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OUTPUT REGULATION FOR IMPEDANCE PASSIVE SYSTEMS
WITH INPUT SATURATION\ast 
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Abstract. We consider output tracking and disturbance rejection for abstract infinite-
dimensional systems with input saturation. We solve the control problem using a control law which
consists of a stabilising error feedback term and a feedforward term based on the reference and
disturbance signals. We use our results to design control laws for output tracking and disturbance
rejection for a two-dimensional heat equation and a one-dimensional wave equation with boundary
control and observation.
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1. Introduction. In this article we solve the problem of output tracking and
disturbance rejection for a well-posed linear system \Sigma [28] affected by a saturation-
type nonlinearity \phi at the input (Figure 1). More precisely, the main goal in the
output regulation problem is to design a control input u(t) in such a way that the
tracking error e(t) = y(t) - yref (t) between the output y(t) of the system and a given
reference signal yref (t) converges to zero as t \rightarrow \infty in a suitable sense despite the
external disturbance signal wd(t). Our control law is based on the knowledge of the
signals yref and wd and additional feedback from the tracking error e.

The solution of the output regulation problem for abstract linear systems is al-
ready understood very well [3, 22]. It is also well-known that in the case of finite-
dimensional systems, a very similar type of control design can be used to solve the
control problem in the presence of input saturation [26, Sec. 3.1.1]. In this article, we
generalise the results in [26] to solve the saturated output regulation problem for
infinite-dimensional well-posed linear systems under suitable passivity assumptions of
the well-posed system \Sigma .

The reference and disturbance signals are assumed to be of the form

yref (t) = a0 +

q\sum 
k=1

(ak cos(\omega kt) + bk sin(\omega kt)) ,(1.1a)

wd(t) = c0 +

q\sum 
k=1

(ck cos(\omega kt) + dk sin(\omega kt))(1.1b)

for some known frequencies (\omega k)
q
k=1 \subset (0,\infty ) and \omega 0 = 0 and known coefficients

(ak)k, (bk)k \subset U , (ck)k, (dk)k \subset Ud. Here U is both the input and output space of
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OUTPUT REGULATION WITH INPUT SATURATION 1951
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Fig. 1. The control scheme.

the system, and Ud is the input space of the external disturbance. The control law
solving the output regulation problem has the form

u(t) = - \kappa (y(t) - yref (t)) + ureg(t)(1.2)

with

ureg(t) = f0 +
1

2

q\sum 
k=1

\Bigl[ 
(fk + gk) cos(\omega kt) + i(fk  - gk) sin(\omega kt)

\Bigr] 
.(1.3)

The parameters (fk)k \subset U and (gk)k \subset U are computed based on the coefficients
(ak)k, (bk)k, (ck)k, (dk)k and the values of the transfer function of \Sigma evaluated at the
complex frequencies \{ 0\} \cup \{ \pm i\omega k\} qk=1 using explicit formulas (3.4). Even though the
assumption that wd is fully known seems restrictive, we show in section 3.2 that
the parameters of the control input can, in fact, be measured from the output of a
stabilised version of the system. In addition, especially in the linear setting the type
of control design studied in the paper is also a building block in certain internal model
based error feedback controllers [14, 11].

In our main result in Theorem 3.3 we show that the control law (1.2) solves the
output regulation problem under the following assumptions:

(a) The system \Sigma considered with input u, wd = 0, and with output y is impedance
passive [29, Def. 4.1] and \kappa \geq 0 is such that the output feedback u(t) = - \kappa y(t)
achieves strong stability of the linear closed-loop system.

(b) The complex frequencies \{ 0\} \cup \{ \pm i\omega k\} k do not overlap with the transmission
zeros of \Sigma .

(c) The coefficients (ak)k, (bk)k, (ck)k, (dk)k of yref and wd are such that ureg(t)
is within the linear regime of the saturation function \phi for all t\geq 0.

In [26, Sec. 3.1] the output regulation problem was solved in the case of finite-
dimensional systems with input saturation using low-and-high-gain state feedback
control. Our assumption of passivity in (a) allows us to simplify the control design
by replacing the state feedback with error feedback, and by removing restrictions on
the gain parameter \kappa \geq 0. The condition in (b) is a standard assumption also in
linear output regulation [3, Sec. V]. Condition (c) describes the class of reference and
disturbance signals which can be regulated under the saturation constraint, and this
condition was shown to be nearly sharp in [26, Sec. 3.4].

In the final part of the article we use our general results in output tracking and
disturbance rejection for concrete partial differential equation (PDE) systems with
boundary control and boundary measurement. The models we consider are a heat
equation on a two-dimensional domain and a one-dimensional wave equation with
spatially varying physical parameters.
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1952 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

Output regulation of infinite-dimensional systems and controlled PDEs have been
studied extensively in the literature; see, e.g., [3, 25, 22, 12, 7, 31] and references
therein. Infinite-dimensional system with saturation and other input nonlinearities
have been considered in [18, 19, 17, 8, 5, 9, 1, 20, 32] using integral control in the
case of constant reference and disturbance signals. There are far fewer references
on output tracking time-varying signals in infinite-dimensional and PDE systems.
The only reference [33] directly related to our work considered state and observer-
based feedback control design for a flexible wing model with boundary control. Our
results differ from [33] especially in the sense that they are applicable to classes of
abstract infinite-dimensional systems and classes of PDE models and we present a
detailed proof of well-posedness. Because of this, our results are novel in the setting
of regulation of time-varying signals (1.1) for abstract infinite-dimensional systems
with input saturation. Moreover, in the case of linear systems (where \phi = id) our
main result in Theorem 3.3 also partially extends the previously known results in [22]
from the class of regular linear systems to well-posed linear systems.

Preliminary version of Theorem 3.3 was presented in [10] for a single-input-single-
output system with bounded input and output operators. In this paper we extend the
results of [10] to the large classes of well-posed linear systems and abstract boundary
control systems, which, in particular, include models of PDEs with boundary control
and observation. In addition, we express the control law in a more accessible form
based on the coefficients in (1.1) and present comments on the computation of the
control law.

The article is organised as follows. In section 2 we present our theoretical back-
ground and definitions. The definition of the main control problem and the results
on output regulation for well-posed systems are presented in section 3. In section 4
we present versions of our results for abstract boundary control systems. Finally, in
section 5 we solve the saturated output tracking problem for a two-dimensional heat
equation and a one-dimensional wave equation with boundary control and observa-
tion.

2. Preliminaries. If X and Y are Banach spaces and A : D(A) \subset X \rightarrow Y is
a linear operator we denote by D(A), Ker(A), and Ran(A) the domain, kernel, and
range of A, respectively. The space of bounded linear operators from X to Y is
denoted by \scrL (X,Y ) and we write \scrL (X) for \scrL (X,X). If A : X \rightarrow X, then \sigma (A) and
\rho (A) denote the spectrum and the resolvent set of A, respectively. The inner product
on a Hilbert space is denoted by \langle \cdot , \cdot \rangle and all our Hilbert spaces are complex. For
T \in \scrL (X) on a Hilbert space X we define ReT = 1

2 (T + T \ast ). If A : D(A) \subset X \rightarrow X
generates a strongly continuous semigroup, we denote by X - 1 the completion of the
space (X,\| (\lambda 0  - A) - 1\cdot \| X) where \lambda 0 \in \rho (A) is fixed. Then A extends to an operator
in \scrL (X,X - 1) [28, Sec. 3.6], and we also denote this extension by A. For \tau > 0 and
u : [0,\infty ) \rightarrow U we define P\tau u : [0, \tau ] \rightarrow U as the truncation of the function u to the
interval [0, \tau ]. We denote \BbbC + = \{ \lambda \in \BbbC | Re\lambda > 0\} .

We consider a well-posed linear system \Sigma = (\Sigma t)t\geq 0 = (\BbbT t,\Phi t,\Psi t,\BbbF t)t\geq 0 defined
in the sense of [30, Def. 3.1] with input space U , state space X, and output space Y ,
where X, U , and Y are Hilbert spaces. The mild state trajectory x \in C([0,\infty );X)
and mild output y \in L2

loc(0,\infty ;Y ) of \Sigma corresponding to the initial state x0 \in X and
the input u\in L2

loc(0,\infty ;U) are defined by

x(t) =\BbbT tx0 +\Phi tPtu,(2.1a)

Pty=\Psi tx0 + \BbbF tPtu(2.1b)
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OUTPUT REGULATION WITH INPUT SATURATION 1953

for all t \geq 0. The extended output map \Psi \infty : X \rightarrow L2
loc(0,\infty ;Y ) and extended input-

output map \BbbF \infty : L2
loc(0,\infty ;U) \rightarrow L2

loc(0,\infty ;Y ) of \Sigma are defined as in [30, Sec. 3].
With this notation, the mild output y has the alternative formula y=\Psi \infty x0 + \BbbF \infty u.

Definition 2.1. A well-posed system \Sigma is impedance passive if Y =U and if for
every x0 \in X and u \in L2

loc(0,\infty ;U) the corresponding state trajectory x and output y
defined by (2.1) satisfy

\| x(t)\| 2X  - \| x0\| 2X \leq 2Re

\int t

0

\langle u(s), y(s)\rangle Uds, t\geq 0.

System nodes are closely related to well-posed linear systems.

Definition 2.2 (see [28, Def. 4.7.2]). Let X, U , and Y be Hilbert spaces. A
closed operator

S :=

\biggl[ 
A\&B
C\&D

\biggr] 
:D(S)\subset X \times U \rightarrow X \times Y

is called a system node on the spaces (U,X,Y ) if the following hold:
\bullet The operator A : D(A) \subset X \rightarrow X defined by Ax = A\&B[ x0 ] for x \in D(A) =
\{ x\in X | (x,0)\top \in D(S)\} generates a strongly continuous semigroup on X.

\bullet The operator A\&B (with domain D(S)) extends to [A, B] \in \scrL (X \times U,X - 1)
and D(S) = \{ (x,u)\top \in X \times U | Ax+Bu\in X\} .

The operator A is called the semigroup generator of S. Definition 2.2 implies
that C\&D \in \scrL (D(S), Y ), and we define the output operator C \in \scrL (D(A), Y ) of S by
Cx= C\&D[ x0 ] for all x \in D(A). Finally, the transfer function P : \rho (A)\rightarrow \scrL (U,Y ) of
a system node S is defined by

P (\lambda )u=C\&D

\biggl[ 
(\lambda  - A) - 1Bu

u

\biggr] 
, u\in U, \lambda \in \rho (A).

Every well-posed linear system \Sigma = (\BbbT ,\Phi ,\Psi ,\BbbF ) is associated with a unique system
node S [30, Sec. 4]. In particular, if x0 \in X and u \in H1

loc(0,\infty ;U) are such that
(x0, u(0))

\top \in D(S), then the mild state trajectory x and output y of \Sigma defined by
(2.1) satisfy x\in C1([0,\infty );X), x(0) = x0, and y \in H1

loc(0,\infty ;Y ) and\biggl[ 
\.x(t)
y(t)

\biggr] 
= S

\biggl[ 
x(t)
u(t)

\biggr] 
, t\geq 0.(2.2)

Because of this, we call a system node S well-posed if it is the system node of some
well-posed linear system \Sigma . The transfer function of a well-posed system node S
coincides with the transfer function of the associated well-posed linear system \Sigma on
every right half-plane \{ \lambda \in \BbbC | Re\lambda > r \} which is contained in \rho (A) [28, Lem.
4.7.5(iii)]. It follows from [29, Thm. 4.2] that the transfer function of an impedance
passive well-posed system satisfies ReP (\lambda )\geq 0 for all \lambda \in \BbbC +.

In our controller design we encounter nonlinear systems of the form\biggl[ 
\.x(t)
y(t)

\biggr] 
= S

\left[  x(t)
\phi (u1(t) - \kappa y(t))

wd(t)

\right]  ,(2.3)

where x(t) \in X and y(t) \in U are the state and output, respectively, u1(t) \in U
and wd(t) \in Ud are the external inputs, S is a system node on (U \times Ud,X,U), and
\phi : U \rightarrow U is a continuous function. In the following we define the classical and
generalised solutions of (2.3).
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1954 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

Definition 2.3. Let S be a system node on (U \times Ud,X,U), and let \kappa \geq 0. A
tuple (x,u1,wd, y) is called a classical solution of (2.3) on [0,\infty ) if

\bullet x\in C1([0,\infty );X), u, y \in C([0,\infty );U), and wd \in C([0,\infty );U),
\bullet (x(t), \phi (u1(t) - \kappa y(t)),wd(t))

\top \in D(S) for all t\geq 0 and (2.3) holds for every
t\geq 0.

