > 0 such that the solutions
of (2.1) corresponding to the initial states wy € D(L) and
wy € D(L'/?) satisfy

2(0) = (wo, wy)"

!

IZ (o) + i) | < 5 (Lol + I1LY/2wy))

+1/(2+28
(4.2)

for t > tg. Equivalences of the graph norms associated
to the operators L and L'/2 will allow us to deduce the
main decay estimate in the claim exactly as in the proof
of Theorem 3.1. Moreover, the above estimate together
with the uniform boundedness of T'(t) again implies that
T'(t) is asymptotically stable, proving the first claim of the
theorem.

To apply (Chill et al., 2023, Thm. 3.9), we will define the
wavepackets w € WPSV(;O(S)(le) of the operator L'/2.
According to (Chill et al., 2023, Def. 3.4), for s € R and
So(s) > 0 the set WP, 5, (5)(L'/?) is defined as the spectral
subspace of the positive operator L'/2? associated to the
interval (s — do(s), s+ do(s)) C R. Proposition 3.2 implies

that we have o(LY?) = {VA: A € 0,(L)} = {V2nZ £ :

n € N}, and thus

WPS,éo(s)(Ll/Q) = span{gpf ds =V 7w2n2 £ k| < 8o(s)}
(where we interpret span@ = {0}). The results (Chill
et al., 2023, Thm. 3.9 & Lem. 2.5(b)) imply that if there
exist exponents 7, kK > 0 and constants cg, dg > 0 such that

do
1457
where do(s) = co/(1 + s"), then iR C p(A — BB*) and
there exists Mg > 0 such that

|(is — A4+ BB*)™|| < Mg(1 + |s|"1"), sER.

If 2(y+ k) < 2428, then we finally have by (Borichev and
Tomilov, 2010, Thm. 2.4) that

ID%w] > =], s> 0w € WP, g,0(LY?) (43)
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M/I
1T ()] < m”(

M// 1
< s I = BB A7) 4a]

for all x € D(A), and this immediately implies (4.2).

A— BB")z|

Our aim is to choose the parameters x,co > 0 of do(s) =
¢o/(1 4+ s7) in such a way that for every s > 0 the
interval (s —0dp(s), s+ do(s)) only contains a single spectral
point of L'/2. In this situation for each s > 0 the space
WP 5,(5)(L'/?) is either a one-dimensional space spanned
by a single eigenvector ¢ of L'/2, or alternatively the
trivial subspace {0}. The eigenvalues of L'/? are exactly
ut = m2n2 + k. We first note that x < w2 implies
It — pipin| = Var? —k — V2 + k> (V3 —V2)1 > 0.
Thus p and gt are uniformly separated for n # m. On
the other hand, for every n € N we have

7n? + Kk — (72n? — k) K K

This implies that we if we choose do(s) = ¢o/(1+ ") where
k = 1 and ¢y > 0 is sufficiently small, then for every
s > 0 the space WPsyth(s)(Ll/Q) is either one-dimensional
(spanned by a single eigenvector ¢, or ¢} for some
n € N) or trivial. To verify condition (4.3) it is therefore
sufficient to consider elements w € WPS’(;O(S)(LUQ) of the
form w = cpt for n € N and ¢ € C. Our assumption
|d| > K/nf and [y || =1 imply that

1

/ dy (r) sin(mnr) dr
0

= |dnlw] > Kn=?|w] g

If s > 0and w = cpf € WP, 5,(5)(LY?), then n € N
is such that |s — pf| < do(s). Since it ~ 7n for n € N
large, the above lower bound for ||D*w]|| implies that if
we choose v = (3, then (4.3) holds for a sufficiently small
constant dy > 0. Since our choices of k = 1 and v = (8
satisfy 2(y + k) = 2+ 2, the decay estimate (4.2) follows
from (Chill et al., 2023, Thm. 3.9) and (Borichev and
Tomilov, 2010, Thm. 2.4) in the way described above. O

ID*wlly = D" (cpy)llu = Icl

The damping function d,, € L?(0,1) and its Fourier sine
coefficients play an important role in the stability of the
system (4.1). We can obtain an explicit expression for
d, — and consequently an explicit decay rate — for a
large class of damping functions. Table 1 contains this
information for a few particular example functions.

