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POLYNOMIAL STABILITY OF WIND TURBINE TOWER MODELS*
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Abstract. We investigate the stabilization of mathematical models describing the structural
dynamics of a monopile wind turbine tower. In the fore-aft plane, we show that the system becomes
polynomially stable with an energy decay rate of t—! under static output feedback that relies on the
velocity and/or angular velocity of the nacelle. We also prove that a tuned mass damper (TMD) in the
nacelle ensures polynomial stability with the same energy decay rate, offering a viable alternative
to active control. In the side-to-side plane, we analyze a model incorporating a hydraulic power
transmission system and prove that feedback from the nacelle’s angular velocity and the generator
load torque leads to polynomial stability of the closed-loop system.
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1. Introduction. Consider a wind turbine tower anchored to the ocean floor,
bearing at its peak the nacelle, which can weigh several hundred tons. Because of its
mass, the nacelle interacts with the flexible tower structure, creating complex dynamic
behavior that requires a detailed model for accurate analysis. Wind turbines are
subject to various types of vibrations due to environmental forces such as wind and
waves. Among these, fore-aft vibrations (oscillations along the wind direction) and
side-side vibrations (oscillations perpendicular to the wind direction) are particularly
critical in evaluating the structural dynamics of the tower. These vibrations influence
the turbine’s stability, performance, and lifespan.

In this paper we investigate selected linear models that describe the dynamic be-
havior of wind turbine towers. In particular, we prove the strong asymptotic stability
of the strongly continuous semigroup associated with each model, and derive an ex-
plicit decay rate for the energy of the classical solutions as ¢ — co. Our results are
based on derivation of resolvent estimates for the generators of the strongly continu-
ous semigroups associated with the wind turbine tower models. This analysis can be
used as a basis for control design for reducing vibrations in the mathematical models.

Zhao and Weiss [33, 34, 35] used the NASA Spacecraft Control Laboratory Ex-
periment (SCOLE) system as an analog to model the monopile wind turbine tower
dynamics in both the fore-aft and side-to-side planes. In the side-to-side plane, the
SCOLE system incorporates an ordinary differential equation (ODE) to represent the
dynamics of the drivetrain, which transmits mechanical power from the rotor to the
generator. Originally designed to model large-scale space structures, the SCOLE sys-
tem consists of a long elastic beam that is either clamped at one end and connected
to a movable rigid body at the other or fully clamped at both ends, as detailed in
[20, 19]. This analogy provides a valuable tool for simplifying the analysis of wind
turbine tower dynamics. Stability of the model can be enhanced through force and
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torque controls. Force control can be implemented by adjusting the pitch angle to
regulate aerodynamic torque and rotational speed, whereas torque control utilizes an
electrically driven mass within the nacelle to indirectly influence the turbine’s speed.

The mathematical model, based on the SCOLE model, for the monopile wind
turbine tower Y. in the fore-aft plane has the form

(1.1a) p()wi(z,t) = —(ETwgy) ez (z,t),  (z,t) €(0,1) X [0, 00),
(1.1b) w(0,t) =0, w,(0,t)=0,

(1.1c) mwy(1,t) — (Flwgg). (1,t) = uq (1),

(1.1d) Jwgzer (1,8) + EI(1)wge (1,t) = ua(t),

where the subscripts ¢ and = denote derivatives with respect to the time ¢ and the
position z. Equation (1.1a) is an Euler-Bernoulli beam equation which models the
dynamics of the flexible tower whose one end is clamped to the ground due to the
boundary condition (1.1b). Equations (1.1¢)—(1.1d) are the Newton—Euler rigid body
equations that describe how the wind turbine interacts with the nacelle. In particular,
(ElTwgy),(1,t) and —EI(1)w,,(1,t) are the force and the torque exerted on the nacelle
by the tower at time ¢. The functions u; and us are the open-loop control inputs that
are applied to the nacelle. For simplicity of exposition we shall take the tower’s
height to be 1. In the model w(x,t) is the transverse displacement of the wind tower
at position x and time ¢, and ET and p are the flexural rigidity function and the mass
density function of the tower. The parameters p and E1 are functions of the spatial
variable z (but independent of t), and we assume that they are strictly positive and
p, EI € C*([0,1]). The parameters m >0 and J >0 are the mass and the moment of
inertia of the nacelle, respectively.