A tuple (x,u1,wd, y) is called a generalised solution of (2.3) on [0,\infty ) if
\bullet x\in C([0,\infty );X), u, y \in L2

loc(0,\infty ;U), and wd \in L2
loc(0,\infty ;Ud),

\bullet there exists a sequence (xk, uk
1 ,w

k
d , y

k)\infty k=1 of classical solutions of (2.3) on
[0,\infty ) such that for every \tau > 0 we have

(P\tau x
k,P\tau u

k
1 ,P\tau w

k
d ,P\tau y

k)\top \rightarrow (P\tau x,P\tau u1,P\tau wd,P\tau y)
\top 

as k\rightarrow \infty in C([0, \tau ];X)\times L2(0, \tau ;U)\times L2(0, \tau ;Ud)\times L2(0, \tau ;U).

3. Saturated output regulation.

3.1. Control design for saturated output regulation. We consider a control
system of the form \biggl[ 

\.x(t)
y(t)

\biggr] 
= S

\left[  x(t)
\phi (u(t))
wd(t)

\right]  , x(0) = x0,(3.1)

where S = [A\&B
C\&D ] is a well-posed system node on the Hilbert spaces (U \times Ud,X,U).

We assume that U =U1\times U2\times \cdot \cdot \cdot \times Up where Uk are Hilbert spaces for k \in \{ 1, . . . , p\} .
We define the nonlinear function \phi : U \rightarrow U so that \phi (u) = (\phi 1(u1), . . . , \phi p(up))

\top 

for u = (u1, . . . , up)
\top \in U , where \phi k : Uk \rightarrow Uk are defined using the parameters

(r1, . . . , rp)
\top \subset U1 \times \cdot \cdot \cdot \times Up and \{ \delta k\} pk=1 \subset (0,\infty ) by

\phi k(u) = rk +
\delta k(u - rk)

max\{ \delta k,\| u - rk\| \} 
=

\left\{   u if \| u - rk\| \leq \delta k,

rk +
\delta k(u - rk)

\| u - rk\| 
if \| u - rk\| > \delta k

(3.2)

for u \in Uk and k \in \{ 1, . . . , p\} . We note that the case where p = 1, U = U1 = \BbbC , and
r1 = 0 corresponds to the symmetric scalar saturation function \phi which is linear when
| u| \leq \delta 1. On the other hand, if we define \phi k such that Uk = \BbbC , \delta k = (b - a)/2, and
rk = (a+ b)/2, then in the case of real-valued signals the function \phi k is exactly the
saturation function on the interval [a, b]. We may now formulate our control problem.

Saturated output regulation problem. Choose a control law u(t) in such
a way that the following hold:

\bullet The system has a well-defined generalised solution for all initial states x0 \in X
and for all yref and wd of the form (1.1).

\bullet With yref (t) \equiv 0 and wd(t) \equiv 0 the origin is a globally asymptotically stable
equilibrium point of (3.1), i.e., the generalised solutions corresponding to all
initial states x0 \in X satisfy \| x(t)\| \rightarrow 0 as t\rightarrow \infty .

\bullet There exists a nonempty set \Lambda \subset Uq+1 \times Uq \times Uq+1
d \times Uq

d such that for all
x0 \in X and for all (ak, bk, ck, dk)k \subset \Lambda in (1.1), the state x is uniformly
bounded and the tracking error e = y  - yref converges to zero in a suitable
sense as t\rightarrow \infty .

We note that the ``suitable sense"" of convergence of e= y  - yref depends on the
properties of the system and the type of solutions considered. Even in the absence
of saturation, the error corresponding to a generalised solution may fail to converge
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OUTPUT REGULATION WITH INPUT SATURATION 1955

pointwise to zero, but may instead satisfy a weaker property, e.g., e \in L2(0,\infty ;U)
[22]. We present a solution of the Saturated Output Regulation Problem under the
following assumptions.

Assumption 3.1. Let X, U , and Ud be Hilbert spaces and suppose that the
following hold:

(a) S = [A\&B
C\&D ] is a well-posed system node on (U \times Ud,X,U) and

Re

\Biggl\langle 
A\&B

\left[  xu
0

\right]  , x

\Biggr\rangle 
X

\leq Re

\Biggl\langle 
C\&D

\left[  xu
0

\right]  , u

\Biggr\rangle 
U

for all x \in X and u \in U such that (x,u,0)\top \in D(S). Moreover, the transfer
function P = [Pc, Pd] : \rho (A)\rightarrow \scrL (U \times Ud,U) of S satisfies RePc(\lambda ) \geq c\lambda I for
some \lambda , c\lambda > 0.

(b) Either \kappa = 0 and the semigroup generated by A is strongly stable,
(b') or, alternatively, \kappa > 0, \| rk\| < \delta k for all k \in \{ 1, . . . , p\} , and the semigroup

generated by A\kappa :D(A\kappa )\subset X \rightarrow X defined by

D(A\kappa ) =

\left\{   x\in X
\bigm| \bigm| \exists v \in U : (x, - \kappa v,0)\top \in D(S), v=C\&D

\left[  x
 - \kappa v
0

\right]  \right\}   
and A\kappa x=Ax+B( - \kappa v(x),0)\top (where v(x) is the element v in the definition
of D(A\kappa )) is strongly stable.

We note that the condition in Assumption 3.1(a) implies that the well-posed
system \Sigma considered with input u, with wd = 0, and output y is impedance passive in
the sense of Definition 2.1.

Remark 3.2. If the semigroup generated by A\kappa in Assumption 3.1(b') is strongly
stable with i\BbbR \subset \rho (A\kappa ) or exponentially stable, then the same is true for all \kappa > 0.
This can be shown using the properties in [28, Sec. 7.4], impedance passivity, and
similar arguments as in the proof of [4, Lem. 2.11(c)].

To define the control law, we first note that [29, Cor. 6.1] and [28, Lem. 7.2.6]
imply that [ - \kappa I

0 ] is an admissible feedback operator for the well-posed system \Sigma =
(\BbbT ,\Phi ,\Psi ,\BbbF ), and therefore, the resulting closed-loop system \Sigma \kappa = (\BbbT \kappa ,\Phi \kappa ,\Psi \kappa ,\BbbF \kappa ) is
well-posed. We note that by [28, Def. 7.4.2] the generator of \BbbT \kappa is exactly the operator
A\kappa in Assumption 3.1(b'). We denote the transfer function of \Sigma \kappa by P\kappa = [P\kappa 

c , P
\kappa 
d ],

and note that for all \lambda \in \rho (A) \cap \rho (A\kappa ) we have P\kappa (\lambda ) = [P\kappa 
c (\lambda ), P

\kappa 
d (\lambda )] = (I +

\kappa Pc(\lambda ))
 - 1[Pc(\lambda ), Pd(\lambda )], where P = [Pc, Pd] is the transfer function of \Sigma .

Our main result below shows that the Saturated Output Regulation Problem is
solved by the control law u(t) = - \kappa (y(t) - yref (t)) + ureg(t), where

ureg(t) = f0 +
1

2

q\sum 
k=1

\Bigl[ 
(fk + gk) cos(\omega kt) + i(fk  - gk) sin(\omega kt)

\Bigr] 
.(3.3)

Here fk and gk are defined based on the transfer function P\kappa = [P\kappa 
c , P

\kappa 
d ] and the

coefficients (ak)k, (bk)k \subset U , and (ck)k, (dk)k \subset Ud of the reference disturbance signals
as

f0 = P\kappa 
c (0)

 - 1((I  - \kappa P\kappa 
c (0))a0  - P\kappa 

d (0)c0),(3.4a)

fk = P\kappa 
c (i\omega k)

 - 1 [(I  - \kappa P\kappa 
c (i\omega k))(ak  - ibk) - P\kappa 

d (i\omega k)(ck  - idk)] ,(3.4b)

gk = P\kappa 
c ( - i\omega k)

 - 1 [(I  - \kappa P\kappa 
c ( - i\omega k))(ak + ibk) - P\kappa 

d ( - i\omega k)(ck + idk)](3.4c)
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1956 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

for k \in \{ 1, . . . , q\} . If a0 = 0 and c0 = 0, we define f0 = 0 even if P\kappa 
c (0) is not invertible.

Detailed comments on computing the coefficients of ureg are presented in section 3.2.
We define U\delta 

\phi = \{ (u1, . . . , up)
\top \in U1\times \cdot \cdot \cdot \times Up | \| uk - rk\| \leq \delta k - \delta , k= 1, . . . , p\} , where

\{ rk\} pk=1 and \{ \delta k\} pk=1 are as in the definition of \phi and where 0< \delta <min\{ \delta 1, . . . , \delta p\} .
Theorem 3.3. Suppose that Assumption 3.1 holds with \kappa \geq 0 and that \pm i\omega k \in 

\rho (A\kappa ) and P\kappa 
c (\pm i\omega k) is boundedly invertible for every k \in \{ 1, . . . , q\} . If a0 \not = 0 or

c0 \not = 0, assume also that 0\in \rho (A\kappa ) and that P\kappa 
c (0) is boundedly invertible. Let ureg be

as in (3.3)--(3.4). The control law

u(t) = - \kappa e(t) + ureg(t), t\geq 0,(3.5)

with e= y  - yref solves the Saturated Output Regulation Problem for those reference
and disturbance signals of the form (1.1) for which ureg(t) \in U \delta 

\phi for some \delta > 0 and
for all t \geq 0. For every x0 \in X the state trajectory x is uniformly bounded and the
following hold:

\bullet If \kappa > 0, then there exists a set \Omega \subset [0,\infty ) of finite measure such that e \in 
L2([0,\infty ) \setminus \Omega ;U) and e\in L1(\Omega ;U).

\bullet If \kappa = 0, then \| e\| L2(t,t+1) \rightarrow 0 as t\rightarrow \infty . If, in addition, \BbbT is exponentially
stable, then t \mapsto \rightarrow e\alpha te(t)\in L2(0,\infty ;U) for some \alpha > 0.

If x0 \in X, wd, and yref are such that there exists an element v \in U satisfying
(x0, \phi (ureg(0) - \kappa (v  - yref (0))),wd(0))

\top \in D(S) and v = C\&D(x0, \phi (ureg(0) - \kappa (v  - 
yref (0))),wd(0))

\top , then (x,ureg + \kappa yref ,wd, y) is a classical solution of (2.3) and
e\in H1

loc(0,\infty ;U).
If C\&D \in \scrL (D(S),U) extends to a bounded operator [C,Dc,Dd] \in \scrL (X \times U \times 

Ud,U) where either Dc = 0 or ReDc \geq cI for some c > 0, then for all x0 \in X we have
\| y(t) - yref (t)\| \rightarrow 0 as t\rightarrow \infty .

Remark 3.4. If e(t) \rightarrow 0 as t \rightarrow \infty , then ureg is the asymptotic part of the
control signal u and the condition that ureg(t) \in U \delta 

\phi for all t \geq 0 in Theorem 3.3
has the interpretation that u(t) belongs to the linear regime of \phi for large t \geq 0. If
\| rk\| < \delta k for all k \in \{ 1, . . . , p\} , then the set \Lambda of coefficients (ak, bk, ck, dk)k for which
ureg(t)\in U\delta 

\phi for all t\geq 0 contains a ball centered at 0.

Remark 3.5. The control law (3.5) in Theorem 3.3 incorporates feedforward con-
trol, and it utilises knowledge of the signals yref and wd, as well as the transfer
function values P\kappa 

c (\pm i\omega k) of the system. In the linear case (in the absence of input
saturation), output regulation can also be achieved without information on the am-
plitudes and phases of yref and wd by using an internal model based dynamic error
feedback controller [25, 23]. Internal model based control for finite-dimensional sys-
tems with input saturation and time-varying yref and wd have been considered in [26,
Sec. 3.5] and [16], and developing similar controller designs for infinite-dimensional
systems is an interesting topic for further research.

