Downloaded 10/20/26 10 c0.221.201.195 . Redistripbution subject to SIA M license or copyrignt; see nttps://epubs.slam.org/terms-privacy

SIAM J. CONTROL OPTIM. @ 2026 Thavamani Govindaraj and Lassi Paunonen
Vol. 64, No. 3, pp. 1950-1973

OUTPUT REGULATION FOR IMPEDANCE PASSIVE SYSTEMS
WITH INPUT SATURATION*

THAVAMANI GOVINDARAJT AND LASSI PAUNONEN#

Abstract. We consider output tracking and disturbance rejection for abstract infinite-
dimensional systems with input saturation. We solve the control problem using a control law which
consists of a stabilising error feedback term and a feedforward term based on the reference and
disturbance signals. We use our results to design control laws for output tracking and disturbance
rejection for a two-dimensional heat equation and a one-dimensional wave equation with boundary
control and observation.
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1. Introduction. In this article we solve the problem of output tracking and
disturbance rejection for a well-posed linear system ¥ [28] affected by a saturation-
type nonlinearity ¢ at the input (Figure 1). More precisely, the main goal in the
output regulation problem is to design a control input u(t) in such a way that the
tracking error e(t) =y(t) — yres(t) between the output y(t) of the system and a given
reference signal yr.r(t) converges to zero as t — oo in a suitable sense despite the
external disturbance signal wg(t). Our control law is based on the knowledge of the
signals y,.¢ and wy and additional feedback from the tracking error e.

The solution of the output regulation problem for abstract linear systems is al-
ready understood very well [3, 22]. It is also well-known that in the case of finite-
dimensional systems, a very similar type of control design can be used to solve the
control problem in the presence of input saturation [26, Sec. 3.1.1]. In this article, we
generalise the results in [26] to solve the saturated output regulation problem for
infinite-dimensional well-posed linear systems under suitable passivity assumptions of
the well-posed system 3.

The reference and disturbance signals are assumed to be of the form

(1.1a) Yref(t) =ao+ Z (ar, cos(wgt) + by sin(wgt)),
k=1

(1.1b) wq(t) =co + Z (cr cos(wgt) + di sin(wgt))
k=1

for some known frequencies (wg)f_; C (0,00) and wy = 0 and known coefficients
(ag)k, (k) C U, (cg)k, (dr)x C Ug. Here U is both the input and output space of

*Received by the editors June 19, 2025; accepted for publication (in revised form) January 15,

2026; published electronically June 19, 2026.

https://doi.org/10.1137/25M 1770382

Funding: This research was supported by the Research Council of Finland grant 349002 and
the German Research Foundation (DFG) grant 362536361.

TFaculty of Mathematics and Natural Sciences, Faculty of Mathematics and Natural Sciences,
Systems Theory and Partial Differential Equations Group, Technische Universitat Ilmenau, Weimarer
Strafle 25, Ilmenau, 98693 Germany (thavam.rg@gmail.com).

fMathematics Research Centre, Tampere University, P.O. Box, 692 33101, Tampere, Finland
(lassi.paunonen@tuni.fi).

1950

© 2026 Thavamani Govindaraj and Lassi Paunonen


https://doi.org/10.1137/25M1770382
mailto:thavam.rg@gmail.com
mailto:lassi.paunonen@tuni.fi

Downloaded 10/20/26 10 c0.221.201.195 . Redistripbution subject to SIA M license or copyrignt; see nttps://epubs.slam.org/terms-privacy

OUTPUT REGULATION WITH INPUT SATURATION 1951

Wy
l Yref
Yy

— €
¢ | System »O >

Ureg U

FiG. 1. The control scheme.

the system, and Uy is the input space of the external disturbance. The control law
solving the output regulation problem has the form

(1.2) u(t) = —k(Y(t) = yres(t)) + Ureg (t)

with

(1.3) Ureg (1) = fo + %Z [(f;C + gi) cos(wit) + i(fr — gr) sin(wgt) | .
k=1

The parameters (fx)r C U and (gr)r C U are computed based on the coefficients
(ar)k, (bk)k, (ck)k, (di)k and the values of the transfer function of X evaluated at the
complex frequencies {0} U {#iwy, }{_, using explicit formulas (3.4). Even though the
assumption that wy is fully known seems restrictive, we show in section 3.2 that
the parameters of the control input can, in fact, be measured from the output of a
stabilised version of the system. In addition, especially in the linear setting the type
of control design studied in the paper is also a building block in certain internal model
based error feedback controllers [14, 11].

In our main result in Theorem 3.3 we show that the control law (1.2) solves the
output regulation problem under the following assumptions:

(a) The system ¥ considered with input u, wq = 0, and with output y is impedance
passive [29, Def. 4.1] and & > 0 is such that the output feedback u(t) = —ky(t)
achieves strong stability of the linear closed-loop system.

(b) The complex frequencies {0} U {=iwy } do not overlap with the transmission
zeros of 3.

(c) The coefficients (ax)x, (bk)k, (ck)k, (dk)k Of Yrep and wq are such that uyeg(t)
is within the linear regime of the saturation function ¢ for all ¢ > 0.

In [26, Sec. 3.1] the output regulation problem was solved in the case of finite-
dimensional systems with input saturation using low-and-high-gain state feedback
control. Our assumption of passivity in (a) allows us to simplify the control design
by replacing the state feedback with error feedback, and by removing restrictions on
the gain parameter x > 0. The condition in (b) is a standard assumption also in
linear output regulation [3, Sec. V]. Condition (c) describes the class of reference and
disturbance signals which can be regulated under the saturation constraint, and this
condition was shown to be nearly sharp in [26, Sec. 3.4].

In the final part of the article we use our general results in output tracking and
disturbance rejection for concrete partial differential equation (PDE) systems with
boundary control and boundary measurement. The models we consider are a heat
equation on a two-dimensional domain and a one-dimensional wave equation with
spatially varying physical parameters.
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Output regulation of infinite-dimensional systems and controlled PDEs have been
studied extensively in the literature; see, e.g., [3, 25, 22, 12, 7, 31] and references
therein. Infinite-dimensional system with saturation and other input nonlinearities
have been considered in [18, 19, 17, 8, 5, 9, 1, 20, 32] using integral control in the
case of constant reference and disturbance signals. There are far fewer references
on output tracking time-varying signals in infinite-dimensional and PDE systems.
The only reference [33] directly related to our work considered state and observer-
based feedback control design for a flexible wing model with boundary control. Our
results differ from [33] especially in the sense that they are applicable to classes of
abstract infinite-dimensional systems and classes of PDE models and we present a
detailed proof of well-posedness. Because of this, our results are novel in the setting
of regulation of time-varying signals (1.1) for abstract infinite-dimensional systems
with input saturation. Moreover, in the case of linear systems (where ¢ = id) our
main result in Theorem 3.3 also partially extends the previously known results in [22]
from the class of regular linear systems to well-posed linear systems.

Preliminary version of Theorem 3.3 was presented in [10] for a single-input-single-
output system with bounded input and output operators. In this paper we extend the
results of [10] to the large classes of well-posed linear systems and abstract boundary
control systems, which, in particular, include models of PDEs with boundary control
and observation. In addition, we express the control law in a more accessible form
based on the coefficients in (1.1) and present comments on the computation of the
control law.

The article is organised as follows. In section 2 we present our theoretical back-
ground and definitions. The definition of the main control problem and the results
on output regulation for well-posed systems are presented in section 3. In section 4
we present versions of our results for abstract boundary control systems. Finally, in
section 5 we solve the saturated output tracking problem for a two-dimensional heat
equation and a one-dimensional wave equation with boundary control and observa-
tion.

2. Preliminaries. If X and Y are Banach spaces and A: D(A) C X —» Y is
a linear operator we denote by D(A), Ker(A4), and Ran(A) the domain, kernel, and
range of A, respectively. The space of bounded linear operators from X to Y is
denoted by L£(X,Y) and we write £(X) for £L(X,X). If A: X — X, then ¢(A) and
p(A) denote the spectrum and the resolvent set of A, respectively. The inner product
on a Hilbert space is denoted by (-,-) and all our Hilbert spaces are complex. For
T € £(X) on a Hilbert space X we define ReT = 2(T'+T*). If A: D(A) C X -+ X
generates a strongly continuous semigroup, we denote by X_; the completion of the
space (X, [[(Ao — A)71||x) where Ao € p(A) is fixed. Then A extends to an operator
in £(X,X_1) [28, Sec. 3.6], and we also denote this extension by A. For 7 > 0 and
u:[0,00) = U we define P,u: [0,7] = U as the truncation of the function u to the
interval [0,7]. We denote C;. ={A € C | Re > 0}.

We consider a well-posed linear system ¥ = (£¢)¢>0 = (T, ®¢, Uy, Fi)i>0 defined
in the sense of [30, Def. 3.1] with input space U, state space X, and output space Y,
where X, U, and Y are Hilbert spaces. The mild state trajectory z € C(]0,00); X)
and mild output y € L2 _(0,00;Y) of ¥ corresponding to the initial state 2o € X and

loc

the input u € L2 _(0,00;U) are defined by

loc

21&) .’L‘(t) = Ttxo + q)tPt’LL,
(21b) Pty = \I’thO + FtPt’U/
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for all £ > 0. The extended output map Voo : X — LIQOC(Opo;Y) and extended input-
output map Foo : LE (0,00;U) — L2 (0,00;Y) of ¥ are defined as in [30, Sec. 3].