Exponential stability is typically the most desirable form of stability for controlled
PDE systems. In [26, 13], it has been shown that exponential stabilization of X can
be achieved using higher-order output feedback, such as wge:(1,t) and wyge:(1,1).
However, implementing such feedback is challenging in practical applications. Conse-
quently, velocity w(1,t) and angular velocity w,(1,t) emerge as more feasible signals
for stabilizing the model .. Unfortunately, as demonstrated in [20, 26], the system
Yse cannot be stabilized exponentially using any feedback law of the form

uz(t) = —5i1w(1,t) — 57;21096(1,25) — l/ilwt(l,t) — l/igth(l,t),

where d;; and v;; are constants for ¢, j =1,2. Given this limitation, aiming for strong
stability becomes a more practical and achievable objective. The strong stabilization
of the uniform model (i.e., where FT and p are constant) in one specific case was
studied in [20]. The nonuniform case was addressed by Zhao and Weiss [33], who
demonstrated that Xg. can be strongly stabilized with either torque or force control
and by utilizing feedback from the velocity or the angular velocity of the nacelle.

As the first main result of this paper we show that the system . also becomes
polynomially stable under either torque control, force control, or a combination of the
two. More precisely, we show that the energy Fy.(t) of every classical state trajectory
of the system Y. decays to zero at the rate ! as t — co. In addition, the energy of
every mild state trajectory satisfies Fy.(t) — 0 as t — co. These results are presented
in Theorems 3.1, 3.3, and 3.4.

As our results demonstrate, force and torque control are effective in strong and
polynomial stabilization of wind turbine tower models. However, in practice they may
reduce the power generation efficiency and increase the blade pitch actuator usage,
which can lead to fatigue. One way to address these challenges is to use passive
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Fia. 1. Schematic of a hydraulic transmission for wind turbine.

structural control devices, the most common being the tuned mass damper (TMD).
In [36, 30], the authors incorporated a TMD control system into the wind turbine
tower system Yg. and showed that the resulting closed-loop system is strongly stable.
As the second main result of this paper, presented in Theorem 3.5, we prove that the
TMD stabilizes the monopile wind turbine model Y4, polynomially. More precisely,
the energy of every classical solution of L yp decays to zero at the rate t 1 as t — oo.

In the side-side plane, we must consider the effect of the vibration torque trans-
ferred from the turbine blades to the nacelle through the dynamic mechanical trans-
mission system. We study a model which incorporates the dynamics of a hydrostatic
transmission system within the nacelle [25, 12]. The hydraulic pump converts me-
chanical rotational energy into hydraulic energy by forcing hydraulic fluid (usually
oil or another fluid) through a closed-loop system at high pressure; see Figure 1.
This high-pressure fluid is then transported through hydraulic lines to a hydraulic
motor. At the receiving end, the hydraulic motor converts the energy stored in the
pressurized fluid back into mechanical rotational energy, which drives a generator to
produce electricity. We note that an alternative model for the dynamic behavior in
the side-side plane involves a two-mass drive train and a gearbox [33, 35].

As our third main result we present conditions guaranteeing the strong and poly-
nomial stability of the wind turbine tower system with the dynamics modeling the
hydraulic pump. In particular, in Theorem 4.1 we show that the energy of classical
solutions of the system decay at the rate ! as ¢t — oo. This result is based on a new
resolvent estimate for abstract coupled systems presented in Theorem 2.4.