The proof of Theorem 3.3 utilises the following result which guarantees the ex-
istence of classical and generalised solutions of the system (2.3). Here we denote
\Phi = [\Phi c,\Phi d] and \BbbF = [\BbbF c,\BbbF d]. The proofs of Theorem 3.3 and Proposition 3.6 are
presented in section 3.3.

Proposition 3.6. Suppose Assumption 3.1(a) holds and \kappa \geq 0. If x0 \in X, u1 \in 
L2
loc(0,\infty ;U), and wd \in L2

loc(0,\infty ;Ud), then (2.3) has a unique generalized solution
(x,u1,wd, y) satisfying x(0) = x0. This solution satisfies
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OUTPUT REGULATION WITH INPUT SATURATION 1957

x(t) =\BbbT tx0 +\Phi c
tPt\phi (u1  - \kappa y) +\Phi d

tPtwd, t\geq 0,(3.6a)

y=\Psi \infty x0 + \BbbF c
\infty \phi (u1  - \kappa y) + \BbbF d

\infty wd.(3.6b)

If x0 \in X, u1 \in H1
loc(0,\infty ;U), and wd \in H1

loc(0,\infty ;U) and if there exists v \in U
satisfying (x0, \phi (u1(0) - \kappa v),wd(0))

\top \in D(S) and v=C\&D(x0, \phi (u1(0) - \kappa v),wd(0))
\top ,

then (x,u1,wd, y) is a classical solution of (2.3) and y \in H1
loc(0,\infty ;U).

3.2. Computing the control law. In this section, we comment on the com-
putation of the parameters (3.4) of the function ureg in (3.3). We can first note
that if \pm i\omega k \in \rho (A) for some k \in \{ 0, . . . , q\} , then the expressions P\kappa 

c (\pm i\omega k)
 - 1(I  - 

\kappa P\kappa 
c (\pm i\omega k)) and P\kappa 

c (\pm i\omega k)
 - 1P\kappa 

d (\pm i\omega k) in the formulas (3.4) simplify to Pc(\pm i\omega k)
 - 1

and Pc(\pm i\omega k)
 - 1Pd(\pm i\omega k), respectively.

If u\in U and w \in Ud, then y= P\kappa 
c (\pm i\omega k)u+ P\kappa 

d (\pm i\omega k)w when x\in X is such that
(x,u - \kappa y,w)\top \in D(S) and \biggl[ 

\pm i\omega kx
y

\biggr] 
= S

\left[  x
u - \kappa y

w

\right]  .(3.7)

Because of this, the transfer function values in (3.4) can be computed by solving x
and y from (3.7). The system (3.7) typically corresponds to taking a formal Laplace
transform of the original PDE system under negative output feedback u(t) = - \kappa y(t)+
\~u(t) and evaluating it at \lambda =\pm i\omega k [15, Ch. 12], [24, Sec. 4]. For simple PDE models
x and y can be constructed explicitly, and for more complicated ones they can be
approximated numerically. Small numerical errors lead to approximate tracking with
a relatively small error.

In the situation where the amplitudes (ck)k and (dk)k of wd and the disturbance
transfer function Pd are unknown, the quantities P\kappa 

d (0)c0 and P\kappa 
d (\pm i\omega k)(ck\mp idk) can

often be measured directly from the asymptotic response of the system (3.1) with the
control input u(t) =  - \kappa y(t). Indeed, if the assumptions of Theorem 3.3 hold with
\kappa \geq 0, we can define a reference signal yref (t) of the form (1.1) with amplitudes

a0 = P\kappa 
d (0)c0, and ak \mp ibk = P\kappa 

d (\pm i\omega k)(ck \mp idk).(3.8)

Then it is straightforward to check that the corresponding ureg(t) defined by (3.3)
and (3.4) satisfies ureg(t) + \kappa yref (t)\equiv 0. Because of this, Theorem 3.3 implies that if
ureg(t)\in U\delta 

\phi , t\geq 0, for some \delta > 0, then the output y converges to the reference yref (in
the sense of Theorem 3.3). This allows us to identify the amplitudes (ak)k and (bk)k
from the asymptotic output y, and the quantities P\kappa 

d (0)c0 and P\kappa 
d (\pm i\omega k)(ck\mp idk) are

directly determined by the formulas (3.8). Even though c0, d0, and Pd are unknown,
we can verify the condition ureg(t) \in U\delta 

\phi , t \geq 0, required in this process by checking
that the asymptotic part of the control input u(t) = - \kappa y(t) remains within the linear
regime of the saturation function \phi .

3.3. Proofs of the main results. In the proof of Theorem 3.3 we make use
of the fact that the reference and disturbance signals in (1.1) can be expressed as
outputs of a finite-dimensional exosystem of the form

\.v(t) =Aexov(t), v(0) = v0 \in \BbbC 2q+1,(3.9a)

wd(t) =Ev(t),(3.9b)

yref (t) = Fv(t),(3.9c)
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1958 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

where Aexo \in \BbbC (2q+1)\times (2q+1) is skew-Hermitian, i.e., A\ast 
exo = - Aexo, and E \in \scrL (\BbbC 2q+1,

Ud) and F \in \scrL (\BbbC 2q+1,U). More precisely, we define

Aexo =blockdiag

\biggl( 
0,

\biggl[ 
0 \omega 1

 - \omega 1 0

\biggr] 
, . . . ,

\biggl[ 
0 \omega q

 - \omega q 0

\biggr] \biggr) 
(3.10a)

and define E and F in such a way that

Ev= c0v0 + c1v
1
1  - d1v

2
1 + \cdot \cdot \cdot + cqv

1
q  - dqv

2
q ,(3.10b)

Fv= a0v0 + a1v
1
1  - b1v

2
1 + \cdot \cdot \cdot + aqv

1
q  - bqv

2
q(3.10c)

for v = (v0, v
1
1 , v

2
1 , . . . , v

1
q , v

2
q )

\top . Then yref and wd are exactly the outputs of (3.9)
corresponding to the initial state v0 = (1,1,0,1,0, . . . ,1,0)\top .

Remark 3.7. If a0 = 0 and c0 = 0 in (1.1), then the first blocks of Aexo, E, and F
corresponding to the frequency \omega 0 = 0 can be removed. In this situation P\kappa 

c (0) does
not need to be boundedly invertible. These blocks are included in Aexo, E, and F
throughout this section, but the adaptation of the statements and proofs to the case
where a0 = 0 and c0 = 0 is trivial.

Throughout this section \Sigma = (\BbbT , [\Phi c,\Phi d],\Psi , [\BbbF c,\BbbF d]) is the well-posed system as-
sociated with the system node S in (3.1). We denote by

Sc =

\biggl[ 
A\&Bc

C\&Dc

\biggr] 
and Sd =

\biggl[ 
A\&Bd

C\&Dd

\biggr] 
the system nodes of the well-posed systems (\BbbT ,\Phi c,\Psi ,\BbbF c) and (\BbbT ,\Phi d,\Psi ,\BbbF d), respec-
tively. The transfer function of S has the form P = [Pc, Pd], where Pc and Pd are the
transfer functions of Sc and Sd, respectively. Assumption 3.1(a) and [29, Thm. 4.2]
imply that (\BbbT ,\Phi c,\Psi ,\BbbF c) is impedance passive and that RePc(\lambda ) \geq c\lambda I for some
\lambda , c\lambda > 0. Moreover, we continue to denote by P\kappa = [P\kappa 

c , P
\kappa 
d ] the transfer function

of the closed-loop system (\BbbT \kappa ,\Phi \kappa ,\Psi \kappa ,\BbbF \kappa ) obtained from (\BbbT ,\Phi ,\Psi ,\BbbF ) with admissible
output feedback [ - \kappa I

0 ]. We recall that A\kappa in Assumption 3.1(b') is the generator of \BbbT \kappa .
Finally, we denote the system node associated to (\BbbT \kappa ,\Phi \kappa ,\Psi \kappa ,\BbbF \kappa ) by S\kappa = [A

\kappa \&B\kappa 

C\kappa \&D\kappa ],
and denote B\kappa = [B\kappa 

c ,B
\kappa 
d ].

The solvability of the ``regulator equations"" (3.11) in the following proposition is
both necessary and sufficient for the solvability of the linear output regulation problem
without the input saturation [3, 22]. Our solvability result generalises corresponding
results in [3, Sec. V] and [22, Sec. V].

Proposition 3.8. Suppose that Assumption 3.1(a) is satisfied. Assume that

Aexo \in \BbbC q\prime \times q\prime is skew-Hermitian, \sigma (Aexo) \cap \sigma (A\kappa ) = \varnothing , and P\kappa 
c (\lambda ) is boundedly

invertible for every \lambda \in \sigma (Aexo). Then the regulator equations\biggl[ 
\Pi Aexo

F

\biggr] 
= S

\left[  \Pi \Gamma 
E

\right]  (3.11)

have a unique solution (\Pi ,\Gamma )\top \in \scrL (\BbbC q\prime ,X \times U) such that Ran((\Pi ,\Gamma ,E)\top ) \subset D(S).
The solution is defined by the formulas

\Pi \varphi k = (\lambda k  - A\kappa ) - 1B\kappa 
c (\Gamma \varphi k + \kappa F\varphi k) + (\lambda k  - A\kappa ) - 1B\kappa 

dE\varphi k,

\Gamma \varphi k = P\kappa 
c (\lambda k)

 - 1((I  - \kappa P\kappa 
c (\lambda k))F\varphi k  - P\kappa 

d (\lambda k)E\varphi k),

where \{ \varphi k\} q
\prime 

k=1 are the linearly independent eigenvectors of Aexo corresponding to the

eigenvalues \{ \lambda k\} q
\prime 

k=1 so that Aexo\varphi k = \lambda k\varphi k for k \in \{ 1, . . . , q\prime \} .
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OUTPUT REGULATION WITH INPUT SATURATION 1959

Proof. We have from [28, Cor. 7.4.11, Def. 7.4.2] that I + [
0

\kappa C\&D
0

] maps D(S)

continuously one-to-one onto D(S\kappa ) and that S = S\kappa (I + [
0

\kappa C\&D
0

]). We can therefore

rewrite the regulator equations (3.11) as\biggl[ 
\Pi Aexo

F

\biggr] 
= S

\left[  \Pi \Gamma 
E

\right]  = S\kappa 

\left(  I +

\left[  0
\kappa C\&D

0

\right]  \right)  \left[  \Pi \Gamma 
E

\right]  = S\kappa 

\left[  \Pi 
\Gamma + \kappa F

E

\right]  .

Since the eigenvectors \{ \varphi k\} k form a basis of \BbbC q\prime , an operator (\Pi ,\Gamma )\top \in \scrL (\BbbC q\prime ,X\times U)
satisfying Ran((\Pi ,\Gamma ,E)\top )\subset D(S) satisfies the regulator equations if and only if\left\{         

(\lambda k  - A\kappa )\Pi \varphi k =B\kappa 
c (\Gamma \varphi k + \kappa F\varphi k) +B\kappa 

dE\varphi k,

F\varphi k =C\kappa \&D\kappa 

\left[   \Pi \varphi k

\Gamma \varphi k + \kappa F\varphi k

E\varphi k

\right]   (3.12)

for all k \in \{ 1, . . . , q\prime \} . Since \lambda k \in \rho (A\kappa ) by assumption, the first equation is equivalent
to \Pi \varphi k = R\kappa 

kB
\kappa 
c (\Gamma \varphi k + \kappa F\varphi k) + R\kappa 

kB
\kappa 
dE\varphi k, where R\kappa 

k = (\lambda k  - A\kappa ) - 1. Using the
properties of the system node S\kappa the second line becomes F\varphi k = P\kappa 

c (\lambda k)(\Gamma \varphi k +
\kappa F\varphi k) + P\kappa 

d (\lambda k)E\varphi k. Since P\kappa 
c (\lambda k) is boundedly invertible for all k \in \{ 1, . . . , q\prime \} by

assumption, the above equation is equivalent to \Gamma \varphi k = P\kappa 
c (\lambda k)

 - 1((I - \kappa P\kappa 
c (\lambda k))F\varphi k - 

Pd(\lambda k)E\varphi k) for every k. These arguments confirm that if (\Pi ,\Gamma )\top \in \scrL (\BbbC q\prime ,X\times U) such
that Ran((\Pi ,\Gamma ,E)\top ) \subset D(S) satisfies the regulator equations, then it is necessarily
of the form given in the claim. On the other hand, if \Pi and \Gamma are defined by the
formulas in the claim, then the above arguments together with [28, Def. 7.4.2] imply
that Ran((\Pi ,\Gamma ,E)\top )\subset D(S) and that the regulator equations (3.11) are satisfied.