With this notation, the mild output y has the alternative formula y = V¥ xg + Foou.

DEFINITION 2.1. A well-posed system X is impedance passive if Y =U and if for
every xg € X and u € L%OC(O, oo;U) the corresponding state trajectory x and output y
defined by (2.1) satisfy

le@)1% - lzolk < 2Re / (w(s),y(s)ds, 20,

System nodes are closely related to well-posed linear systems.

DEFINITION 2.2 (see [28, Def. 4.7.2]). Let X, U, and Y be Hilbert spaces. A
closed operator

g [A&B

C’&:D] :D(S)CX xU—=XxY

is called a system node on the spaces (U, X,Y") if the following hold:
e The operator A : D(A) C X — X defined by Ax = A&B[§] for v € D(A) =
{xe X | (x,0)T € D(S)} generates a strongly continuous semigroup on X .
o The operator A&B (with domain D(S)) extends to [A, B] € L(X x U, X_4)
and D(S)={(z,u)" € X xU | Az + Bue X}.

The operator A is called the semigroup gemerator of S. Definition 2.2 implies
that C&D € L(D(S),Y), and we define the output operator C € L(D(A),Y) of S by
Cx = C&DJ§] for all z € D(A). Finally, the transfer function P : p(A) — L(U,Y) of
a system node S is defined by

P(\)u=C&D [(A - Au)lB“]

) uel, A€ p(A).

Every well-posed linear system X = (T, ®, U, F) is associated with a unique system
node S [30, Sec. 4]. In particular, if zo € X and u € H]_(0,00;U) are such that
(20,u(0))T € D(S), then the mild state trajectory x and output y of ¥ defined by
(2.1) satisfy x € C1([0,00); X), 2(0) = z¢, and y € H. .(0,00;Y) and

()| o |z(2)

o F0) s, 2o

Because of this, we call a system node S well-posed if it is the system node of some
well-posed linear system . The transfer function of a well-posed system node S
coincides with the transfer function of the associated well-posed linear system 3 on
every right half-plane {A € C | ReA > r} which is contained in p(A4) [28, Lem.
4.7.5(iii)]. It follows from [29, Thm. 4.2] that the transfer function of an impedance
passive well-posed system satisfies Re P(A) >0 for all A € Cy.

In our controller design we encounter nonlinear systems of the form

. x(t)
(1)) _ u(t) — Kk
(2.3) L/(t)] =5 | 1(731(75) y(t) |

where z(t) € X and y(t) € U are the state and output, respectively, u;(t) € U
and wq(t) € Uy are the external inputs, S is a system node on (U x Uy, X,U), and
¢ : U — U is a continuous function. In the following we define the classical and
generalised solutions of (2.3).
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DEFINITION 2.3. Let S be a system node on (U X Ug, X,U), and let kK > 0. A
tuple (x,u1,wq,y) is called a classical solution of (2.3) on [0,00) if
e 2€C([0,00); X), u,y € C([0,00);U), and wq € C([0,00);U),
o (z(t), p(ur(t) — ry(t)),waq(t)) T € D(S) for all t >0 and (2.3) holds for every
t>0.
A tuple (x,u1,wq,y) is called a generalised solution of (2.3) on [0,00) if
e x€C([0,00); X), u,y € L} (0,00;U), and wq € L2 (0,00;Uy),
e there exists a sequence (z* uf,wk y*)2 | of classical solutions of (2.3) on
[0,00) such that for every T >0 we have

(P2, Pruf, Prwl, Pry*) T — (Prz, Prug, Prwg, Pry) '

as k— oo in C([0,7]; X) x L?(0,7;U) x L?(0,7;Uy) x L*(0,7;U).
3. Saturated output regulation.

3.1. Control design for saturated output regulation. We consider a control
system of the form

. x(t)
(3.1) {“”“’]zs ou®) |,  z(0) =z,
wq(t)

where S = [AFB] is a well-posed system node on the Hilbert spaces (U x Uy, X,U).
We assume that U =U; x Uy X - - - x Up, where U}, are Hilbert spaces for k€ {1,...,p}.
We define the nonlinear function ¢ : U — U so that ¢(u) = (¢1(u1),-..,¢p(up)) "
for u = (ul,...7up)—r € U, where ¢y : U, — Uy are defined using the parameters
(r1,...srp) T CUL X -+ x Uy and {6 }2_, C (0,00) by

if [|lu—rgl| <
Ok (u—1%) _ v (1) if lu = rel < O,
max{dy, |u — ([} TH_W if [Ju—rgll >

(32)  dw(w)=rr+

for u e Uy and k € {1,...,p}. We note that the case where p=1, U = U; = C, and
r1 = 0 corresponds to the symmetric scalar saturation function ¢ which is linear when
|u] < 41. On the other hand, if we define ¢, such that U, = C, §; = (b —a)/2, and
rr = (a+ b)/2, then in the case of real-valued signals the function ¢ is exactly the
saturation function on the interval [a,b]. We may now formulate our control problem.

SATURATED OUTPUT REGULATION PROBLEM. Choose a control law u(t) in such
a way that the following hold:

o The system has a well-defined generalised solution for all initial states xo € X
and for all yrey and wq of the form (1.1).

o With yrer(t) =0 and wq(t) =0 the origin is a globally asymptotically stable
equilibrium point of (3.1), i.e., the generalised solutions corresponding to all
initial states xg € X satisfy ||x(t)|| =0 as t — oo.

e There exists a nonempty set A C U x U4 x UST x U? such that for all
xo € X and for all (ag,bk,ck,dr)r C A in (1.1), the state x is uniformly
bounded and the tracking error e =y — yroy converges to zero in a suitable
sense as t — 0.

We note that the “suitable sense” of convergence of e =y — y,..¢ depends on the
properties of the system and the type of solutions considered. Even in the absence
of saturation, the error corresponding to a generalised solution may fail to converge
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pointwise to zero, but may instead satisfy a weaker property, e.g., e € L?(0,00;U)
[22]. We present a solution of the Saturated Output Regulation Problem under the
following assumptions.

Assumption 3.1. Let X, U, and Uy be Hilbert spaces and suppose that the
following hold:
(a) S=[A¢B] is a well-posed system node on (U x Ug, X,U) and

T T
Re <A&B U ,x> <Re <C&D U ,u>
0 0

X U

for all z € X and u € U such that (z,u,0)" € D(S). Moreover, the transfer
function P = [P, Py : p(A) = L(U x Uy, U) of S satisfies Re P.(\) > ¢x[I for
some A, cy > 0.

(b) Either k=0 and the semigroup generated by A is strongly stable,

(b’) or, alternatively, k > 0, ||ri|| < & for all k € {1,...,p}, and the semigroup
generated by A" : D(A") C X — X defined by

x
D(A*)=SzeX|FelU: (z,—kv,0)" € D(S), v=C&D | —rv
0

and A%z = Ax+ B(—kv(z),0)" (where v(x) is the element v in the definition
of D(A")) is strongly stable.

We note that the condition in Assumption 3.1(a) implies that the well-posed
system X considered with input u, with wg =0, and output y is impedance passive in
the sense of Definition 2.1.

Remark 3.2. If the semigroup generated by A® in Assumption 3.1(b’) is strongly
stable with iR C p(A") or exponentially stable, then the same is true for all x > 0.
This can be shown using the properties in [28, Sec. 7.4], impedance passivity, and
similar arguments as in the proof of [4, Lem. 2.11(c)].

To define the control law, we first note that [29, Cor. 6.1] and [28, Lem. 7.2.6]
imply that [_S’I ] is an admissible feedback operator for the well-posed system ¥ =
(T,®,¥,F), and therefore, the resulting closed-loop system X% = (T*, ®* W F*) is
well-posed. We note that by [28, Def. 7.4.2] the generator of T* is exactly the operator
A" in Assumption 3.1(b’). We denote the transfer function of £ by P* = [PF, P¥],
and note that for all A € p(A) N p(A.) we have P*(\) = [PF(N\),PF(N)] = (I +
kP.(N) 7 [P.(N\), Pa(N\)], where P = [P., P;] is the transfer function of 3.

Our main result below shows that the Saturated Output Regulation Problem is
solved by the control law u(t) = —k(y(t) — Yref(t)) + Ureg(t), Where

1L : .
(3.3) Ureg (t) = fo + 3 Z [(fk + gi) cos(wit) +i( fr — gi) sin(wgt) | .
k=1
Here fi, and gj are defined based on the transfer function P* = [PF, P}] and the
coefficients (ag)g, (bx)r C U, and (ck), (di)r C Ug of the reference disturbance signals
as

(3.4a) fo=PE(0)"1((I = kPE(0))ao — Pf(0)co),
(3.4b) fk = Pf(iwk)_l [(I — f-@Pf(iwk))(ak - ibk) — Pj(iwk)(ck — de)] 5
(3.4c) gr = P (—iwy,) " [(I — kP (—iwy)) (ax +ibg) — Py (—iwy) (cx + idy)]

© 2026 Thavamani Govindaraj and Lassi Paunonen
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for ke {1,...,q}. If ap =0 and ¢y =0, we define fop =0 even if P/(0) is not invertible.
Detailed comments on computing the coefficients of u,es are presented in section 3.2.
We define U;Z ={(u1,...,up) T €Uy x -+ xUp | |lupg —7i|| <0k —6, k=1,...,p}, where
{re}h_, and {6;x};_, are as in the definition of ¢ and where 0 < 4§ <min{dy,...,d,}.