The results in this paper are related to the study of polynomial stability of cou-
pled systems of partial differential equations—especially beam equations—and ODZEs.
Polynomial stability of mathematical models of a beam with a tip mass have been
studied in the case of Euler-Bernoulli beams in [10], different variants of the Tim-
oshenko beam model in [28, 27, 6] and a piezoelectric beam model with magnetic
effects in [2]. Moreover, the polynomial stabilization of beam models using dynamic
boundary control has been investigated for a rotating body—beam system in [9] and
for Rayleigh beam models in [32, 21]. In addition, polynomial stability of systems
consisting of beam equations coupled with other one-dimensional partial differential
equations have been studied, for instance, in [18, 22, 1]. The earlier studies, e.g.,
[20, 26, 13, 8, 33, 35, 36, 30] on the stability properties of the SCOLE model and its
variants focus on strong and exponential stability. The focus of the stability analysis
in this paper is on polynomial stability and rational energy decay rates which have not
been previously investigated for the SCOLE system or wind turbine tower models.

The SCOLE model based on the Euler-Bernoulli beam is a simplified distributed
parameter description of the tower nacelle interaction. More refined beam equations
also incorporate additional effects such as geometric stiffness due to self-weight and
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rotary inertia of infinitesimal tower segments (leading, e.g., to Rayleigh-type models)
and may also account for couplings with blade and drivetrain dynamics; see the dis-
cussions in [33, 35]. Alternative distributed parameter models for wind turbine towers
have been considered in the control literature, including boundary controlled nonuni-
form Euler-Bernoulli beam models derived via Hamilton’s principle; see [16, 15]. In
the offshore context, floating-platform dynamics introduce further rigid body degrees
of freedom and coupling effects; see [29, 17]. Our approach can also be employed
in further research to establish strong asymptotic stability and rational energy de-
cay rates for such more advanced wind turbine tower models and associated feedback
control mechanisms.

The rest of this paper is organized as follows. Section 2 introduces the necessary
background on selected classes of infinite-dimensional linear systems and polynomial
stability of semigroups. In section 3 we examine the polynomial stability of the wind
turbine in the fore-aft plane using feedback based on the velocity and/or angular
velocity of the nacelle. In section 4 we introduce stabilization results for the hydraulic
wind turbine in the side-side plane using feedback from the angular velocity of the
nacelle and the angular velocity of the generator motor.

Notation. Given normed spaces X and Y, we write £(X,Y) for the space of
bounded linear operators from X to Y. We denote the domain of a linear operator A
by D(A) and endow this space with the graph norm. We denote the kernel of a linear
operator A by ker A and write o(A) and p(A) for the spectrum and the resolvent set
of A, respectively. The spectrum of A is given by o(A4) =C\ p(A), with the resolvent
operator defined as R(\, A) = (A — A)~!. The inner product on a Hilbert space X
is denoted by (-,-)x. For T € £(X), we define ReT = (T + T*). If p and ¢ are
two real-valued quantities, we write p < g to express that p < Mg for some constant
M >0 that is independent of all parameters free to vary in a given situation. For two
functions f:[0,00) — [0,00) and ¢ : [0,00) — [0,00), we write f(¢) =o0(g(t)) if % -0
ast— o0, and f(t)=0(g(¢)) if f(t) Sg(t) as t — oo.

2. Background results on stability of abstract systems. In this section we
present the abstract framework which we will use to analyze the stability of the wind
turbine tower in sections 3 and 4. We also present a new result on resolvent estimates
for abstract coupled systems.

Let X3, X2, U be Hilbert spaces. Let Ly : D(L1) C X1 — X3, G1, K1: D(L1) C
X1 — U be linear operators. Let Ay : D(As) C X5 — X5 be the generator of a
Co-semigroup on X, By € L(U, X2), Cy € L(X3,U), and Dy € L(U). Consider an
abstract coupled system of the form

21(t) = L121 (1), t>0,
29(t) = Ag2o(t) — BaK121(t), t>0,
G121(t) = Caza(t) — DKy 21(t), t>0,
z1(0) € X1, 22(0) € Xo.