Lemma 3.9. Let Assumption 3.1(a) hold, let Aexo, E, and F be as in (3.10),
and assume that \{ \pm i\omega k\} k \subset \rho (A\kappa ) and P\kappa 

c (\pm i\omega k) is boundedly invertible for all k.
Moreover, let (\Pi ,\Gamma )\top be the unique solution of the regulator equations (3.11), and let
v(t) = eA\mathrm{e}\mathrm{x}\mathrm{o}tv0, t \geq 0, with v0 = (1,1,0,1,0, . . . ,1,0)\top . Then \Gamma v(t) = ureg(t), t \geq 0,
where ureg(t) is as in (3.3) and (3.4).

Proof. We have v(t) = (1, cos(\omega 1t), - sin(\omega 1t), . . . , cos(\omega qt), - sin(\omega qt))
\top . If \{ \varphi 0,

\varphi \pm 
1 , . . . ,\varphi 

\pm 
q \} are the normalised eigenvectors of Aexo corresponding to the eigenvalues

\{ 0,\pm i\omega 1, . . . ,\pm i\omega q\} , then

\Gamma v(t) = \alpha 0(t)\Gamma \varphi 0 +

q\sum 
k=1

\alpha k(t)\Gamma \varphi 
+
k + \beta k(t)\Gamma \varphi 

 - 
k ,(3.13)

where \{ \alpha k(t)\} k and \{ \beta k(t)\} k are such that v(t) = \alpha 0(t)\varphi 0+
\sum q

k=1(\alpha k(t)\varphi 
+
k +\beta k(t)\varphi 

 - 
k ).

Since \varphi 0 = (1,0, . . . ,0)\top and \varphi \pm 
k = 2 - 1/2(0, . . . ,0,1,\pm i,0, . . . ,0)\top for k \in \{ 1, . . . , q\} ,

a direct computation shows that \alpha 0(t) \equiv 1, \alpha k(t) = 2 - 1/2(cos(\omega kt) + i sin(\omega kt)), and
\beta k(t) = \alpha k(t) for t \geq 0 and k \in \{ 1, . . . , q\} . We have E\varphi 0 = c0, F\varphi 0 = a0, E\varphi \pm 

k =
2 - 1/2(ck \mp idk), and F\varphi \pm 

k = 2 - 1/2(ak \mp ibk) for k \in \{ 1, . . . , q\} . Substituting these
expressions to the formulas for \Gamma \varphi \pm 

k in Proposition 3.8 and to (3.13) completes the
proof.

Lemma 3.10. Let U be a Hilbert space, and let \phi : U \rightarrow U be the symmetric
saturation function defined so that \phi (u) = u whenever \| u\| \leq \delta 0 and \phi (u) = \delta 0\| u\|  - 1u
whenever \| u\| > \delta 0 for some fixed \delta 0 > 0. Assume that \kappa > 0 and 0< \delta < \delta 0. If e \in U
and u\in U are such that \| u\| \leq \delta 0  - \delta , then
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1960 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

Re\langle e,\phi (u - \kappa e) - u\rangle \leq  - \kappa \delta \| e\| 2

max\{ \delta 0,\| u - \kappa e\| \} 
.

Proof. Assume that u, e\in U satisfy \| u\| \leq \delta 0 - \delta . If \| u - \kappa e\| \leq \delta 0, then \phi (u - \kappa e) =
u - \kappa e and Re\langle e,\phi ( - \kappa e+u) - u\rangle = - \kappa \| e\| 2 and 0< \delta < \delta 0 implies that the estimate in
the claim holds. On the other hand, if \Delta := \| u - \kappa e\| > \delta 0, then \phi (u - \kappa e) = \delta 0

\Delta (u - \kappa e)
and

\Delta Re\langle e,\phi (u - \kappa e) - u\rangle =Re\langle e, \delta 0(u - \kappa e) - \Delta u\rangle 
= (\delta 0  - \Delta )Re\langle e,u\rangle  - \kappa \delta 0\| e\| 2.

If Re\langle e,u\rangle \geq 0, then the right-hand side is at most  - \kappa \delta 0\| e\| 2 and thus the estimate
in the claim holds. It remains to consider the case where \Delta := \| u  - \kappa e\| > \delta 0 and
Re\langle e,u\rangle < 0. Then

\Delta Re\langle e,\phi (u - \kappa e) - u\rangle = (\delta 0  - \Delta )Re\langle e,u\rangle  - \kappa \delta 0\| e\| 2

= (\Delta  - \delta 0)| Re\langle e,u\rangle |  - \kappa \delta 0\| e\| 2 \leq (\| u\| + \| \kappa e\|  - \delta 0)\| e\| \| u\|  - \kappa \delta 0\| e\| 2

= (\| u\|  - \delta 0)\| u\| \| e\| + (\| u\|  - \delta 0)\kappa \| e\| 2 \leq  - \delta \kappa \| e\| 2,

since \| u\|  - \delta 0 \leq  - \delta by assumption. This shows that the estimate in claim holds also
in the case where \| u - \kappa e\| > \delta 0 and Re\langle e,u\rangle < 0.

Proof of Proposition 3.6. If \kappa = 0, the claims follow from [30, Prop. 4.6--4.7].
Assume now that \kappa > 0. Using the structure of \phi and the properties in [13, Ex. 3.7]
it is straightforward to verify that

Re\langle \phi (v2) - \phi (v1), v2  - v1\rangle U \geq \| \phi (v2) - \phi (v1)\| 2U , v1, v2 \in U.(3.14)

If we denote \~y = \kappa 1/2y, \~u1 = \kappa  - 1/2u1, and \phi \kappa = \kappa  - 1/2\phi (\kappa 1/2\cdot ) and define a system
node S\kappa = diag(1,

\surd 
\kappa )S diag(1,

\surd 
\kappa ,1) with domain D(S\kappa ) = \{ (x,u,w)\top \in X \times U \times 

Ud | Ax + B[
\surd 
\kappa u
w ] \in X\} , then \phi \kappa satisfies (3.14) and we can reduce (2.3) to an

equivalent system with \kappa = 1. Because of this, we may assume that \kappa = 1 and that
the function \phi :U \rightarrow U satisfies (3.14).

To show the existence of classical solutions of (2.3), let x0 \in X, u1 \in H1
loc(0,\infty ;U),

and wd \in H1
loc(0,\infty ;Ud) and assume v \in U is such that (x0, \phi (u1(0) - v),wd(0))

\top \in 
D(S) and v =C\&D(x0, \phi (u1(0) - v),wd(0))

\top . Let \lambda \in \rho (A) and z \in X, denote R\lambda =
(\lambda  - A) - 1 for brevity, and define xd0 =R\lambda z+R\lambda Bdwd(0). Then Axd0+Bdwd(0)\in X
and we have from [30, Prop. 4.6] that if we define xd and yd by

xd(t) =\BbbT txd0 +\Phi d
tPtwd, t\geq 0,(3.15a)

yd =\Psi \infty xd0 + \BbbF d
\infty wd,(3.15b)

then xd \in C1([0,\infty );X), xd(0) = xd0, yd \in H1
loc(0,\infty ;U), and\biggl[ 

\.xd(t)
yd(t)

\biggr] 
= Sd

\biggl[ 
xd(t)
wd(t)

\biggr] 
, t\geq 0.(3.16)

Moreover, yd(0) =CR\lambda z+Pd(\lambda )wd(0). If we define vc = v - yd(0), then it is straight-
forward to check that A(x0  - xd0) + Bc\phi (u1(0)  - yd(0)  - vc) \in X and C\&Dc(x0  - 
xd0, \phi (u1(0) - yd(0) - vc))

\top = vc. If we define uc = u1 - yd \in H1
loc(0,\infty ;U), then (3.14)

and [13, Thm. 3.3] imply that there exist xc \in C1([0,\infty );X) and yc \in H1
loc(0,\infty ;U)

satisfying xc(0) = x0  - xd0,\biggl[ 
\.xc(t)
yc(t)

\biggr] 
= Sc

\biggl[ 
xc(t)

\phi (uc(t) - yc(t))

\biggr] 
, t\geq 0,(3.17)
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OUTPUT REGULATION WITH INPUT SATURATION 1961

and

xc(t) =\BbbT t(x0  - xd0) +\Phi c
tPt\phi (uc  - yc), t\geq 0,(3.18a)

yc =\Psi \infty (x0  - xd0) + \BbbF c
\infty \phi (uc  - yc).(3.18b)

The definitions and properties of xc, xd, yc, and yd imply that x = xc + xd and
y = yc + yd \in H1

loc(0,\infty ;U) satisfy (3.6) and x(0) = x0 and that (x,u1,wd, y) is a
classical solution of (2.3).

To analyse generalised solutions, let x0 \in X, u1 \in L2
loc(0,\infty ;U), and wd \in 

L2
loc(0,\infty ;Ud). Let xd0 = 0 and define xd and yd by (3.15). We have from [30,

Prop. 4.7] that xd \in C([0,\infty );X) and yd \in L2
loc(0,\infty ;U) and that there exist

(xk
d)n\in \BbbN \subset C1([0,\infty );X), (wk

d)k\in \BbbN \subset C([0,\infty );Ud), and (ykd)k\in \BbbN \subset C([0,\infty );U) such
that (xk

d,w
k
d , y

k
d) satisfy (3.16) for k \in \BbbN and (P\tau x

k
d,P\tau w

k
d ,P\tau y

k
d)

\top \rightarrow (P\tau xd,P\tau wd,
P\tau yd)

\top as k \rightarrow \infty for any \tau > 0. Define uc = u1  - yd \in L2
loc(0,\infty ;U). We have

from [13, Thm. 3.3] that there exist xc \in C([0,\infty );X) and yc \in L2
loc(0,\infty ;U) satis-

fying xc(0) = x0 and (3.18) and that there exist (xk
c )k\in \BbbN \subset C1([0,\infty );X), (uk

c )k\in \BbbN \subset 
C([0,\infty );U) and (ykc )k\in \BbbN \subset C([0,\infty );U) such that (xk

c , u
k
c , y

k
c ) satisfy (3.17) for k \in \BbbN 

and (P\tau x
k
c ,P\tau u

k
c ,P\tau y

k
c )

\top \rightarrow (P\tau xc,P\tau uc,P\tau yc)
\top as k \rightarrow \infty for every \tau > 0. These

properties imply that if we define x = xc + xd \in C([0,\infty );X), y = yc + yd \in 
L2
loc(0,\infty ;U), xk = xk

c + xk
d \in C1([0,\infty );X), yk = ykc + ykd \in L2

loc(0,\infty ;U), and
uk
1 = uk

c +ykd for k \in \BbbN , then x and y satisfy (3.6), and the sequence (xk, uk
1 ,w

k
d , y

k)\infty k=1

has the properties in Definition 2.3. Thus (x,u1,wd, y) is a generalised solution of
(2.3).

To prove the uniqueness of the generalised solution, assume first that u1
1, u

2
1 \in 

C([0,\infty );U) and w1
d,w

2
d \in C([0,\infty );Ud), and that x1, x2, y1, and y2 are such that

(x1, u
1
1,w

1
d, y1) and (x2, u

2
1,w

2
d, y2) are two classical solutions of (2.3). If we define

zk(t) = \Phi d
tPtw

k
d , t\geq 0, ykd = \BbbF d

\infty wk
d , for k = 1,2, and denote x= x2  - x1, y = y2  - y1,

z = z2  - z1, yd = y2d  - y1d, and \phi k = \phi (uk
1  - yk), k= 1,2, then

x(t) - z(t) =\BbbT tx(0) +\Phi c
tPt(\phi 2  - \phi 1), t\geq 0,

y - yd =\Psi \infty x(0) + \BbbF c
\infty (\phi 2  - \phi 1).

The impedance passivity of \Sigma c = (\BbbT ,\Phi c,\Psi ,\BbbF c), [13, Lem. 3.12(b)], z(0) = 0, and
\| Pt(y

2
d  - y1d)\| \leq \| \BbbF d

t \| \| w2
d  - w1

d\| L2(0,t) imply that

\| x(t) - z(t)\| 2  - \| x(0)\| 2 + \| \phi 2  - \phi 1\| 2L2(0,t)

\leq 2\| u2
1  - u1

1\| 2L2(0,t) + 2\| \BbbF d
t \| 2\| w2

d  - w1
d\| 2L2(0,t).