THEOREM 3.3. Suppose that Assumption 3.1 holds with k > 0 and that tiwy €
p(A%) and PF(tiwy) is boundedly invertible for every k € {1,...,q}. If ap # 0 or
co # 0, assume also that 0 € p(A"®) and that PF(0) is boundedly invertible. Let ureq be
as in (3.3)~(3.4). The control law

(3.5) u(t) = —ke(t) + teg(t),  £>0,

with e =y — yrey solves the Saturated Output Regulation Problem for those reference
and disturbance signals of the form (1.1) for which uyeg(t) € Ug for some § >0 and
for all t > 0. For every xg € X the state trajectory x is uniformly bounded and the
following hold:
e If k > 0, then there exists a set 2 C [0,00) of finite measure such that e €
L2([0,00) \ ;U) and e € LY(Q;U).
o If k=0, then |le|r2(t,t+1) — 0 as t — oo. If, in addition, T is exponentially
stable, then t— e®te(t) € L*(0,00;U) for some a> 0.
If xg € X, wq, and yrcy are such that there exists an element v € U satisfying
(20, $(ttreg (0) — k(v — Yres(0))),wa(0)) T € D(S) and v = C&eD(w, ¢(utzes (0) — (v —
Yrer(0))),wa(0) T, then (2,Ureg + KYres,wa,y) 4s a classical solution of (2.3) and
e€ H} (0,00;U).
If C&D € L(D(S),U) extends to a bounded operator [C,D.,Dg] € L(X x U x
Uq,U) where either D, =0 or Re D, > cI for some ¢ >0, then for all xqg € X we have
19(t) = Yres (Bl 0 as ¢ — oo,

Remark 3.4. If e(t) = 0 as t — oo, then u,, is the asymptotic part of the
control signal u and the condition that u,ee(t) € Ug for all ¢ > 0 in Theorem 3.3
has the interpretation that u(t) belongs to the linear regime of ¢ for large ¢ > 0. If
Ikl < dx for all k € {1,...,p}, then the set A of coefficients (ay, by, ¢k, dx)x for which
Ureg(t) €U g for all £ > 0 contains a ball centered at 0.

Remark 3.5. The control law (3.5) in Theorem 3.3 incorporates feedforward con-
trol, and it utilises knowledge of the signals y,.; and wg, as well as the transfer
function values PF(+iwy) of the system. In the linear case (in the absence of input
saturation), output regulation can also be achieved without information on the am-
plitudes and phases of y,.; and wq by using an internal model based dynamic error
feedback controller [25, 23]. Internal model based control for finite-dimensional sys-
tems with input saturation and time-varying y,..; and wg have been considered in [26,
Sec. 3.5] and [16], and developing similar controller designs for infinite-dimensional
systems is an interesting topic for further research.

The proof of Theorem 3.3 utilises the following result which guarantees the ex-
istence of classical and generalised solutions of the system (2.3). Here we denote
® = [®¢,®9] and F = [F°,F4]. The proofs of Theorem 3.3 and Proposition 3.6 are
presented in section 3.3.

PROPOSITION 3.6. Suppose Assumption 3.1(a) holds and k> 0. If zg € X, uy €
L2 (0,00;U), and wq € L? ,(0,00;Uy), then (2.3) has a unique generalized solution
(z,u1,wq,y) satisfying ©(0) =xq. This solution satisfies
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(3.6a) a(t) = Tywo + ®{P1p(uy — ky) + P wy, t>0,
(3.6b) Y=V z0+F d(us — ky) +FLw,.

If xo € X, uy € H} (0,00;U), and wq € H. .(0,00;U) and if there exists v € U
satisfying (o, d(uq(0)—kv),we(0))T € D(S) and v = C&D(z0, p(u1(0)—kv),wy(0)) T,
then (z,u1,wq,y) is a classical solution of (2.3) and y € H} (0,00;U).

3.2. Computing the control law. In this section, we comment on the com-
putation of the parameters (3.4) of the function ues in (3.3). We can first note
that if +iwy, € p(A) for some k € {0,...,q}, then the expressions P/ (Fiwy) (I —
kP (+iwy)) and PF(Fiwg) ' P5(+iwy) in the formulas (3.4) simplify to P.(diwy) ™
and P.(diwy) ! Py(diwy ), respectively.

If we U and w € Uy, then y = PF(+iwy)u + Py (+iwg)w when = € X is such that
(z,u — ky,w)" € D(S) and

. x
(3.7) {izwkx] =5 |u—~Ky
4 w

Because of this, the transfer function values in (3.4) can be computed by solving x
and y from (3.7). The system (3.7) typically corresponds to taking a formal Laplace
transform of the original PDE system under negative output feedback u(t) = —ky(t)+
@(t) and evaluating it at A = +iwy, [15, Ch. 12|, [24, Sec. 4]. For simple PDE models
z and y can be constructed explicitly, and for more complicated ones they can be
approximated numerically. Small numerical errors lead to approximate tracking with
a relatively small error.

In the situation where the amplitudes (¢ ), and (dg)r of wg and the disturbance
transfer function Py are unknown, the quantities P} (0)co and Pj(Fiwy)(ck Fidi) can
often be measured directly from the asymptotic response of the system (3.1) with the
control input u(t) = —ky(t). Indeed, if the assumptions of Theorem 3.3 hold with
k>0, we can define a reference signal y,.s(t) of the form (1.1) with amplitudes

(3.8) ag = Pj(0)co, and ay F iby, = PJ(Liwg) (e Fidg).

Then it is straightforward to check that the corresponding u,eq(t) defined by (3.3)
and (3.4) satisfies Ureg (t) + KkYref(t) = 0. Because of this, Theorem 3.3 implies that if
Ureg(t) € Ug, t > 0, for some § > 0, then the output y converges to the reference yy,e (in
the sense of Theorem 3.3). This allows us to identify the amplitudes (ax)r and (bg)x
from the asymptotic output y, and the quantities P5(0)co and Pj(+iwg)(ck Fidy) are
directly determined by the formulas (3.8). Even though ¢g, dy, and P, are unknown,
we can verify the condition ueg(t) € Ufg, t > 0, required in this process by checking
that the asymptotic part of the control input u(t) = —ky(t) remains within the linear
regime of the saturation function ¢.

3.3. Proofs of the main results. In the proof of Theorem 3.3 we make use
of the fact that the reference and disturbance signals in (1.1) can be expressed as
outputs of a finite-dimensional ezosystem of the form

(3.9&) U(t) = Aexov(t)a U(O) =g € Czq+1;
(3.9b) wq(t) = Ev(t),
(3.9¢) Yref(t) = Fo(t),
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where Agyx, € C2aTDx(2aH1) g skew-Hermitian, i.e., A% = —Aexo, and E € E((C2q+1,
Uy) and F € £(C*T U). More precisely, we define

- . 0 w 0wy
(3.10a) Acxo = blockdiag (O, [—w1 0 } s [—wq 0 })
and define E and F in such a way that
(3.10Db) Ev=coup + c1v] — d1v} 4 -+ + cqug — dgu?,
(3.10¢) Fv=agvg + a1v] — b1v} + -+ + aquy — bgv?
for v = (vo,v%,v%,...,v;wg)—r. Then y.; and wq are exactly the outputs of (3.9)

corresponding to the initial state vo = (1,1,0,1,0,...,1,0)T.

Remark 3.7. If ap =0 and ¢y =0 in (1.1), then the first blocks of Aexo, F, and F
corresponding to the frequency wy =0 can be removed. In this situation P#(0) does
not need to be boundedly invertible. These blocks are included in Aeyo, F, and F
throughout this section, but the adaptation of the statements and proofs to the case
where ag =0 and cg =0 is trivial.

Throughout this section ¥ = (T, [®¢, ®9], ¥, [F¢,F9]) is the well-posed system as-
sociated with the system node S in (3.1). We denote by

 [A&B.  [A&B,
Se = {C&DJ and  5g= {C&DJ

the system nodes of the well-posed systems (T, ®¢, ¥, F¢) and (T, ®%, ¥, F9), respec-
tively. The transfer function of S has the form P = [P,, P;], where P, and P, are the
transfer functions of S. and Sy, respectively. Assumption 3.1(a) and [29, Thm. 4.2]
imply that (T,®¢, ¥, F°) is impedance passive and that Re P.(\) > ¢\l for some
A,cx > 0. Moreover, we continue to denote by P* = [PF, P¥| the transfer function
of the closed-loop system (T*,®", ¥* F*) obtained from (T, ®, ¥, F) with admissible
output feedback [ 5!]. We recall that A* in Assumption 3.1(b’) is the generator of T*.
Finally, we denote the system node associated to (T*, ®" ¥* F*) by S* = [é:gg:L
and denote B* = [B¥, Bf].

The solvability of the “regulator equations” (3.11) in the following proposition is
both necessary and sufficient for the solvability of the linear output regulation problem
without the input saturation [3, 22]. Our solvability result generalises corresponding
results in [3, Sec. V] and [22, Sec. V].