(2.1)

In our wind turbine models in section 3 the states z1(¢) and z2(t) describe the dynamics
of the flexible tower and the nacelle, respectively, and G; and K; are boundary trace
operators which are used to describe the coupling between the two parts of the model.
We may recast (2.1) as an abstract Cauchy problem

(2.2)
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with z(t) = (21(t),22(t)) T on X = X; x X5, where A: D(A) C X — X is given by

L 0
(2.3a) A= (_B;Kl A2> :
(23b) D(A) = {(CC17I2)T € D(Ll) X D(AQ) : (G1 + DgKl)Il = CQIQ}.

When A generates a Co-semigroup (T(t));>0 on X and zp € X, (2.2) has a well-
defined mild solution z € C([0,00); X) given by the formula z(t) = T(t)zo, t > 0 [3,
sect. 3.1]. In addition, the mild solution z is a classical solution z € C*([0,00); X) N
C([0,00); D(A)) precisely if the initial condition satisfies zo € D(A). We establish the
well-posedness of (2.2) under the assumptions on (G, L1, K1) and (As, By, Cs, Do)
listed in the following two definitions.

DEFINITION 2.1. The triple (G1, L1, K1) is said to be an impedance passive bound-
ary node on (U, X1,U) if the following hold.
(i) Gi, K1 € L(D(L1),U);
(ii) the restriction of Ly to ker G1 generates a Cy-semigroup on X ;
(ili) G1 has a bounded right-inverse, i.e., there ezists G € L(U,D(Ly)) such that
GGy =1I;
(iv) Re(Lrz,z)x, <Re(Giz, Kiz)y for all x € D(Ly).
DEFINITION 2.2. The tuple (Ag, Bs,Ca, D3) is said to be an impedance passive
linear system on (U, Xo,U) if the following hold:
(i) Bs € ﬁ(U,XQ), Cye £(X2, U), Dy e £(U),
(ii) Ag:D(As) C Xo — X5 generates a Cy-semigroup on Xo;
(iii) Re(Asx 4+ Bou,x)x, < Re(Cox + Dau,u)y for all x € D(A3) and ueU.

We define the transfer function Py : p(Az) — L(U) of the impedance passive linear
System (AQ, B% CQ, DQ) by

Py(A) =C2R(X\, A2)Ba + D2, A€ p(As).

The following result from [23, Thm. 3.8] shows that A in (2.3) generates a contraction
semigroup and the resolvent norm ||R(is, A)|| can be estimated using information
on the boundary node (G1, L1, K1), the resolvent operator ||R(is, A2)|, and a lower
bound for Re P (is).

THEOREM 2.3 (see [23, Thm. 3.8 and Rem. 3.10]). Let (G1,L1, K1) be an imped-
ance passive boundary node on (U, X1,U), let (Ag, Ba, Co, D3) be an impedance passive
linear system on (U, X2,U). Let Ay denote the restriction of Ly to ker(G1+ K1), and
suppose there exists a nonempty set E C {s € R: is € p(Ag) N p(A2)}. Moreover,
assume that there exists a function n: E — (0,00) such that Re Py(is) > n(s)I for
all s € E. Then the operator A in (2.3) generates a contraction semigroup on X,
iE Cp(A) and

1+ ||R(is, Ao ) (1 + [|R(is, A)[?)
n(s)

The model we study in section 4 can be represented as a coupled system consisting
of two impedance passive linear systems. Let (A1, B1,C4, D7) be an impedance passive
linear system on (U, X;7,U) and assume that I + Dj D5 is boundedly invertible. Tt is
easy to check that also I + Dy D; has a bounded inverse I — Do(I + D1D2)~ 1Dy, and
we can thus define Q; = (I + D1D5)~! and Q2 = (I + D2D;)~t. We consider the
coupled system

|Ris, )] < < | seE.
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Z(t) = (A2 — BaQ1D1C2)22(t) — BoQ1Ch121(t), t>0,
Zl(O)GXl, ZQ(O)GXQ.