Since \| y\| L2(0,t) \leq \| \Psi t\| \| x(0)\| + \| \BbbF c
t\| \| \phi 2  - \phi 1\| L2(0,t) + \| yd\| L2(0,t) and \| z(t)\| \leq \| \Phi d

t \| 
\| w2

d  - w1
d\| L2(0,t), for every t > 0 there exists Mt > 0 such that

\| x(t)\| + \| y\| L2(0,t)

\leq Mt

\bigl( 
\| x2(0) - x1(0)\| + \| u2

1  - u1
1\| L2(0,t) + \| w2

d  - w1
d\| L2(0,t)

\bigr) 
.

Thus in the classical solutions of (2.3), the functions x \in C1([0,\infty );X) and y \in 
C([0,\infty );U) are uniquely determined by x(0), u1 \in C([0,\infty );U), and wd \in C([0,\infty );
Ud). Moreover, it is straightforward to use the last estimate above to show that
also the generalised solutions of (2.3) are uniquely determined by x(0) \in X, u1 \in 
L2
loc(0,\infty ;U), and wd \in L2

loc(0,\infty ;Ud).
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1962 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

Proof of Theorem 3.3. Let x0 \in X, and let yref and wd be of the form (1.1) for
some fixed coefficients (ak)k, (bk)k \subset U , (ck)k, (dk)k \subset Ud such that ureg(t) \in U\delta 

\phi for
some \delta > 0 and for all t \geq 0. The control input has the form u = ureg + \kappa yref  - \kappa y,
where ureg+\kappa yref \in C\infty ([0,\infty );U). Proposition 3.6 implies that the controlled system
(2.3) has a unique generalised solution (x,u1,wd, y) with u1 = ureg+\kappa yref in the sense
of Definition 2.3. Moreover, this solution satisfies (3.6). Finally, if there exists v \in U
such that (x0, \phi (u1(0) - \kappa v),wd(0))

\top \in D(S) and v=C\&D(x0, \phi (u1(0) - \kappa v),wd(0))
\top ,

then (x,ureg+\kappa yref ,wd, y) is a classical solution of (2.3) in the sense of Definition 2.3
and y \in H1

loc(0,\infty ;U).
In the next part of the proof we will show that \| x(\cdot )\| is bounded and analyse

e= y  - yref . Let (\Pi ,\Gamma )\top be the unique solution of the regulator equations (3.11) in
Proposition 3.8 and define v(t) = eA\mathrm{e}\mathrm{x}\mathrm{o}tv0, t\geq 0, with v0 = (1,1,0,1,0, . . . ,1,0)\top . Then
wd(t) =Ev(t) and yref (t) = Fv(t) by (3.10). We have t \mapsto \rightarrow \Pi v(t)\in C\infty ([0,\infty );X) and
(\Pi v(t),\Gamma v(t),Ev(t))\top \in D(S), t \geq 0, and the regulator equations (3.11) and Lemma
3.9 imply \biggl[ 

d
dt\Pi v(t)
yref (t)

\biggr] 
=

\biggl[ 
\Pi Aexov(t)
Fv(t)

\biggr] 
= S

\left[  \Pi v(t)
\Gamma v(t)
Ev(t)

\right]  = S

\left[  \Pi v(t)
ureg(t)
wd(t)

\right]  , t\geq 0.

We have from [30, Prop. 4.6] that

\Pi v(t) =\BbbT t\Pi v0 +\Phi c
tPtureg +\Phi d

tPtwd, t\geq 0,

yref =\Psi \infty \Pi v0 + \BbbF c
\infty ureg + \BbbF d

\infty wd.

If we define z(t) = x(t) - \Pi v(t), then (3.6) with u1 = ureg + \kappa yref imply that

z(t) =\BbbT tz(0) +\Phi c
tPt

\bigl( 
\phi (ureg  - \kappa e) - ureg

\bigr) 
, t\geq 0,(3.19a)

e=\Psi \infty z(0) + \BbbF c
\infty 
\bigl( 
\phi (ureg  - \kappa e) - ureg

\bigr) 
.(3.19b)

Assumption 3.1(a) and [29, Thm. 4.2] imply that the well-posed system (\BbbT ,\Phi c,\Psi ,\BbbF c)
is impedance passive and thus for all t\geq 0,

\| z(t)\| 2  - \| z(0)\| 2 \leq 2Re

\int t

0

\langle e(s), \phi (ureg(s) - \kappa e(s)) - ureg(s)\rangle ds.(3.20)

We will now analyse x and e= y  - yref when \kappa = 0. In this case the assumption
that ureg(t)\in U \delta 

\phi for t\geq 0 implies \phi (ureg(t) - \kappa e(t)) - ureg(t)\equiv 0. Thus we have from
(3.19) that z(t) \rightarrow 0 as t \rightarrow \infty and e = \Psi \infty z(0). In particular, \| z(t)\| and \| x(t)\| =
\| z(t) + \Pi v(t)\| are uniformly bounded with respect to t \geq 0. If \BbbT is exponentially
stable, we have e\alpha \cdot e \in L2(0,\infty ;U) for some \alpha > 0 by [28, Thm. 2.5.7]. On the
other hand, if \BbbT is strongly stable, then [30, Def. 3.1(iii)] implies that \| e\| 2L2(t,t+1) =
\| \Psi 1\BbbT tz(0)\| L2(0,1) \leq \| \Psi 1\| \| \BbbT tz(0)\| \rightarrow 0 as t\rightarrow \infty .

We can now consider the case where \kappa > 0. If we denote ureg(t) = (u1
reg(t), . . . ,

up
reg(t))

\top and e(t) = (e1(t), . . . , ep(t))\top , then \| uk
reg(t)\| \leq \delta k  - \delta for all t \geq 0 and

k \in \{ 1, . . . , p\} . If for k \in \{ 1, . . . , p\} we let \phi 0
k : Uk \rightarrow Uk be the symmetric saturation

function defined by \phi 0
k(u) = (\delta k/max\{ \delta k,\| u\| \} )u, u\in Uk, then \phi k(u) = rk+\phi 0

k(u - rk)
and Lemma 3.10 implies that

Re\langle ek(t), \phi k(u
k
reg(t) - \kappa ek(t)) - uk

reg(t)\rangle 
=Re\langle ek(t), \phi 0

k(u
k
reg(t) - rk  - \kappa ek(t)) - (uk

reg(t) - rk)\rangle 

\leq  - \kappa \delta \| ek(t)\| 2

max\{ \delta k,\| uk
reg(t) - rk  - \kappa ek(t)\| \} 
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OUTPUT REGULATION WITH INPUT SATURATION 1963

for a.e. t \geq 0. In particular, Re\langle e(t), \phi (ureg(t) - \kappa e(t)) - ureg(t)\rangle \leq 0 for a.e. t \geq 0,
and (3.20) implies that \| z(t)\| \leq \| z(0)\| . Thus \| z(t)\| and \| x(t)\| = \| z(t) +\Pi v(t)\| are
uniformly bounded with respect to t\geq 0. The estimate (3.20) also implies that

p\sum 
k=1

\int t

0

| Re\langle ek(s), \phi (uk
reg(s) - \kappa ek(s)) - uk

reg(s)\rangle | ds

= - Re

\int t

0

\langle e(s), \phi (ureg(s) - \kappa e(s)) - ureg(s)\rangle ds\leq 
\| z(0)\| 2

2
.

Thus Re\langle ek, \phi (uk
reg  - \kappa ek) - uk

reg\rangle \in L1(0,\infty ) for all k \in \{ 1, . . . , p\} .
For a fixed representative of the equivalence class e \in L2

loc(0,\infty ;U) define hk =
\| uk

reg(\cdot ) - rk  - \kappa ek(\cdot )\| , k \in \{ 1, . . . , p\} , and define \Omega k = h - 1
k ([\delta k,\infty )) \subset [0,\infty ). Then

for every k \in \{ 1, . . . , q\} the set \Omega k is measurable, \| uk
reg(t) - rk  - \kappa ek(t)\| \geq \delta k for a.e.

t \in \Omega k, and \| uk
reg(t) - rk  - \kappa ek(t)\| < \delta k for a.e. t \in [0,\infty ) \setminus \Omega k. The property that

\| uk
reg(t) - rk\| \leq \delta k  - \delta for t\geq 0 implies that for k \in \{ 1, . . . , p\} and for a.e. t \in \Omega k we

have \kappa \| ek(t)\| \geq \delta , and

\kappa \| ek(t)\| 2

\| uk
reg(t) - rk  - \kappa ek(t)\| 

\geq \kappa \| ek(t)\| 2

\delta k  - \delta + \kappa \| ek(t)\| 
\geq \delta \| ek(t)\| 

\delta k
\geq \delta 2

\kappa \delta k
,(3.21)

since the function [\delta ,\infty ) \ni s \mapsto \rightarrow s/(\delta k  - \delta + s) is increasing. Together with our earlier
estimates this implies that

p\sum 
k=1

\delta 3

\kappa \delta k

\int 
\Omega k

1dt\leq 
p\sum 

k=1

\int 
\Omega k

\kappa \delta \| ek(t)\| 2

\| uk
reg(t) - rk  - \kappa ek(t)\| 

dt

\leq 
p\sum 

k=1

\int 
\Omega k

 - Re\langle ek(t), \phi (uk
reg(t) - \kappa ek(t)) - uk

reg(t)\rangle dt\leq 
\| z(0)\| 2

2
.

Thus the set \Omega = \Omega 1 \cup \cdot \cdot \cdot \cup \Omega p has finite measure. Moreover, using the first two
inequalities in (3.21) we similarly have

p\sum 
k=1

\delta 2

\delta k

\int 
\Omega k

\| ek(t)\| dt\leq 
p\sum 

k=1

\int 
\Omega k

\kappa \delta \| ek(t)\| 2

\| uk
reg(t) - rk  - \kappa ek(t)\| 

dt\leq \| z(0)\| 2

2
,

and thus ek \in L1(\Omega k;Uk) for every k \in \{ 1, . . . , p\} . Since we also have ek \in L\infty (\Omega j \setminus 
\Omega k;Uk) for all j \not = k, we can further deduce that e\in L1(\Omega ;U). Moreover, if we denote
\Omega 0 = [0,\infty ) \setminus \Omega , then \phi (ureg(t) - \kappa e(t)) = ureg(t) - \kappa e(t) for a.e. t \in \Omega 0, and (3.20)
implies

\kappa 

\int 
\Omega 0

\| e(t)\| 2dt= - Re

\int 
\Omega 0

\langle e(t), \phi (ureg(t) - \kappa e(t)) - ureg(t)\rangle dt\leq 
\| z(0)\| 2

2
.

This proves that the set \Omega has the properties stated in the claim, namely, that \Omega is
of finite measure, e\in L2([0,\infty ) \setminus \Omega ;U), and e\in L1(\Omega ;U).

If x0 \in X, wd = 0, and yref = 0, then the control input is given by u(t) = - \kappa y(t)
and the generalised solution (x,0,0, y) of (2.3) satisfies

x(t) =\BbbT tx0 +\Phi c
tPt\phi ( - \kappa y), t\geq 0,

y=\Psi \infty x0 + \BbbF c
\infty \phi ( - \kappa y).
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1964 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

If \kappa = 0, then x(t)\rightarrow 0 as t\rightarrow \infty since \BbbT is strongly stable by Assumption 3.1(b). On
the other hand, if \kappa > 0, then the semigroup generated by A\kappa in Assumption 3.1(b')
is strongly stable. Moreover, a similar argument as above using Lemma 3.10 shows
that if 0 < \varepsilon <min\{ \delta k  - \| rk\| \} , then Re\langle \phi k(u), u\rangle \geq \varepsilon \| u\| 2/max\{ \delta k,\| rk  - u\| \} for all
k \in \{ 1, . . . , q\} . This property and the structure of \phi imply that there exist \alpha ,\beta , \gamma > 0
such that

Re\langle \phi (u), u\rangle \geq 

\Biggl\{ 
\alpha \| u\| 2 if \| u\| <\gamma ,

\beta if \| u\| \geq \gamma .