PROPOSITION 3.8. Suppose that Assumption 3.1(a) is satisfied. Assume that
Aexo € CT*T s skew-Hermitian, 0(Aexo) N o(A%) = @, and PF(N\) is boundedly
invertible for every A\ € 0(Aexo). Then the regulator equations

1
(3.11) [H’;‘ﬁm} —s|T
E

have a unique solution (ILT)T € L(CY,X x U) such that Ran((ILT,E)T) C D(S).
The solution is defined by the formulas

g = (A — A") "B (Tor + 6F ) + (A — A") "' B Egy,

Lopr, = PE(\) (I = kPE (M) Foor — P (Ae) Eor),
where {gpk}lel are the linearly independent eigenvectors of Aexo corresponding to the
eigenvalues {\,}{_, s0 that Aexotpr = Aipr for ke {l,...,¢'}.
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Proof. We have from [28, Cor. 7.4.11, Def. 7.4.2] that I + [KC&D] maps D(S)

continuously one-to-one onto D(S*) and that S = S5"(I + [NC&D]). We can therefore
rewrite the regulator equations (3.11) as

A IT 0 IT II
[ Fexo] =S|I'|=58"|1+ |kC&D ' =8"|I'+xsF
E 0 E E

Since the eigenvectors {py } form a basis of C?', an operator (I, T) " € /J((C‘II,X xU)
satisfying Ran((II,T", E)T) € D(S) satisfies the regulator equations if and only if
(A — A")lpr = BE (Tpr + £F¢y) + B Egr,
ey,
v =C"&D" |Tpp + kF g
Eopy

(3.12)

forall k€ {1,...,q'}. Since A\;, € p(A") by assumption, the first equation is equivalent
to Iy, = RYBE Ly, + kFy) + Ry BSEpy, where Rf = (A, — A®)~1. Using the
properties of the system node S* the second line becomes Fy, = PF(A\i)(Tpr +
kFor) + P§(Ap)Epy. Since PF()y) is boundedly invertible for all k € {1,...,¢'} by
assumption, the above equation is equivalent to I'pg = P (A,) "1 (I — kPF(A\g)) Foor —
Py(\r)Epy) for every k. These arguments confirm that if (II,T') T € L’((Cq/,X xU) such
that Ran((II,T, E) ") C D(S) satisfies the regulator equations, then it is necessarily
of the form given in the claim. On the other hand, if II and T' are defined by the
formulas in the claim, then the above arguments together with [28, Def. 7.4.2] imply
that Ran((II,T, E)T) C D(S) and that the regulator equations (3.11) are satisfied. O

LEMMA 3.9. Let Assumption 3.1(a) hold, let Acxo, E, and F be as in (3.10),
and assume that {tiwg}r C p(A®) and PF(Liwy) is boundedly invertible for all k.
Moreover, let (II,T)T be the unique solution of the regulator equations (3.11), and let
v(t) = efexolyg, t >0, with vo = (1,1,0,1,0,...,1,0)". Then Tw(t) = upeg(t), t >0,
where Ureg (t) is as in (3.3) and (3.4).

Proof We have v(t) = (1,cos(wit), —sin(wit),...,cos(wyt), —sin(wyt)) T If {0,
goli, N +1 are the normalised eigenvectors of Aexo correspondmg to the eigenvalues
{0, £iws, ..., tiw,}, then

(3.13) To(t) =ag ()0 + > ar(®)Tef + Be(t)Tey
=1

where {ay(t)}x and {Bk( )} e are such that v(t) = ao(t)po+ >t (ar()ey +Be(t) ey )-
Since ¢o = (1,0,...,0)T and go, 2-1/2(0, .. Olj:z() 0)" for k € {1,...,q},
a direct computation shows that a(t) =1, ak( )= 1/2(cos(wkt) + isin(wygt)), and
Br(t) = ag(t) for t >0 and ke {l,...,q}. We have Epy = co, Fo = ag, Epif =
2_1/2(6;~C F idy), and F<p = 271/2(ay Fiby) for k € {1,...,q}. Substituting these
expressions to the formulas for T} in Proposition 3.8 and to (3.13) completes the
proof. 0

LEMMA 3.10. Let U be a Hilbert space, and let ¢ : U — U be the symmetric
saturation function defined so that ¢(u) =u whenever |Jul| < &y and ¢(u) = do|lul|~tu
whenever |u]| > dg for some fized 6o > 0. Assume that k>0 and 0 <6< dg. If e€ U
and w € U are such that ||u|| < g —J, then
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_ ko |e]|?
max{do, ||u — re|}
Proof. Assume that u,e € U satisfy ||ul| < dp—4. If ||u—re|| < dp, then ¢p(u—ke) =
u— ke and Re(e, p(—re+u) —u) = —k||e|? and 0 < § < §y implies that the estimate in
the claim holds. On the other hand, if A := ||u— ke|| > do, then ¢(u—re) = % (u— re)
and

Re{e, p(u — ke) —u) <

ARele, p(u — re) —u) =Rele, dp(u — ke) — Au)
= (80 — A)Re(e, u) — rdolle]?.

If Re(e,u) > 0, then the right-hand side is at most —xdg||e||* and thus the estimate
in the claim holds. It remains to consider the case where A := ||u — ke|| > dp and
Re(e,u) < 0. Then

ARele, d(u — rke) —u) = (5o — A) Rele, u) — rdolle]|?
= (A — do)|Re(e, u)| — wdo|le]|* < ([|ull + el — do)llel|ull — rdo]le]|?
= (lull = do)llullllell + (lull = do)sllell* < —dlle]?,

since ||u|| — §p < —d by assumption. This shows that the estimate in claim holds also
in the case where |lu — ke|| > dp and Re(e,u) < 0. 0

Proof of Proposition 3.6. If kK = 0, the claims follow from [30, Prop. 4.6-4.7].
Assume now that « > 0. Using the structure of ¢ and the properties in [13, Ex. 3.7]
it is straightforward to verify that

(3.14) Re(p(va2) — ¢(v1),v2 — v1)u > ||(v2) — ¢ (013, vi,vp € U.

If we denote § = k'/2y, @i, = k= 1/?uy, and ¢, = k= 1/2¢(k'/?.) and define a system
node S, = diag(1, /x)S diag(1,v/k, 1) with domain D(S,) = {(z,u,w)" € X x U x
Ug | Az + B[Viu] € X}, then ¢, satisfies (3.14) and we can reduce (2.3) to an
equivalent system with x = 1. Because of this, we may assume that x = 1 and that
the function ¢: U — U satisfies (3.14).

To show the existence of classical solutions of (2.3), let zg € X, u; € H}.(0,00;U),
and wy € H} (0,00;U,;) and assume v € U is such that (zg, ¢(u1(0) —v),waq(0))" €
D(S) and v = C&D (g, ¢(u1(0) — v),waq(0))". Let A € p(A) and 2z € X, denote Ry =
(A — A)~! for brevity, and define w49 = Ryz + RxBgwg(0). Then Axg+ Bywg(0) € X
and we have from [30, Prop. 4.6] that if we define x4 and y4 by

(3.15a) zq(t) = Tizgo + PIPwg,  t>0,

(3.15b) ya=Vooao + F wa,

then x4 € C1([0,00); X), 24(0) = zq0, ya € H),.(0,00;U), and
Ea(t) xd(t)]

3.16 =S5, t>0.

( ) {yd(t):| d [wd(t) ; =

Moreover, y4(0) = CRxz+ Py (A)wq(0). If we define v, = v —yq(0), then it is straight-
forward to check that A(zg — z40) + Bep(u1(0) — y4(0) — v.) € X and C&D.(x¢ —
za0, d(u1(0) —ya(0) —v.)) " = .. If we define u, =uy —yq € HL (0,00;U), then (3.14)
and [13, Thm. 3.3] imply that there exist z. € C'([0,00); X) and y. € H. .(0,00;U)
satisfying z.(0) = xg — zqp,

(3.17) [‘;8] —S. { ) (uc(f)c(t)yc(t))] >0,
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and
(3.18a) z.(t) =Ty(xo — zao0) + PEPrd(ue — Ye), t>0,
(318b) Ye = \I,oo(mo - de) + }Fgo(b(uc - yc)'

The definitions and properties of z., x4, Y., and yq; imply that z = z. 4+ 4 and
Y =Y. +ya € H. (0,00;U) satisfy (3.6) and z(0) = z¢ and that (z,u;,wq,y) is a
classical solution of (2.3).

To analyse generalised solutions, let zg € X, u; € LIQOC(O,OO;U), and wg €
L%OC(O,OO;Ud). Let 240 = 0 and define 24 and y4 by (3.15). We have from [30,
Prop. 4.7] that z4 € C([0,00); X) and yq € LIQOC(O,OO;U) and that there exist
(@5)nen € CH([0,00); X), (wh)ren € C(]0,00);Uq), and (y%)ken C C([0,00);U) such
that (zf,wk, y*) satisfy (3.16) for k € N and (PTx’g,Pde,PTyd) - (Przq, Prwg,
P.ys)" as k — oo for any 7 > 0. Define u. = u; — yq € LIOC(O oo;U). We have
from [13, Thm. 3.3] that there exist z. € C([0,0); X) and y. € L120C(0,oo;U) satis-
fying z.(0) = 2o and (3.18) and that there exist (z¥)reny € C1([0,00); X), (u¥)ken C
C([0,00);U) and (y*)ren € C([0,00);U) such that (z% u¥ y*) satisty (3.17) for k € N
and (P.zk P uf P.y")T — (Prz.,Pruc, Pry.) " as k — oo for every 7 > 0. These
properties imply that if we define x = =z, + xd € C([O oo) X), ¥y =yc+uyqd €
L% (0,00;U), F = 2F + 2% € C1([0,00); X), v* = y* + vk € L% _(0,00;U), and
uf =uk +y% for k €N, then x and y satisfy (3.6), and the sequence (z*, uf, wk, y*)
has the properties in Definition 2.3. Thus (z,u1,wq,y) is a generalised solution of
(2.3).