V2 f kT — K \/7T2n2+/£7u;~['

d(é) £ & E1-9
—1)" N\ 1y ([ n,n2ﬂ_2 1\ __
d,, (m) 2((—1) 711)3Trg 1) 2(2(77317)1 1)
B 1 I 3
Decay rate | ¢t~ 1/4 t—1/4 t—1/8

Table 1. The scaled Fourier sine coefficients d,,
and decay rates for selected d,, € L?(0,1).

The Theorem 4.1 guarantees polynomial stability if the
damping function d,, € L?(0,1) is such that |d,| > K/n®
for all n € N. Conversely we can ask if it is possible to find
a suitable damping function d,, € L?(0,1) that achieves
a given decay rate. Fortunately, Theorem 4.1 allows us to
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construct such a damping function under some additional
assumptions.

Corollary 4.2. Suppose 0 < a < 1/3. With the damping
function d,, € L?(0,1) defined by

dy(€) =Y n'"2sin(rng),  £€[0,1],
n=1

the system (4.1) is polynomially stable and there exist
constants M > 0 and ¢p > 0 such that all solutions of (4.1)
corresponding to initial states ug,vo € H2(0,1) N H(0,1)
and uy,v; € H}(0,1) satisfy

e (DI + s, O+ e )]+ a2
M
< 2o (gl + e + g1+ o3 1)
for ¢ > 1o.

Proof. Let 0 < a < 1/3. Since (n'~1/(2%), oy € £2(C), we
have that d,, defined in the claim satisfies d,, € L%(0,1).
Moreover, since its Fourier sine coefficients are given by
d, = 27'n'~1/(2 the condition |d,| > K/n® holds
for a constant K > 0 and for all n € N if we choose
B =—-1+1/(2a). Since 1/(2 + 28) = «, the claim follows
from Theorem 4.1. O

Theorem 4.1 implies that if we aim to construct a damping
function corresponding to fastest decay rate for classical
solutions, we should choose a d, whose Fourier sine
coefficients decay as slowly as possible. Since \/isin(ﬂn-)
are the orthonormal eigenvectors of the (positive) Dirichlet
Laplacian Lg : D(Lg) € L*(0,1) — L?(0,1), we have for
méeN
D(Lg")

={fe H*™(0,1): f® ¢ H}(0,1),0 <k <m —1}

={f € L*(0,1): Y _n*"[{f,sin(mn-))[* < oo}.
neN

Because of this, a damping function satisfying d,, € D(L{")
for a large m € N will result in slow decay of solutions. If
we want to achieve a good degree of stability it is necessary
to look for a damping function such that d,, € D(L{") for
a small m € N. We in particular note that d,, & D(Ly)
if the function violates either the regularity requirement
(dyw & H?(0,1)) or the boundary conditions (d,,(0) # 0 or
d (1) # 0). These two factors are not by itself a guarantee
of a fast decay rate, since for instance the characteristic
function x[o,1/2) on the interval [0,1/2] satisfies x[0,1/2) &
H'(0,1) and X[0,1/2](0) # 0, but dy, = x[0,1/2] does not
stabilise (4.1) due to the fact that dq, = 0 for all £k € N.
However, the requirement d,, & D(L¢) can nevertheless be
used as a starting point for constructing dampings which
result in fast decay.

5. CONCLUSIONS

We have investigated the stability properties of coupled
systems of waves with indirect damping. We have consid-
ered two different types of damping, namely, viscous damp-
ing and weak averaged damping. In both of the cases we
have proved that the classical solutions of the system decay
at a rational rate as t — oo. In the proofs we have utilised
methods that are based on the observability estimates for
the undamped system. Finally, we have discussed the effect
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of the damping function on the decay rate in the case of
the weak damping.
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