We therefore have from [13, Thm. 4.3] that \| x(t)\| \rightarrow 0 as t\rightarrow \infty .
Finally, we analyse the case where where C\&D extends to an operator [C,Dc,

Dd] \in \scrL (X \times U \times Ud,U). Then (3.19b) implies that e(t) = Cz(t) +Dc(\phi (ureg(t)  - 
\kappa e(t))  - ureg(t)) for all t \geq 0. Since \phi (ureg  - \kappa e)  - ureg \in L\infty (0,\infty ;U), since z
is uniformly bounded, and C \in \scrL (X,U), we have e \in L\infty (0,\infty ;U). If we denote
\~u(t) = \phi (ureg(t)  - \kappa e(t))  - ureg(t) + \kappa e(t), then \~u \in L\infty (0,\infty ;U) and \~u(t) = 0 for
a.e. t \in [0,\infty ) \setminus \Omega , and thus \~u \in L2(0,\infty ;U) since \Omega has finite measure. We have
from [29, Cor. 6.1] that  - \kappa I is an admissible feedback operator for the well-posed
system (\BbbT ,\Phi c,\Psi ,\BbbF c), and the resulting closed-loop system (\BbbT \kappa ,\Phi c,\kappa ,\Psi \kappa ,\BbbF c,\kappa ) satisfies
supt\geq 0\| \Phi 

c,\kappa 
t \| <\infty . We therefore have from (3.19) and [30, Prop. 5.15] that\biggl[ 

z(t)
Pte

\biggr] 
=

\biggl[ 
\BbbT \kappa 
t \Phi c,\kappa 

t

\Psi \kappa 
t \BbbF c,\kappa 

t

\biggr] \biggl[ 
z(0)

Pt

\bigl( 
\phi (ureg  - \kappa e) - ureg + \kappa e

\bigr) \biggr] .
Under Assumption 3.1(b) or Assumption 3.1(b') the semigroup \BbbT \kappa generated by A\kappa 

is strongly stable, and the property \~u\in L2(0,\infty ;U) together with [28, Lem. 8.1.2(iii)]
implies that \| x(t) - \Pi v(t)\| = \| z(t)\| \rightarrow 0 as t\rightarrow \infty .

It remains to show that e(t)\rightarrow 0 as t\rightarrow \infty . We have e(t) = Cz(t) - Dcureg(t) +
Dc\phi (ureg(t) - \kappa e(t)) for all t \geq 0. If \kappa = 0 or Dc = 0, then clearly e(t) = Cz(t) \rightarrow 0
as t \rightarrow \infty since C \in \scrL (X,U). It remains to consider the case where ReDc \geq cI
for some c > 0 and \kappa > 0. We saw in the proof of Proposition 3.6 that \phi satisfies
(3.14), and is therefore a continuous and monotone function. Thus [13, Lem. 3.12(a)]
implies that there exists a globally Lipschitz continuous function g :U \times U \rightarrow U such
that e(t) = \kappa  - 1g(ureg(t), \kappa Cz(t)  - \kappa Dcureg(t)). This implies that e \in C([0,\infty );U).
We will now show that the set \Omega \subset [0,\infty ) can be chosen to be bounded, i.e., there
exists t0 > 0 such that \Omega \subset [0, t0]. Since e is continuous, we can use the continuous
representative e in defining \Omega k for k \in \{ 1, . . . , p\} . The definition implies that \Omega k

are closed sets, and therefore \Omega = \Omega 1 \cup \cdot \cdot \cdot \cup \Omega p is closed as well. Since \Omega has finite
measure and since \| z(t)\| \rightarrow 0 as t \rightarrow \infty , we can choose t0 > 0 such that t /\in \Omega 
and \| z(t)\| \leq \delta /(2\kappa \| (I + \kappa Dc)

 - 1C\| ) for all t \geq t0 (recall that I + \kappa Dc is boundedly
invertible since ReDc \geq cI for some c > 0). We claim that \Omega \subset [0, t0]. If this is not
true, then the fact that \Omega is closed implies that there exists t1 > t0 such that t1 \in \Omega 
and [t0, t1)\subset [0,\infty )\setminus \Omega . For all t\in [t0, t1)\subset [0,\infty )\setminus \Omega we have e(t) =Cz(t) - \kappa Dce(t),
or e(t) = (I + \kappa Dc)

 - 1Cz(t). Thus \| e(t)\| \leq \| (I + \kappa Dc)
 - 1C\| \| z(t)\| < \delta /(2\kappa ) for all

t \in [t0, t1). However, the definition of \Omega implies that there exists k \in \{ 1, . . . , p\} such
that \delta k \leq \| uk

reg(t1) - rk  - \kappa ek(t1)\| \leq \delta k  - \delta + \kappa \| ek(t1)\| , which implies that \| e(t1)\| \geq 
\| ek(t1)\| \geq \delta /\kappa . This is a contradiction since e is continuous and \| e(t)\| < \delta /(2\kappa ) for t\in 
[t0, t1). Thus \Omega \subset [0, t0]. Therefore, for all t\geq t0 we have e(t) = (I+\kappa Dc)

 - 1Cz(t)\rightarrow 0
as t\rightarrow \infty .

4. Boundary control systems. In this section we solve the Saturated Output
Regulation Problem for an abstract boundary control system [27, 21, 15] of the form
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OUTPUT REGULATION WITH INPUT SATURATION 1965

\.x(t) =\frakA x(t) +Bd,1wd,1(t), x(0) = x0 \in X,(4.1a)

\frakB cx(t) = \phi (u(t)) +wd,2(t),(4.1b)

\frakB dx(t) =wd,3(t),(4.1c)

y(t) = \frakC x(t)(4.1d)

for t\geq 0. Here \phi is as in section 3.1 and we define wd = (wd,1,wd,2,wd,3)
\top : [0,\infty )\rightarrow Ud

with Ud = Ud,1 \times U \times Ud,3. We assume that X, U , Ud,1, and Ud,3 are Hilbert spaces,
Bd,1 \in \scrL (Ud,1,X), and assume that (\frakB ,\frakA ,\frakC ) with \frakB = [\frakB c

\frakB d
] is a boundary node on the

spaces (U \times Ud,3,X,U) in the sense that \frakA :D(\frakA )\subset X \rightarrow X, \frakB \in \scrL (D(\frakA ),U \times Ud,3),
\frakC \in \scrL (D(\frakA ),U) and the following hold:

\bullet The restriction A := \frakA | Ker(\frakB ) with domain D(A) = Ker(\frakB ) generates a
strongly continuous semigroup \BbbT on X.

\bullet The operator \frakB \in \scrL (D(\frakA ),U \times Ud,3) has a bounded right inverse, i.e., there
exists \frakB r \in \scrL (U \times Ud,3,D(\frakA )) such that \frakB \frakB r = I.

The transfer function P : \rho (A) \rightarrow \scrL (U \times Ud,3,U) of (\frakB ,\frakA ,\frakC ) is defined so that
P (\lambda )(u,w)\top = \frakC x, where x\in D(\frakA ) is the unique solution of the equations (\lambda  - \frakA )x= 0
and \frakB x= (u,w)\top .

Definition 4.1. Let (\frakB ,\frakA ,\frakC ) be a boundary node on (U \times Ud,3,X,U), let Bd,1 \in 
\scrL (Ud,1,X) and \kappa \geq 0, and consider (4.1) with control input of the form u = u1  - \kappa y
and wd = (wd,1,wd,2,wd,3)

\top .
A tuple (x,u1,wd, y) is called a classical solution of (4.1) on [0,\infty ) if x \in C1

([0,\infty );X), u1, y \in C([0,\infty );U), and wd \in C([0,\infty );Ud) and if x(t) \in D(\frakA ) and the
identities in (4.1) hold for every t\geq 0.

A tuple (x,u1,wd, y) is called a generalised solution of (4.1) on [0,\infty ) if x \in 
C([0,\infty );X), u1, y \in L2

loc(0,\infty ;U), and wd \in L2
loc(0,\infty ;Ud) and if there exists a se-

quence (xk, uk
1 ,w

k
d , y

k)k of classical solutions of (4.1) on [0,\infty ) such that (P\tau x
k,P\tau u

k
1 ,

P\tau w
k
d ,P\tau y

k)\top \rightarrow (P\tau x,P\tau u1,P\tau wd,P\tau y)
\top as k \rightarrow \infty in C([0, \tau ];X)\times L2(0, \tau ;U)\times 

L2(0, \tau ;Ud)\times L2(0, \tau ;U) for every \tau > 0 .

The boundary node (\frakB ,\frakA ,\frakC ) is called well-posed if there exist \tau ,M\tau > 0 such that
all classical solutions of (4.1) with \phi = id and with wd,1(t)\equiv 0 and wd,2(t)\equiv 0 satisfy
[15, Ch. 13]

\| x(\tau )\| 2X +

\int \tau 

0

\| y(t)\| 2Udt\leq M\tau 

\biggl( 
\| x0\| 2X +

\int \tau 

0

\| u(t)\| 2U + \| wd,3(t)\| 2Ud,3
dt

\biggr) 
.

We solve the Saturated Output Regulation Problem under the following assump-
tions on (4.1).

Assumption 4.2. Let X, U , Ud,1, and Ud,3 be Hilbert spaces and suppose that the
following hold:

(a) Bd,1 \in \scrL (Ud,1,X) and (\frakB ,\frakA ,\frakC ) with \frakB = [\frakB c

\frakB d
] is a well-posed boundary node

on (U \times Ud,3,X,U). Moreover,

Re\langle \frakA x,x\rangle X \leq Re\langle \frakB cx,\frakC x\rangle U , x\in Ker(\frakB d).

(b) Either \kappa = 0 and the semigroup generated by A is strongly stable,
(b') or, alternatively, \kappa > 0, \| rk\| < \delta k for all k \in \{ 1, . . . , p\} , and the semigroup

generated by A\kappa = \frakA | Ker(\frakB c+\kappa \frakC )\cap Ker(\frakB d) with domain D(A\kappa ) = Ker(\frakB c +
\kappa \frakC )\cap Ker(\frakB d) is strongly stable.

The control law we use is again of the form u(t) =  - \kappa (y(t) - yref (t)) + ureg(t),
where ureg is defined in (3.3) with coefficients of the form (3.4). Now the transfer
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1966 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

function values P\kappa 
c (\pm i\omega k) and P\kappa 

d (\pm i\omega k) are determined by the parameters of the
boundary control system (4.1) so that y = P\kappa 

c (\lambda )u + P\kappa 
d (\lambda )w with u \in U and w =

(w1,w2,w3)
\top \in Ud if and only if y= \frakC x, where x\in D(\frakA ) is the unique solution of the

abstract elliptic problem \left\{     
(\lambda  - \frakA )x=Bd,1w1,

(\frakB c + \kappa \frakC )x= u+w2,

\frakB dx=w3.

(4.2)

The following theorem is the main result of this section.

Theorem 4.3. Suppose that Assumption 4.2 holds with \kappa \geq 0 and that \pm i\omega k \in 
\rho (A\kappa ) and P\kappa 

c (\pm i\omega k) is boundedly invertible for every k \in \{ 1, . . . , q\} . If a0 \not = 0 or
c0 \not = 0, assume also that 0 \in \rho (A\kappa ) and P\kappa 

c (0) is boundedly invertible. Let ureg be
as in (3.3)--(3.4). For every x0 \in X and for every wd and yref of the form (1.1) the
system resulting from the control law

u(t) = - \kappa e(t) + ureg(t), t\geq 0,

with e = y  - yref has a unique generalised solution (x,ureg + \kappa yref ,wd, y) satisfying
x(0) = x0. If the coefficients (ak, bk, ck, dk)k of yref and wd in (1.1) are such that
ureg(t) \in U \delta 

\phi for some \delta > 0 and for all t \geq 0, then for every x0 \in X the state
trajectory x is uniformly bounded and the following hold:

\bullet If \kappa > 0, then there exists a set \Omega \subset [0,\infty ) of finite measure such that e \in 
L2([0,\infty ) \setminus \Omega ;U) and e\in L1(\Omega ;U).

\bullet If \kappa = 0, then \| e\| L2(t,t+1) \rightarrow 0 as t\rightarrow \infty . If, in addition, \BbbT is exponentially
stable, then t \mapsto \rightarrow e\alpha te(t)\in L2(0,\infty ;U) for some \alpha > 0.