To prove the uniqueness of the generalised solution, assume first that ul,u? €
C([0,00);U) and w}, w3 € C([0,00);Uq), and that z7, xa, y1, and y2 are such that
(z1,uf,w),y1) and (z2,u?,w?,y2) are two classical solutions of (2.3). If we define
zp(t) = @fthg’, t>0, ys :Fgow’(j, for k=1,2, and denote z =x5 — x1, ¥y = y2 — y1,
=22 — 21, Yd :yg - yclb and ¢, = ¢(ulf —Yk), k=1,2, then

x(t) — 2(t) = Tiz(0) + ®{Pi (2 — ¢1), >0,
Y —Yi=Veor(0) + F (d2 — ¢1).

The impedance passivity of X, = (T, ®¢, W,F¢), [13, Lem. 3.12(b)], 2(0) = 0, and
P2 (y7 — ya)l < IFEl[lwf — willr2(o,e) imply that

lz() = 217 = 2O + 62 = d1llE2(0.0)

< 2lfuf = uillFa(0,) + 20IFF|*[w — wil 720,

Since [|y]lz2(0.0) < [Wellll2(O)[| + [[F§ ([l d2 — ¢1ll 20,0y + wallz2(0.y and [2(0)]| < [|@E]
lw? — wé”LZ(O,t): for every t > 0 there exists M; > 0 such that

Iz + Yyl 22 (0,6)
< My (|22(0) = z1(0) || + [[uf — uill 20,0 + lwi — will 20t -

Thus in the classical solutions of (2.3), the functions z € C*([0,00); X) and y €
C([0,00);U) are uniquely determined by x(0), u; € C([0,00);U), and wq € C([0,00);
U4). Moreover, it is straightforward to use the last estimate above to show that
also the generalised solutions of (2.3) are uniquely determined by x(0) € X, uy €

L% (0,00;U), and wy € LE (0,00;Uy). O
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Proof of Theorem 3.3. Let xg € X, and let y,.y and wq be of the form (1.1) for
some fixed coefficients (ag)r, (bx)x C U, (ck)k, (di)r C Uq such that u.eg(t) € Ug for
some 6 > 0 and for all ¢ > 0. The control input has the form u = Ureg + KYrer — KY,
where tyeg+Kyrer € C([0,00);U). Proposition 3.6 implies that the controlled system
(2.3) has a unique generalised solution (z,u1,wq,y) With ©; = tyeg +KYres in the sense
of Definition 2.3. Moreover, this solution satisfies (3.6). Finally, if there exists v € U
such that (zg, ¢(uy(0) —kv),wa(0)) T € D(S) and v = C&D (g, p(u1(0) —kv),wa(0)) T,
then (z, Ureg + KYref, Wq,y) is a classical solution of (2.3) in the sense of Definition 2.3
and y € H} (0,00;U).

In the next part of the proof we will show that ||z(-)| is bounded and analyse
€=y —Yres. Let (ILT)T be the unique solution of the regulator equations (3.11) in
Proposition 3.8 and define v(t) = eAexotvy, t > 0, with vg = (1,1,0,1,0,...,1,0) . Then
wq(t) = Ev(t) and yrer(t) = Fu(t) by (3.10). We have t — ITv(t) € C*°([0,00); X) and
(Hv(t),Tw(t), Bv(t)) T € D(S), t >0, and the regulator equations (3.11) and Lemma
3.9 imply

ATTo(t)] _ [MAexov(t)] _ H;f(t) - gv(t)
|:(:1yref(t):|_|: FU(t) :|_S EU((?) =9 Qf)edg(sfg) ’ t>0.

We have from [30, Prop. 4.6] that
v (t) = TyMvg + PP ytureg + PIPrwg, >0,
Yrep = Voo Ilvg + FE treg + FL wy.
If we define z(t) = x(t) — ITv(t), then (3.6) with u1 = Ureg + KYrey imply that
(3.19a) 2(t) = Ty2(0) + P{P; (P(Ureg — K€) — Ureg) t>0,
(3.19Db) e =V 2(0) + F (¢(treg — K€) — Ureg)-

Assumption 3.1(a) and [29, Thm. 4.2] imply that the well-posed system (T, ®¢, ¥ F¢)
is impedance passive and thus for all ¢t > 0,

(3.20) 1211 = [12(0)||* < QRG/O (e(5); P(ureg(s) — re(s)) — ureg(s))ds.

We will now analyse x and e =¥y — Y,y When x=0. In this case the assumption
that uyeg(t) € U(‘g for ¢ > 0 implies ¢ (ureg(t) — Ke(t)) — Ureg (t) =0. Thus we have from
(3.19) that z(t) - 0 as t = 0o and e = U2(0). In particular, ||z(¢)|| and |z(t)| =
l|z(t) + Hv(¢)|| are uniformly bounded with respect to ¢t > 0. If T is exponentially
stable, we have e®e € L2(0,00;U) for some a > 0 by [28, Thm. 2.5.7]. On the
other hand, if T is strongly stable, then [30, Def. 3.1(iii)] implies that ||e||2LQ(
191 T 2(0) 201y < 124 [ Te2(0)]] = 0 as ¢ — o,

We can now consider the case where xk > 0. If we denote uyeg(t) = (uly,(t), ...,

reg

uP(1))7 and e(t) = (el(t),...,eP(t))T, then |[uk, (t)|| < dx —J for all t > 0 and

reg reg

ke{l,....p} If for k€ {1,...,p} we let ¢{ : Uy — Uy be the symmetric saturation
function defined by @9 (u) = (8% / max{dx, ||ul|})u, u € Uy, then ¢y (u) =1y + ¢ (u—ry)
and Lemma 3.10 implies that
Re<€k (t)7 Pk (ufeg(t) - "Qek (t)) - ufeg(t»
=Re (" (1), $h (ureg (8) — 11 — K" (1)) — (g () — 7))
B el GOl
— max{0g, [Jufg(t) — re — re® ()]}

tt+1)
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for a.e. ¢ > 0. In particular, Re(e(t), @(treg(t) — £e(t)) — tUreg(t)) < 0 for ae. ¢t >0,

and (3.20) implies that ||z(¢)|| < [|z(0)]|. Thus ||z(¢)| and [|z(t)]| = ||z(¢) + Tv(t)|| are
uniformly bounded with respect to ¢t > 0. The estimate (3.20) also implies that

Z / [Ree® (s), ¢(uky (5) — ke"(s)) — uly(s))]ds

o 1))
~ —Re / (e(5) 0 ttes(5) — Re(5)) — g (9))ds < T2

Thus Re(e”, ¢(uk,, — re¥) —ul.,) € L'(0,00) for all ke {1,...,p}.

For a fixed reprebentatlve of the equivalence class e € LIOC(O, oo;U) define hy, =
uby (-) = e — ke* ()|, k € {1,...,p}, and define Q = h; ' ([6,00)) C [0,00). Then
for every k € {1,.. ,q} the set Qk is measurable, |Juf,, (¢ ) — 1), — keF(t)|| > 6y, for ae.
t € Q, and [uk,(t) — ri — keF(t)|| < &y for ae. t € [0,00) \ Q. The property that
[ufg (t) = ri|| < 6k — 0 for £ >0 implies that for k € {1,...,p} and for a.e. t € Qy we

have «||e®(t)|| > 6, and

k 2 k 2 k 2
et (1) R 0] . ] B

3.21 s
(3.21) TEon(t) o — "D = 0 0 T AIFO] = & = wdy

since the function [d,00) 3 s+ s/(d, — 0 + s) is increasing. Together with our earlier
estimates this implies that

i(ss/ 1dt<Z/ Kd|le*(1)]1? dt
2 5, RO

P 5 2
<> /Q ~ Re(ek (1), d(ubig (1) — re (£)) — g (1))t < O (g)” .

Thus the set = ; U---UQ, has finite measure. Moreover, using the first two
inequalities in (3.21) we similarly have

5~ / / msue (1)) 1) 2
e”(t)||dt < dt < ,
<@ Z o Ten () i —reF @O 4= "2

and thus e* € L*(Qy; Uy) for every k € {1,...,p}. Since we also have e* € L>(Q; \
Qp; Uy) for all j # k, we can further deduce that e € L*(2;U). Moreover, if we denote
Qo =[0,00) \ Q, then @(ureq(t) — ke(t)) = e (t) — ke(t) for a.e. t € Qp, and (3.20)

implies

[ elPdi=Re [ (e(t) oues(t) ~ re(t) ~ (i)t < XL
Qo Q

0

This proves that the set {2 has the properties stated in the claim, namely, that Q is
of finite measure, e € L?([0,00) \ Q;U), and e € L*(Q; U).

If 29 € X, wg =0, and yre¢ =0, then the control input is given by u(t) = —ky(t)
and the generalised solution (x,0,0,y) of (2.3) satisfies

z(t) =Tzo + 7P o (—Ky), t>0,
y=VYooro+ F p(—rKy).
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If k=0, then z(t) — 0 as t — oo since T is strongly stable by Assumption 3.1(b). On
the other hand, if x > 0, then the semigroup generated by A® in Assumption 3.1(b’)
is strongly stable. Moreover, a similar argument as above using Lemma 3.10 shows
that if 0 < ¢ < min{dx — ||7%||}, then Re(px(u),u) > el|ul|?/ max{d, ||y — u||} for all
ke{l1,...,q}. This property and the structure of ¢ imply that there exist «, 3,7 >0
such that

aful® i fluf <7,
B if [Jul] = .

We therefore have from [13, Thm. 4.3] that ||z(¢)]| — 0 as t — cc.

Finally, we analyse the case where where C&D extends to an operator [C, D,
Dy] € L(X x U x Uq,U). Then (3.19b) implies that e(t) = Cz(t) + Dc(P(treg(t) —
ke(t)) — ureg(t)) for all t > 0. Since P(ureg — KE) — Ureg € L(0,00;U), since z
is uniformly bounded, and C € L(X,U), we have e € L>°(0,00;U). If we denote
U(t) = P(Ureg(t) — Ke(t)) — ureg(t) + Ke(t), then @ € L>(0,00;U) and a(t) = 0 for
a.e. t€[0,00)\Q, and thus @ € L?(0,00;U) since €2 has finite measure. We have
from [29, Cor. 6.1] that —xI is an admissible feedback operator for the well-posed
system (T, ®¢, ¥ F¢), and the resulting closed-loop system (T*, %% " F*) satisfies
SUp;~||®;"|| < 0o. We therefore have from (3.19) and [30, Prop. 5.15] that

[Z(t)} _ [Tf ‘PE’R] [ z(0)
P.e vE FPT| | Py (qS(ureg — Ke) — Upeg + /ie)

Re(d(u), u) > {

Under Assumption 3.1(b) or Assumption 3.1(b’) the semigroup T" generated by A"
is strongly stable, and the property @ € L?(0, 00; U) together with [28, Lem. 8.1.2(iii)]
implies that ||z(t) — ITv(¢)|| = ||z(¢)|| = 0 as t = oo.

It remains to show that e(t) — 0 as t — co. We have e(t) = Cz(t) — Detireg(t) +
D ¢(ureg(t) — re(t)) for all t > 0. If k=0 or D, =0, then clearly e(t) = Cz(t) = 0
as t — oo since C' € L(X,U). It remains to consider the case where ReD. > ¢l
for some ¢ > 0 and k > 0. We saw in the proof of Proposition 3.6 that ¢ satisfies
(3.14), and is therefore a continuous and monotone function. Thus [13, Lem. 3.12(a)]
implies that there exists a globally Lipschitz continuous function g: U x U — U such
that e(t) = K7 g(ureg(t), KC2(t) — KDcureg(t)). This implies that e € C([0,00);U).
We will now show that the set  C [0,00) can be chosen to be bounded, i.e., there
exists to > 0 such that € C [0,tp]. Since e is continuous, we can use the continuous
representative e in defining Q for k € {1,...,p}. The definition implies that €y
are closed sets, and therefore 2 = Q U--- U, is closed as well. Since ) has finite
measure and since ||z(¢)]] — 0 as t — oo, we can choose ty > 0 such that ¢ ¢ Q
and [|z(t)|| < §/(2||(I +xD.)~1C||) for all t >ty (recall that I + kD, is boundedly
invertible since Re D, > ¢I for some ¢ > 0). We claim that 2 C [0,%o]. If this is not
true, then the fact that €2 is closed implies that there exists t; >ty such that ¢; € Q)
and [to,t1) C [0,00) \ Q. For all ¢ € [to,t1) C [0,00) \ @ we have e(t) = Cz(t) — kD e(t),
or e(t) = (I + kD.)"1Cz(t). Thus |le(®)| < ||[(I +~xD.)"1C||||z(t)|| < §/(2x) for all
t € [to,t1). However, the definition of  implies that there exists k € {1,...,p} such
that 0p < [Juf,,(t1) — i — ke (t1)]] <6k — 6 + klle¥(t1) ||, which implies that [le(t1)] >
lle¥(t1)|| > 6/k. This is a contradiction since e is continuous and ||e(t)|| < §/(2k) for t €
[to,t1). Thus Q C [0,t0]. Therefore, for all ¢ >ty we have e(t) = (I +xD.)"1Cz(t) =0
as t — oo. |

4. Boundary control systems. In this section we solve the Saturated Output
Regulation Problem for an abstract boundary control system [27, 21, 15] of the form
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(4.1a) 2(t) =Ax(t) + Baiwqa,1(t), z(0) =20 € X,
(4.1b) Beoa(t)=d(u(t)) + wqa(t)

(4.1¢) Bax(t) =wqs(t),

(4.1d) y(t) = Cx(t)

for t > 0. Here ¢ is as in section 3.1 and we define wq = (w41, Wa.2,waq3) " :[0,00) = Uy
with Uy =Ug1 x U x Uy 3. We assume that X, U, Uy, 1, and Uy, s are Hilbert spaces,
By € L(Ug1,X), and assume that (B, €) w1th B = [% | is a boundary node on the
spaces (U x Ug3,X,U) in the sense that A: D(A) C X = X, B e L(D(A),U x Ug3),
Ce L(D(),U) and the following hold:
e The restriction A := Ulger(p) with domain D(A) = Ker(B) generates a
strongly continuous semigroup T on X.
e The operator B € L(D(2A),U x Uy 3) has a bounded right inverse, i.e., there
exists B” € L(U x Ug 3, D(A)) such that BB" =1.
The transfer function P : p(A) — L(U x Ugs,U) of (B, A, €) is defined so that
P(\)(u,w) " = €x, where z € D(2) is the unique solution of the equations (A—2)z =0
and Bz = (u,w) .

DEFINITION 4.1. Let (98,2, €) be a boundary node on (U x Ug3,X,U), let By1 €
L(Ug1,X) and k>0, and consider (4.1) with control input of the form u=uy — Ky
and wq = (Wq,1,Wa 2, Wa,3) "

A tuple (w,u1,wq,y) is called a classical solution of (4.1) on [0,00) if x € C*
([0,00); X), u1,y € C([0,00);U), and wqg € C([0,00);Uy) and if z(t) € D(A) and the
identities in (4.1) hold for every t > 0.

A tuple (z,u1,wq,y) is called a generalised solution of (4.1) on [0,00) if x €
C([0,00); X), u1,y € L2 _(0,00;U), and wq € L?,,(0,00;Uq) and if there exists a se-
quence (z*, u’f,w§7yk)k of classical solutions of (4.1) on [0,00) such that (P z* P u¥,
P.wk Py*)T — (Praz,Pruy, Prwg, Pry) T as k — oo in C([0,7]; X) x L2(0,7;U) x
L2(0,7;Uy) x LQ(O,T;U) for every 7>0 .

The boundary node (8,2, €) is called well-posed if there exist 7, M, > 0 such that

all classical solutions of (4.1) with ¢ =id and with wg 1(¢t) =0 and wg2(t) =0 satisfy
15, Ch. 13]

||$(T)|I§(+/0 ly() 17 dt < M, <fﬂo|§(+/0 |u(t)|2U+|wd,3(t)||2Ud,3dt)'

We solve the Saturated Output Regulation Problem under the following assump-
tions on (4.1).

Assumption 4.2. Let X, U, Uq,1, and Uy 3 be Hilbert spaces and suppose that the
following hold:
(a) Bg1 € L(Ug,X) and (B, C) with B = [g;} is a well-posed boundary node
on (U xUggs,X,U). Moreover,

Re(™Uz,x)x <Re(B.z,Cz)y, x € Ker(By).

(b) Either k =0 and the semigroup generated by A is strongly stable,

(b’) or, alternatively, k > 0, ||rx|| < dx for all k € {1,...,p}, and the semigroup
generated by A" = A|ger(m, +re)nKer(B,) With domain D(A%) = Ker(B. +
k&) NKer(B,) is strongly stable.

The control law we use is again of the form u(t) = —&(y(t) — Yres(t)) + Ureg(t),
where uyeg is defined in (3.3) with coefficients of the form (3.4). Now the transfer
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function values PF(+iwy) and P§(+iwy) are determined by the parameters of the
boundary control system (4.1) so that y = P*(X)u + P§(A\)w with v € U and w =
(w1, we,w3) " € Uy if and only if y = €z, where x € D(2) is the unique solution of the
abstract elliptic problem

()\ — Ql)x = delwl,
(4.2) (B + kO =u+ we,
Bgxr = ws.

The following theorem is the main result of this section.