If x0 \in D(\frakA ), wd = (wd,1,wd,2,wd,3)
\top , and yref are such that \frakB cx0 = \phi (ureg(0) +

\kappa yref (0)  - \kappa \frakC x0) + wd,2(0) and \frakB dx0 = wd,3(0), then (x,ureg + \kappa yref ,wd, y) is a
classical solution of (4.1) and e\in H1

loc(0,\infty ;U).

Proof. We will rewrite (4.1) in the form (3.1) with wd = (wd,1,wd,2,wd,3)
\top and

apply Theorem 3.3. This is possible due to the results in [21] which show that the
boundary node (\frakB ,\frakA ,\frakC ) gives rise to a system node. More precisely, [21, Thm. 2.3]
shows that the operator

S0 =

\biggl[ 
\frakA 
\frakC 

\biggr] \biggl[ 
I
\frakB 

\biggr]  - 1

, D(S0) =Ran

\biggl( \biggl[ 
I
\frakB 

\biggr] \biggr) 
is a system node on (U \times Ud,3,X,U). If we define Ud = Ud,1 \times U \times Ud,3 and S :
D(S) \subset X \times U \times Ud \rightarrow X \times U so that D(S) = \{ (x,u,w)\top \in X \times U \times Ud | w =
(w1,w2,w3)

\top , (x,u+w2,w3)
\top \in D(S0)\} and

S

\left[  x
u
w

\right]  = S0

\left[  x
u+w2

w3

\right]  +

\biggl[ 
Bd,1w1

0

\biggr] 

for all (x,u,w)\top \in D(S) with w = (w1,w2,w3)
\top , then S is a system node on (U \times 

Ud,X,U). The definition of S implies that (x,u,w)\top \in D(S) with w= (w1,w2,w3)
\top if

and only if x\in D(\frakA ), \frakB cx= u+w2 and \frakB dx=w3. In this case we have S(x,u,w)\top =
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OUTPUT REGULATION WITH INPUT SATURATION 1967

(\frakA x+Bd,1w1,\frakC x)
\top . Definitions 2.3 and 4.1 and the relationship between (\frakB ,\frakA ,\frakC ) and

S imply that the classical and generalised solutions of (2.3) coincide with the classical
and generalised solutions, respectively, of (4.1) with u = u1  - \kappa y. Our assumption
that (\frakB ,\frakA ,\frakC ) is well-posed and [28, Thm. 4.7.13] imply that S is a well-posed system
node.

We will now show that S = [A\&B
C\&D ] satisfies Assumption 3.1. Assumption 4.2(a)

implies that if (x,u,0)\top \in D(S), then \frakB cx= u, \frakB dx= 0, and

Re

\Biggl\langle 
A\&B

\left[  xu
0

\right]  , x

\Biggr\rangle 
=Re\langle \frakA x,x\rangle \leq Re\langle \frakC x,\frakB cx\rangle =Re

\Biggl\langle 
C\&D

\left[  xu
0

\right]  , u

\Biggr\rangle 
.

In addition, if we denote the transfer function of S0 by [Pc, Pd,0], then the transfer func-
tion P of S has the form P = [Pc, Pd] where Pd(\lambda ) = [C(\lambda  - A) - 1Bd,1, Pc(\lambda ), Pd,0(\lambda )]
for all \lambda \in \rho (A). The definition of S0 also implies that Pc coincides with the
transfer function of the boundary node (\frakB c,\frakA | Ker(\frakB d),\frakC ). Our assumption that
Re\langle \frakA x,x\rangle X \leq Re\langle \frakB cx,\frakC x\rangle U for all x \in Ker(\frakB d) and [13, Lem. 5.1] imply that
Pc(\lambda )\geq c\lambda I for some \lambda , c\lambda > 0. Thus S satisfies Assumption 4.2(a).

We note that C\&D = [\frakC ,0]| D(S) by [21, Thm. 2.3(iv)]. Using this it is straight-
forward to show that the operator A\kappa in Assumption 3.1 is exactly the operator
A\kappa = \frakA | Ker(\frakB c+\kappa \frakC )\cap Ker(\frakB d) in Assumption 4.2(b'). Therefore, either (b) or (b') of
Assumption 3.1 holds. If x0 \in D(\frakA ), wd = (wd,1,wd,2,wd,3)

\top , and yref are such that
\frakB cx0 = \phi (ureg(0)+\kappa yref (0) - \kappa \frakC x0)+wd,2(0) and \frakB dx0 =wd,3(0), then the definition
of S implies that v= \frakC x0 \in U satisfies (x0, \phi (ureg(0) - \kappa (v - yref (0))),wd(0))

\top \in D(S)
and v = C\&D(x0, \phi (ureg(0) - \kappa (v  - yref (0))),wd(0))

\top . Therefore, the claims follow
directly from Theorem 3.3.

5. Saturated output regulation for PDE systems.

5.1. A two-dimensional heat equation. In this section we consider output
tracking for a two-dimensional heat equation on the square Q = [0,1] \times [0,1]. The
system has two boundary inputs u(t) = (u1(t), u2(t))

\top , two boundary outputs y(t) =
(y1(t), y2(t))

\top , one boundary disturbance wd(t), and is determined by

\partial x

\partial t
(\xi , t) =\Delta x(\xi , t), x(\xi ,0) = x0(\xi ),

\partial x

\partial n
(\xi , t)| \Gamma 1

= \phi 1(u1(t)) +wd(t),
\partial x

\partial n
(\xi , t)| \Gamma 2

= \phi 2(u2(t)),
\partial x

\partial n
(\xi , t)| \Gamma 0

= 0

y1(t) =

\int 
\Gamma 1

x(\xi , t)d\xi , y2(t) =

\int 
\Gamma 2

x(\xi , t)d\xi .

Here \phi 1 : \BbbC \rightarrow \BbbC and \phi 2 : \BbbC \rightarrow \BbbC are two saturation functions such that \phi k(u) = u
when | u - rk| \leq \delta k and \phi k(u) = rk+\delta k| u - rk|  - 1(u - rk) when | u - rk| > \delta k for k= 1,2.
We assume that | rk| < \delta k, k= 1,2. The parts \Gamma 0, \Gamma 1, and \Gamma 2 of the boundary \partial Q are
defined so that \Gamma 1 = \{ \xi = (\xi 1,0)

\top | 0\leq \xi 1 \leq 1/2\} , \Gamma 2 = \{ \xi = (\xi 1,1)
\top | 1/2\leq \xi 1 \leq 1\} ,

\Gamma 0 = \partial Q\setminus (\Gamma 1\cup \Gamma 2). By [2, Cor. 1] the heat equation without the saturation functions
defines a well-posed linear system (which is also regular by [2, Cor. 02]). This allows
us to reformulate the equation as an abstract system of the form (3.1). By [2, Sec. 7]
the associated system node S on (U \times Ud,X,U) with X = L2(Q), U =\BbbC 2, Ud =\BbbC is
defined by
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1968 THAVAMANI GOVINDARAJ AND LASSI PAUNONEN

D(S) =

\biggl\{ 
(x,u,w)\top \in H1(Q)\times U \times Ud

\bigm| \bigm| \bigm| \Delta x\in L2(Q), u= (u1, u2)
\top ,

\partial x

\partial n
= u1 +w on \Gamma 1,

\partial x

\partial n
= u2 on \Gamma 2,

\partial x

\partial n
= 0 on \Gamma 0

\biggr\} 
,

S

\left[  x
u
w

\right]  =

\biggl[ 
A\&B
C\&D

\biggr] \left[  x
u
w

\right]  =

\left[      
\Delta x\int 

\Gamma 1

x(\xi )d\xi \int 
\Gamma 2

x(\xi )d\xi 

\right]      ,

\left[  x
u
w

\right]  \in D(S).

In addition, we define the function \phi : U \rightarrow U by \phi (u) = (\phi 1(u1), \phi 2(u2))
\top for u =

(u1, u2)
\top \in U . The system node is well-posed by [2, Cor. 1].

We consider output tracking and disturbance rejection for signals yref = (y1ref ,

y2ref )
\top and wd of the form (1.1). The control law again consists of the negative

error feedback term and the part ureg = (u1
reg, u

2
reg)

\top computed based on the transfer
function values of the system and the parameters of the signals in (1.1) using (3.3)
and (3.4). The values P\kappa 

c (\pm i\omega k) and P\kappa 
d (\pm i\omega k) can be computed by taking a formal

Laplace transform of the heat system with \phi = id and under negative output feedback
u =  - \kappa y + \~u [15, Sec. 12.1]. Because of this, y = P\kappa 

c (\pm i\omega k)u + P\kappa 
d (\pm i\omega k)w with

u = (u1, u2)
\top \in U and w \in Ud if and only if y = (

\int 
\Gamma 1

x(\xi )d\xi ,
\int 
\Gamma 2

x(\xi )d\xi )\top , where

x\in L2(Q) with \Delta x\in L2(Q) is the unique solution of the boundary value problem

\pm i\omega kx(\xi ) =\Delta x(\xi ), \xi \in Q,
\partial x

\partial n
(\xi )| \Gamma 0 = 0,

\partial x

\partial n
(\xi )| \Gamma 1 = - \kappa 

\int 
\Gamma 1

x(\xi )d\xi + u1 +w,
\partial x

\partial n
(\xi )| \Gamma 2 = \kappa 

\int 
\Gamma 2

x(\xi )d\xi + u2.

We have i\omega \in \rho (A) for \omega \in \BbbR \setminus \{ 0\} . Thus it follows from section 3.2 that to compute
fk and gk in (3.4) for k \in \{ 1, . . . , q\} it suffices to solve the above system (numerically)
for \kappa = 0. For \omega 0 = 0 the system is solved with \kappa > 0.

Proposition 5.1. Suppose that \kappa > 0. The system with the control law

u(t) = - \kappa e(t) + ureg(t), t\geq 0,

solves the Saturated Output Regulation Problem for those reference and disturbance
signals of the form (1.1) for which ureg(t) \in U\delta 

\phi for some \delta > 0 and for all t \geq 0.
For every x0 \in X the system (2.3) has a well-defined generalised solution (x,ureg +
\kappa yref ,wd, y) satisfying x(0) = x0. Moreover, for every x0 \in X the state trajectory x
is uniformly bounded and there exists a set \Omega \subset [0,\infty ) of finite measure such that

e\in L2([0,\infty ) \setminus \Omega ;U) and e\in L1(\Omega ;U).

If x0 \in H1(Q), wd, and yref are such that \Delta x0 \in L2(Q) and if

\partial x0

\partial n
= \phi 1(u

1
reg(0) - \kappa (y1  - y1ref (0))) +wd(0) on \Gamma 1

\partial x0

\partial n
= \phi 2(u

2
reg(0) - \kappa (y2  - y2ref (0))) on \Gamma 2,

where y1 =
\int 
\Gamma 1

x0(\xi )d\xi and y2 =
\int 
\Gamma 2

x0(\xi )d\xi , then (x,ureg +\kappa yref ,wd, y) is a classical

solution of (2.3) and e\in H1
loc(0,\infty ;U).
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OUTPUT REGULATION WITH INPUT SATURATION 1969

Proof. We begin by showing that S and \phi satisfy Assumption 3.1. The well-
posedness of S follows from [2, Cor. 1]. If x \in X and u \in U are such that (x,u,0) \in 
D(S), then integration by parts shows that

Re

\Biggl\langle 
A\&B

\left[  xu
0

\right]  , x

\Biggr\rangle 
X

=Re\langle \Delta x,x\rangle L2(Q)

=Re

\biggl( \int 
\Gamma 1

u1x(\xi )d\xi +

\int 
\Gamma 2

u2x(\xi )d\xi 

\biggr) 
 - \| \nabla x\| 2L2(Q)

\leq Re

\Biggl\langle 
C\&D

\left[  xu
0

\right]  , u

\Biggr\rangle 
.

The last property of Assumption 3.1(a), requiring that RePc(i\omega k) \geq c\lambda I for some
\lambda , c\lambda > 0, is shown below. The exponential stability of the semigroup generated by
A\kappa in part (b') of Assumption 3.1 can be shown exactly as in the proof of [13, Prop.
6.6].