THEOREM 4.3. Suppose that Assumption 4.2 holds with k > 0 and that tiwy €
p(A%) and PF(xiwy) is boundedly invertible for every k € {1,...,q}. If ap # 0 or
co # 0, assume also that 0 € p(A®) and PF(0) is boundedly invertible. Let uyeg be
as in (3.3)~(3.4). For every xo € X and for every wq and yr.y of the form (1.1) the
system resulting from the control law

u(t) = —ke(t) + treg (t), t>0,

with e = Yy — Yrep has a unique generalised solution (x,ureg + KYref,Wa,y) satisfying
z(0) = zo. If the coefficients (ak,bk,ck,dr)r of Yrey and wq in (1.1) are such that
Ureg(t) € Ug for some § > 0 and for all t > 0, then for every xqg € X the state
trajectory x is uniformly bounded and the following hold:
e If k> 0, then there exists a set Q C [0,00) of finite measure such that e €
L2([0,00) \ ;U) and e € L} (;U).
o If k=0, then |le|r2(t,t41) — 0 as t — oo. If, in addition, T is exponentially
stable, then t— e®te(t) € L*(0,00;U) for some a> 0.
If xo € D), wg = (U)dyl,wd_yg,wd,g)—r, and yres are such that B.ro = d(ureg(0) +
KYref(0) — k€x0) + wa,2(0) and Bazro = wa,3(0), then (T,ureg + KYref,Wa,y) is a
classical solution of (4.1) and e € H}, (0,00;U).
Proof. We will rewrite (4.1) in the form (3.1) with wgq = (w41, w42, wa3)’ and
apply Theorem 3.3. This is possible due to the results in [21] which show that the

boundary node (8,2, &) gives rise to a system node. More precisely, [21, Thm. 2.3
shows that the operator

sefdfa] oo ((a])

is a system node on (U x Uy 3,X,U). If we define Uy = Uyg1 x U x Uy 3 and S :
D(S) C X xU x Uy — X x U so that D(S) = {(z,u,w)" € X xU xUy | w =
(w1, wa,w3) ", (z,u+w,w3)" € D(S) } and

x x B 1w

Slu|l =80 |u+ws —1—{ d’é 1]
w ws

for all (z,u,w)’ € D(S) with w = (wy, w2, w3) ", then S is a system node on (U x

Ug, X,U). The definition of S implies that (z,u,w)" € D(S) with w = (wy,ws,ws) T if
and only if x € D(), B.x = u+wy and Br = ws. In this case we have S(z,u,w)" =
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(Az+Bgwy,Cx) . Definitions 2.3 and 4.1 and the relationship between (28,2, €) and
S imply that the classical and generalised solutions of (2.3) coincide with the classical
and generalised solutions, respectively, of (4.1) with w = u; — ky. Our assumption
that (8,2, €) is well-posed and [28, Thm. 4.7.13] imply that S is a well-posed system
node.

We will now show that S = [A{5] satisfies Assumption 3.1. Assumption 4.2(a)
implies that if (z,u,0)" € D(S), then B.z =u, Byr =0, and

x x
Re <A&B U ,x> =Re(z,z) <Re(Cx,B.x) =Re <C&D U ,u> )
0 0

In addition, if we denote the transfer function of Sy by [P, Py 0], then the transfer func-
tion P of S has the form P = [P, P;] where Py(A\) = [C(A— A)"'By1, P:()\), Pao(\)]
for all A € p(A). The definition of Sy also implies that P. coincides with the
transfer function of the boundary node (B.,A|ker(m,),€). Our assumption that
Re(/z,z)x < Re(B.x,€x)y for all x € Ker(By) and [13, Lem. 5.1] imply that
P.(X) > eyl for some A, ¢y > 0. Thus S satisfies Assumption 4.2(a).

We note that C&D = [€,0]| p(s) by [21, Thm. 2.3(iv)]. Using this it is straight-
forward to show that the operator A® in Assumption 3.1 is exactly the operator
A" = Alger(B +re)NKer(B,) i1 Assumption 4.2(b’). Therefore, either (b) or (b’) of
Assumption 3.1 holds. If 2o € D(), wyg = (de,wd,z,wd,g)T, and yres are such that
Bexo = G(treg (0) + KYref(0) — k€x0) +wa,2(0) and Bgzrg = wq,3(0), then the definition
of S implies that v = €xq € U satisfies (20, ¢ (treg(0) — k(v —Yref(0))), wa(0)) T € D(S)
and v = C&D(20, $(treg(0) — (v — Yrer(0))),wa(0)) 7. Therefore, the claims follow
directly from Theorem 3.3. |

5. Saturated output regulation for PDE systems.

5.1. A two-dimensional heat equation. In this section we consider output
tracking for a two-dimensional heat equation on the square @ = [0,1] x [0,1]. The
system has two boundary inputs u(t) = (u1(t),u2(t)) T, two boundary outputs y(t) =
(y1(t),y2(t)) ", one boundary disturbance wy(t), and is determined by

Ox
a(&t) = Al‘(f,t), 1’(§ 0) :"Eo(g)
L (€ Dlr, = b1 (ua (1)) + walt), o (6 Dlrs = Ba(ua(t)), 5 (D], =0

()= /F w(&, 1), )= /F 2(E,)de,

Here ¢; : C — C and ¢ : C — C are two saturation functions such that ¢g(u) =u
when |u—7| <8 and ¢g(u) = 1% + Ok |u—rk| " (u—ry) when |u—rg| > 0 for k=1,2.
We assume that |r| < dx, k=1,2. The parts T'g, I'1, and T'y of the boundary 0Q are
defined so that Ty = {&=(£,0)T |0<& <1/2), To={&=(&,1)T|1/2<¢6 <1},
I'p=0Q\ ('t UT'2). By [2, Cor. 1] the heat equation without the saturation functions
defines a well-posed linear system (which is also regular by [2, Cor. 02]). This allows
us to reformulate the equation as an abstract system of the form (3.1). By [2, Sec. 7]
the associated system node S on (U x Uy, X,U) with X = L?(Q), U =C?, Uy =C is
defined by

a
ya(t
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D(S) = { () € H'(Q) % U x Us | Are (@), u=(unua)

ox ox ox
an—uleronFl,%—qunI‘Q,an—OonI‘o},
Az
T T T
A&B /x d
o |e) =l 2] = | e

| sterae
T

In addition, we define the function ¢ : U — U by ¢(u) = (¢1(u1), d2(uz)) " for u =
(u1,u2) T €U. The system node is well-posed by [2, Cor. 1].

We consider output tracking and disturbance rejection for signals y,..y = (yie Iz
yfef)T and wy of the form (1.1). The control law again consists of the negative
error feedback term and the part ures = (ul}cg, ufcg)T computed based on the transfer
function values of the system and the parameters of the signals in (1.1) using (3.3)
and (3.4). The values P (+iwy) and Pj(+iwy) can be computed by taking a formal
Laplace transform of the heat system with ¢ =id and under negative output feedback
u = —ky + @ [15, Sec. 12.1]. Because of this, y = P (Liwg)u + PJ(iw,)w with
u = (u,up)" € U and w € Uy if and only if y = ([ #(6)d¢, [, 2(€)d€) T, where
r € L?(Q) with Az € L?(Q) is the unique solution of the boundary value problem

0
() = Av(©),  £€Q, S (&)l =0,
Ox Ox

) — / 2(€)d + ur +w, (©)lrs = / 2()dE + uz.

on on

We have iw € p(A) for w € R\ {0}. Thus it follows from section 3.2 that to compute
fr and gi in (3.4) for k€ {1,...,q} it suffices to solve the above system (numerically)
for K =0. For wg =0 the system is solved with x > 0.

PROPOSITION 5.1. Suppose that k > 0. The system with the control law
u(t) = _Ke(t) + ureg(t)7 t>0,

solves the Saturated Output Regulation Problem for those reference and disturbance
signals of the form (1.1) for which ureg(t) € Ufg for some § > 0 and for all t > 0.
For every xog € X the system (2.3) has a well-defined generalised solution (x,ureg +
KYref,Wd,Y) satisfying x(0) = xzo. Moreover, for every xo € X the state trajectory x
is uniformly bounded and there exists a set Q C [0,00) of finite measure such that

e € L?([0,00) \ Q;U) and e€ LN(Q;U).

If xo € HY(Q), wa, and y,cr are such that Azg € L*(Q) and if

% = §1 (U (0) = (Y1 — Yref(0))) +wa(0)  on Ty
% = 2(ufeg (0) — K(y2 — y7ef(0)))  on Ta,

where y; = fFl zo(&)d§ and yo = frz xo(§)dE, then (,Ureg + KYref,wa,y) is a classical
solution of (2.3) and e € H} (0,00;U).
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Proof. We begin by showing that S and ¢ satisfy Assumption 3.1. The well-
posedness of S follows from [2, Cor. 1]. If z € X and u € U are such that (z,u,0) €
D(S), then integration by parts shows that

x
R6<A&B u ,J)> :RQ<AZ‘,Z‘>L2(Q)

0 b's

=Re (/F ulﬁd&—/p U2x(§)d§> — V2220

2

x
§R6<C’&:D U ,u>.
0

The last property of Assumption 3.1(a), requiring that Re P.(iwg) > ¢)I for some
A,cx > 0, is shown below. The exponential stability of the semigroup generated by
A* in part (b’) of Assumption 3.1 can be shown exactly as in the proof of [13, Prop.
6.6].

We will now show that P/ (iw) is nonsingular for every w € R. To this end, let
S* be the system node associated with the well-posed linear system (T*, ", U= Fr).
Then the transfer function P* = [PF, PJ] coincides with the transfer function of
S® on Cy. Fix w € R, and let w € U be such that P%(iw)u = 0. If we define
r = (iw — A®)71B*[}], then (z,u,0)" € D(S*) and P*(iw)u = (C&D),[4]. Thus
(iwz,0)T = S"%(x,u,0)", and [28, Def. 7.4.2] further implies that (x,u,0)T € D(S)
and (iwz,0) " = S(z,u,0) . Similarly as above, integration by parts implies that

x
0=Re(iwz,z) =Re(Az,x)r2 = Re <C’&D u 7u> - ||V$||22(Q;(CZ),
0

which implies that Vo = 0. Thus z is a constant function, and since fFl z(£)d¢ =
fm x(§)d¢ = 0 by assumption, we must have x = 0, and consequently, also u = 0.
Since w € R and u € U were arbitrary so that P (iw)u =0, we conclude that PJ (iw)
is nonsingular for every w € R.

The analysis above, in particular, shows that P/(0) is nonsingular. Since 0 €
p(A"), by continuity there exists a small A > 0 such that P7()\) is nonsingular. We
have A € p(4) N p(A"), and thus I — xPF(A) is nonsingular and P.(\) = PF(\)(I —
xkPf(\))~! by [28, Lem. 7.1.7 and 7.4.4]. Since P.(\)* = P.(\) and P.(\) > 0,
the previous formula also implies that Re P.(A\) = P.()) is nonsingular, and there-
fore, Re P.(\) > eI for some cy > 0.

Finally, suppose that zg € H'(Q), yres and wq satisfy the additional conditions
in the statement of the theorem. If we define v = (yi,72)", then the definition
of S and the assumptions on zg, Yref, and wq imply that (2o, d(treg(0) — k(v —
rer(0).wa(0))" € D(S) and v = C&D(wo, H(ureg(0) — (v — Yoes (0))), wal0) T
Thus the claims follow from Theorem 3.3. ]

We illustrate the controller design by considering the tracking and rejection of
the signals yrer = (y},ef,yfef)—r with y},ef (t) =1+ sin(wt), yf_ef(t) =24 0.5cos(mt) +
cos(3rt), and wq(t) = 2 + 3cos(bnt). These signals are of the form (1.1) with the
choices (wy,ws,w3) = (m,3m,57) ", ap = (1,2)", a1 = (0,1/2)7, as = (0,1)7, a3 =
(O,O)T, b1 = (1,0)T, bQ = bg = (O,O)T, Co = 2, Cl = Cg2 = C3 = 0, d1 = d2 = O, and
ds = 3. We set r; = —4.5, ro = 1.75, §; = 10.5, and d = 15.75. In the simulation,
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Output y(t) (red) and the reference y,.;(t) (blue)

.
2
[
2 Control input u(t)
.
6
s

4 1 2 3 4 5 6 5

Regulation error y(t) — yref(t) 1

0 1 2 3 4 5 6

Fic. 2. Simulation of the controlled two-dimensional heat equation.

the heat system is approximated using a truncated basis of eigenfunctions of the two-
dimensional Laplacian with 31 x 31 eigenmodes. The simulation results for k = 3
and the intial state 2(§) = —10(1 + cos(m(1 —&1)))(1 — cos(27&3) /4) are depicted in
Figure 2. In computing the transfer function values in the parameters (3.4) of g We
use a higher-dimensional approximation of the heat system with 41 x 41 eigenmodes.

5.2. A one-dimensional wave equation. We consider a one-dimensional wave
equation on [0,1] defined by

2'U ()
) 3 (€0 = g (TG €0,
—T(O)%g(o?t) = p(u(t)), T(l)?—g(l,w — waalt)

y(0)= 2 0,1)

with initial states v(&,0) =vo(§) and %(5,0) =v1(§). Here v(&,t) is the deflection of
the string at position £ € [0,1] and at time ¢ > 0, p is the mass density of the string,
and T is the Young’s modulus. Moreover, ¢ is the scalar saturation function such that
o(u) =11+ 61 (u—r1)/ max{dg, |u—r1||} for some §; >0 and r € C with |ri| < d;.
We assume that p, T € C?%(]0,1]), and that p(¢) > 0 and T'(£) > 0 for € € [0,1].
Similarly as in [15, Ex. 13.2.4], the wave equation can be reformulated as an abstract
boundary control system (4.1) with state z(t) = (p(~)%(-,t), g—g(~,t))T on the spaces
(U x Ug3,X,U) where U = C, Ug3 = C, and X = L*(0,1) x L*(0,1) with inner
product ((f1,91) 7, (f2,92) ) x = (o~ f1, f2) 12 +{(Tg1,g2) 2. To achieve this, we define
2A: D) C X — X, and B.,B,4,€ € L(2A,C) so that D(A) = H(0,1) x H*(0,1), and

2 m = ((23 . B m — —T(0)25(0),
p
B Ej =T(1)z2(1), < [ﬁj = ﬁxl(O).

We have Uy 1 = {0}, wg1 =0, wge =0, and wg = (0,0,wg,3)" in (4.1). The initial
state is given by xg = (pv1,vy)T. We have from [15, Sec. 13.5] that (98,9, &) with
B = [g;] is a well-posed boundary node.
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We consider yr.; and wq of the form (1.1) with ap =0 and ¢y = 0. The control
law consists of the negative error feedback term and u,eq in (3.3). In computing the
parameters f; and gi of uyeg in (3.4), the transfer function values can be computed
by solving a static boundary value problem (4.2) for each frequency A = +iwy. More
precisely, for w € R and u,w € C we have y = PF(iw)u + P§(iw)w where y € C and
v € H%(0,1) satisfy

Iy

~—

~—
~

—w?p(E)v(&) = (T(&)v'( £€(0,1),
=T(0)v'(0) + ikwv(0) = u, T(1)v' (1) =w,
y =1iwv(0).

Since p and T are real-valued functions, we have P(—iwy) = P(iwy). It sufficies to
solve the boundary value problem for A =iwy with k € {1,...,¢}.

PROPOSITION 5.2. Suppose that k > 0 and PF(iwg) # 0 for all k € {1,...,q}.
The control law

u(t) = —ke(t) + Ureg(t), t>0,

solves the Saturated Output Regulation Problem for those reference and disturbance
signals of the form (1.1) with ag = 0 and co = 0 for which ueqs(t) € Ui; t >0, for
some § > 0. For every xg € X the system (2.3) has a well-defined generalised solution
(2, Ureg + KUref, Wq,y) satisfying x(0) = xg. Moreover, for every xo € X the state
trajectory x is uniformly bounded and there exists a set Q C [0,00) of finite measure
such that

e€ L*([0,00)\ Q) and ec LY(Q).
If vo € H?(0,1), vi € H'(0,1), wa, and yres are such that
=T(0)v5(0) = ¢(ttreg(0) — £(v1(0) = Yres (0))),  T(L)vp(1) =wa,s(0),

then (T, Ureg + KYref,Wa,Y) is a classical solution of (2.3) and e € H} (0,00).

Proof. We begin by showing that (95,2, €) satisfies Assumption 4.2. The well-
posedness of (B,2,¢€) follows from [15, Sec. 13.5]. If (z1,22) € Ker(By), then
T(1)x2(1) =0 and integration by parts shows that

Re(z,z)x =Re ((p~ ' (Tz2)",21) 2 + (T(p~'z1)’, 22) 12)

=Re (p(1) a1 ()T (W2(1) - p(0) 21 (0)T(0)2(0))
=Re(B.z,Cx)y.

The operator A" = Alker(B,+re)nKer(B,) 15 associated with a wave equation with
damping at £ =0. We have from [6] that the semigroup generated by A" is exponen-
tially stable. Thus Assumption 4.2 holds. Since PF(—iw) = P#(iw), w € R, we have
Pr(+iwg) # 0 for all k € {1,...,q} by assumption. Finally, we note that the addi-
tional assumptions for vy and vy coincide with the requirement that xg = (pvy,v}) and
wgq = (0,0,wa3)" satisfy xg € D(), Boxo = (Ureg(0) + KYrer(0) — k€x() + wa,2(0),
and Byzo = we3(0). Because of this, the claims follow from Theorem 4.3 and the
proof is complete. 0

We illustrate the controller design by studying the wave system with p(§) =1 and
T(¢) =1 and by considering y,.s(t) = sin(nt) + cos(37t) and wq 3(t) = 0.5cos(5nt).
These signals are of the form (1.1) with the choices (wi,ws,w3)’ = (m,3m,57)7,
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Output y(t) (red) and the reference y,.;(t) (blue)

Control input u(t)

Regulation error y(t) — yres(t)

FiG. 3. Simulation of the one-dimensional wave equation.

CLQZCLl:O, a2:1, 113:0, b1:1, bgzbgzo, C():O7 C1 202203:0, d1:d2:0, and
ds =1/2. We set 1 =0 and §; = 2.5. The wave system is approximated using a
truncated basis of eigenfunctions of the undamped wave operator with 30 eigenmodes.
The simulation results for x = 3/4 and the intial state v(§) = 1/2(1 + cos(37&) +
cos(6£)), v1(€) = 0 are depicted in Figure 3. In computing the transfer function
values in the parameters (3.4) of uyeg Wwe use a higher-dimensional approximation of
the wave system with 40 eigenmodes.
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