We will now show that P\kappa 
c (i\omega ) is nonsingular for every \omega \in \BbbR . To this end, let

S\kappa be the system node associated with the well-posed linear system (\BbbT \kappa ,\Phi \kappa ,\Psi \kappa ,\BbbF \kappa ).
Then the transfer function P\kappa = [P\kappa 

c , P
\kappa 
d ] coincides with the transfer function of

S\kappa on \BbbC +. Fix \omega \in \BbbR , and let u \in U be such that P\kappa 
c (i\omega )u = 0. If we define

x = (i\omega  - A\kappa ) - 1B\kappa [u0 ], then (x,u,0)\top \in D(S\kappa ) and P\kappa 
c (i\omega )u = (C\&D)\kappa [

u
0 ]. Thus

(i\omega x,0)\top = S\kappa (x,u,0)\top , and [28, Def. 7.4.2] further implies that (x,u,0)\top \in D(S)
and (i\omega x,0)\top = S(x,u,0)\top . Similarly as above, integration by parts implies that

0 =Re\langle i\omega x,x\rangle =Re\langle \Delta x,x\rangle L2 =Re

\Biggl\langle 
C\&D

\left[  xu
0

\right]  , u

\Biggr\rangle 
 - \| \nabla x\| 2L2(Q;\BbbC 2),

which implies that \nabla x = 0. Thus x is a constant function, and since
\int 
\Gamma 1

x(\xi )d\xi =\int 
\Gamma 2

x(\xi )d\xi = 0 by assumption, we must have x = 0, and consequently, also u = 0.
Since \omega \in \BbbR and u \in U were arbitrary so that P\kappa 

c (i\omega )u= 0, we conclude that P\kappa 
c (i\omega )

is nonsingular for every \omega \in \BbbR .
The analysis above, in particular, shows that P\kappa 

c (0) is nonsingular. Since 0 \in 
\rho (A\kappa ), by continuity there exists a small \lambda > 0 such that P\kappa 

c (\lambda ) is nonsingular. We
have \lambda \in \rho (A) \cap \rho (A\kappa ), and thus I  - \kappa P\kappa 

c (\lambda ) is nonsingular and Pc(\lambda ) = P\kappa 
c (\lambda )(I  - 

\kappa P\kappa 
c (\lambda ))

 - 1 by [28, Lem. 7.1.7 and 7.4.4]. Since Pc(\lambda )
\ast = Pc(\lambda ) and Pc(\lambda ) \geq 0,

the previous formula also implies that RePc(\lambda ) = Pc(\lambda ) is nonsingular, and there-
fore, RePc(\lambda )\geq c\lambda I for some c\lambda > 0.

Finally, suppose that x0 \in H1(Q), yref and wd satisfy the additional conditions
in the statement of the theorem. If we define v = (y1, y2)

\top , then the definition
of S and the assumptions on x0, yref , and wd imply that (x0, \phi (ureg(0)  - \kappa (v  - 
yref (0))),wd(0))

\top \in D(S) and v = C\&D(x0, \phi (ureg(0)  - \kappa (v  - yref (0))),wd(0))
\top .

Thus the claims follow from Theorem 3.3.

We illustrate the controller design by considering the tracking and rejection of
the signals yref = (y1ref , y

2
ref )

\top with y1ref (t) = 1 + sin(\pi t), y2ref (t) = 2 + 0.5cos(\pi t) +
cos(3\pi t), and wd(t) = 2 + 3cos(5\pi t). These signals are of the form (1.1) with the
choices (\omega 1, \omega 2, \omega 3)

\top = (\pi ,3\pi ,5\pi )\top , a0 = (1,2)\top , a1 = (0,1/2)\top , a2 = (0,1)\top , a3 =
(0,0)\top , b1 = (1,0)\top , b2 = b3 = (0,0)\top , c0 = 2, c1 = c2 = c3 = 0, d1 = d2 = 0, and
d3 = 3. We set r1 =  - 4.5, r2 = 1.75, \delta 1 = 10.5, and \delta 2 = 15.75. In the simulation,
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Fig. 2. Simulation of the controlled two-dimensional heat equation.

the heat system is approximated using a truncated basis of eigenfunctions of the two-
dimensional Laplacian with 31 \times 31 eigenmodes. The simulation results for \kappa = 3
and the intial state x0(\xi ) = - 10(1 + cos(\pi (1 - \xi 1)))(1 - cos(2\pi \xi 2)/4) are depicted in
Figure 2. In computing the transfer function values in the parameters (3.4) of ureg we
use a higher-dimensional approximation of the heat system with 41\times 41 eigenmodes.

5.2. A one-dimensional wave equation. We consider a one-dimensional wave
equation on [0,1] defined by

\rho (\xi )
\partial 2v

\partial t2
(\xi , t) =

\partial 

\partial \xi 

\biggl( 
T (\xi )

\partial v

\partial \xi 
(\xi , t)

\biggr) 
,

 - T (0)
\partial v

\partial \xi 
(0, t) = \phi (u(t)), T (1)

\partial v

\partial \xi 
(1, t) =wd,3(t),

y(t) =
\partial v

\partial t
(0, t)

with initial states v(\xi ,0) = v0(\xi ) and
\partial v
\partial t (\xi ,0) = v1(\xi ). Here v(\xi , t) is the deflection of

the string at position \xi \in [0,1] and at time t\geq 0, \rho is the mass density of the string,
and T is the Young's modulus. Moreover, \phi is the scalar saturation function such that
\phi (u) = r1 + \delta 1(u - r1)/max\{ \delta k,\| u - r1\| \} for some \delta 1 > 0 and r1 \in \BbbC with | r1| < \delta 1.

We assume that \rho ,T \in C2([0,1]), and that \rho (\xi ) > 0 and T (\xi ) > 0 for \xi \in [0,1].
Similarly as in [15, Ex. 13.2.4], the wave equation can be reformulated as an abstract
boundary control system (4.1) with state x(t) = (\rho (\cdot )\partial v\partial t (\cdot , t),

\partial v
\partial \xi (\cdot , t))

\top on the spaces

(U \times Ud,3,X,U) where U = \BbbC , Ud,3 = \BbbC , and X = L2(0,1) \times L2(0,1) with inner
product \langle (f1, g1)\top , (f2, g2)\top \rangle X = \langle \rho  - 1f1, f2\rangle L2+\langle Tg1, g2\rangle L2 . To achieve this, we define
\frakA :D(\frakA )\subset X \rightarrow X, and \frakB c,\frakB d,\frakC \in \scrL (\frakA ,\BbbC ) so that D(\frakA ) =H1(0,1)\times H1(0,1), and

\frakA 

\biggl[ 
x1

x2

\biggr] 
=

\left[  (Tx2)
\prime \biggl( 

1

\rho 
x1

\biggr) \prime 

\right]  , \frakB c

\biggl[ 
x1

x2

\biggr] 
= - T (0)x2(0),

\frakB d

\biggl[ 
x1

x2

\biggr] 
= T (1)x2(1), \frakC 

\biggl[ 
x1

x2

\biggr] 
=

1

\rho (0)
x1(0).

We have Ud,1 = \{ 0\} , wd,1 = 0, wd,2 = 0, and wd = (0,0,wd,3)
\top in (4.1). The initial

state is given by x0 = (\rho v1, v
\prime 
0)

\top . We have from [15, Sec. 13.5] that (\frakB ,\frakA ,\frakC ) with
\frakB = [\frakB c

\frakB d
] is a well-posed boundary node.
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We consider yref and wd of the form (1.1) with a0 = 0 and c0 = 0. The control
law consists of the negative error feedback term and ureg in (3.3). In computing the
parameters fk and gk of ureg in (3.4), the transfer function values can be computed
by solving a static boundary value problem (4.2) for each frequency \lambda =\pm i\omega k. More
precisely, for \omega \in \BbbR and u,w \in \BbbC we have y = P\kappa 

c (i\omega )u+ P\kappa 
d (i\omega )w where y \in \BbbC and

v \in H2(0,1) satisfy

 - \omega 2\rho (\xi )v(\xi ) = (T (\xi )v\prime (\xi ))
\prime 
, \xi \in (0,1),

 - T (0)v\prime (0) + i\kappa \omega v(0) = u, T (1)v\prime (1) =w,

y= i\omega v(0).

Since \rho and T are real-valued functions, we have P ( - i\omega k) = P (i\omega k). It sufficies to
solve the boundary value problem for \lambda = i\omega k with k \in \{ 1, . . . , q\} .

Proposition 5.2. Suppose that \kappa > 0 and P\kappa 
c (i\omega k) \not = 0 for all k \in \{ 1, . . . , q\} .

The control law

u(t) = - \kappa e(t) + ureg(t), t\geq 0,

solves the Saturated Output Regulation Problem for those reference and disturbance
signals of the form (1.1) with a0 = 0 and c0 = 0 for which ureg(t) \in U \delta 

\phi , t \geq 0, for
some \delta > 0. For every x0 \in X the system (2.3) has a well-defined generalised solution
(x,ureg + \kappa yref ,wd, y) satisfying x(0) = x0. Moreover, for every x0 \in X the state
trajectory x is uniformly bounded and there exists a set \Omega \subset [0,\infty ) of finite measure
such that

e\in L2([0,\infty ) \setminus \Omega ) and e\in L1(\Omega ).

If v0 \in H2(0,1), v1 \in H1(0,1), wd, and yref are such that

 - T (0)v\prime 0(0) = \phi (ureg(0) - \kappa (v1(0) - yref (0))), T (1)v\prime 0(1) =wd,3(0),

then (x,ureg + \kappa yref ,wd, y) is a classical solution of (2.3) and e\in H1
loc(0,\infty ).

Proof. We begin by showing that (\frakB ,\frakA ,\frakC ) satisfies Assumption 4.2. The well-
posedness of (\frakB ,\frakA ,\frakC ) follows from [15, Sec. 13.5]. If (x1, x2) \in Ker(\frakB d), then
T (1)x2(1) = 0 and integration by parts shows that

Re\langle \frakA x,x\rangle X =Re
\bigl( 
\langle \rho  - 1(Tx2)

\prime , x1\rangle L2 + \langle T (\rho  - 1x1)
\prime , x2\rangle L2

\bigr) 
=Re

\Bigl( 
\rho (1) - 1x1(1)T (1)x2(1) - \rho (0) - 1x1(0)T (0)x2(0)

\Bigr) 
=Re\langle \frakB cx,\frakC x\rangle U .

The operator A\kappa = \frakA | Ker(\frakB c+\kappa \frakC )\cap Ker(\frakB d) is associated with a wave equation with
damping at \xi = 0. We have from [6] that the semigroup generated by A\kappa is exponen-
tially stable. Thus Assumption 4.2 holds. Since P\kappa 

c ( - i\omega ) = P\kappa 
c (i\omega ), \omega \in \BbbR , we have

P\kappa 
c (\pm i\omega k) \not = 0 for all k \in \{ 1, . . . , q\} by assumption. Finally, we note that the addi-

tional assumptions for v0 and v1 coincide with the requirement that x0 = (\rho v1, v
\prime 
0) and

wd = (0,0,wd,3)
\top satisfy x0 \in D(\frakA ), \frakB cx0 = \phi (ureg(0) + \kappa yref (0) - \kappa \frakC x0) + wd,2(0),

and \frakB dx0 = wd,3(0). Because of this, the claims follow from Theorem 4.3 and the
proof is complete.

We illustrate the controller design by studying the wave system with \rho (\xi )\equiv 1 and
T (\xi ) \equiv 1 and by considering yref (t) = sin(\pi t) + cos(3\pi t) and wd,3(t) = 0.5cos(5\pi t).
These signals are of the form (1.1) with the choices (\omega 1, \omega 2, \omega 3)

\top = (\pi ,3\pi ,5\pi )\top ,
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Fig. 3. Simulation of the one-dimensional wave equation.

a0 = a1 = 0, a2 = 1, a3 = 0, b1 = 1, b2 = b3 = 0, c0 = 0, c1 = c2 = c3 = 0, d1 = d2 = 0, and
d3 = 1/2. We set r1 = 0 and \delta 1 = 2.5. The wave system is approximated using a
truncated basis of eigenfunctions of the undamped wave operator with 30 eigenmodes.
The simulation results for \kappa = 3/4 and the intial state v0(\xi ) = 1/2(1 + cos(3\pi \xi ) +
cos(6\xi )), v1(\xi ) \equiv 0 are depicted in Figure 3. In computing the transfer function
values in the parameters (3.4) of ureg we use a higher-dimensional approximation of
the wave system with 40 eigenmodes.
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