21(t) = (A1 — B1D2Q1C1)z1 () + B1Q2Ca22(t), t>0,

We may reformulate this coupled system as an abstract Cauchy problem (2.2) with
state z(t) = (21(t), 22(t)) " on X = X; x Xy, where A: D(A) C X — X is defined by

A1 — B1D2Q:1Ch B1Q2C >
24) A= , D(A)=D(A;) x D(A3).
@4 ( —By(Q1Cy Az — ByQ1D:1C (4)=D(A1) x D(4z)
If K € L(U) is such that K > ¢l for some ¢ > 0, then Lemma 2.5 below shows
that I + Dy K is boundedly invertible and the operator

Ag:=A, — B K(I+ D K)™'Cy, D(Ag)=D(A,),

generates a contraction semigroup on X;. The following result shows that the norm
||R(is, A)|| of the resolvent operator of A in (2.4) can be estimated using the resolvent
norms ||R(is, Ax)|| and ||R(is, A2)|| and a lower bound for Re P5(is). This result is a
variation of [23, Thm. 3.8].

THEOREM 2.4. Let (A1, B1,C1,D1) and (Aa, Ba,Ca, D3) be two impedance passive
linear systems on the Hilbert spaces (U, X1,U) and (U, X2,U), assume that I + DDy
is boundedly invertible, and assume that K € L(U) is such that Re K > ¢l for some
¢ > 0. Moreover, assume that there exists a set E CR and a function n: E — (0,00)
such that iE C p(Ak) N p(Az2) and Re Py(is) > n(s)I for all s€ E. Then the operator
A in (2.4) generates a contraction semigroup on X, iE C p(A) and

(1+ ||R(is, Ax) ) (1 + || R(is, A2)|1?)
n(s)

(2.5) |R(is, A)|| < , sck.

The proof of Theorem 2.4 is based on the following lemma.

LEMMA 2.5. Let (A, B,C,D) be an impedance passive linear system on (U, X,U),
and let Q € L(U) be such that ReQ > cI for some ¢ >0. Then I+ DQ and I + QD
are boundedly invertible. If we define

Ag=A-BQ(I+DQ)'C, Bo=B(I+QD)™*,
Cqo=(I+DQ)"'C, Do =(I+DQ)™'D,

then (Aq, Bq,Cq, Dq) is an impedance passive linear system on (U, X,U). Moreover,
for all A € p(Ag) NC4 we have

[R(is, Aq)Bq|l* < ¢™!||R(is, Ag)|l,
||CQR(Z.37AQ)||2 < C_lHR(iSvAQ)||>
||CQR(’iS, AQ)BQ + DQ” < L

Proof. The assumption Re@ > ¢l implies that @) is boundedly invertible, and
since I +DQ = (Q! + D)Q, where Re(Q~! + D) > ReQ~! > ¢||Q|~2I by [24, Lem.
A.1(a)], we have that I + DQ is boundedly invertible. Moreover, it is easy to check
that I+ QD has a bounded inverse I —Q(I + DQ)~*D. The operator Ag generates a
semigroup on X and Bg, Cg, and Dg are bounded. To show that (Ag, Bg,Cq, Dg)
satisfies condition (iii) of Definition 2.1, denote Ty = (I + DQ)~ !, Tb = (I + QD)™ L.
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Note that T3 D = DT, and ToQ = Q1. For all x € D(Ag) and w € U the impedance
passivity of (A, B,C,D) and Re@ > 0 imply that
Re(Agz + Bgu, z) = Re(Ax + BT>(—QCx + u), z)
<Re(Cz+ DT5(—QCx + u), To(—QCx + u))
=Re(T1Cx + T1 Du, u)
+Re(T1Cx +T1 Du, —ToQCx + (To — I)u)
=Re(Coz + Dgu,u) — Re(T1Cx + T1 Du, Q(T1.Cx + T1 Du))
<Re(Cqx+ Dgu,u).
This completes the proof that (Ag,Bg,Cq,Dq) is an impedance passive linear sys-
tem. Now let A € p(Ag)NCy and x € X. If we denote z = R(is, Ag)r € D(Ag), then
the impedance passivity of (A4, B,C, D) implies
Re(z,z) = Re((is — Ag)z,2) = —Re(Az + B(—Q(I + DQ) ' C%), 2)
>—Re(Cz+ D(—Q(I + DQ)"'Cz),—Q(I + DQ)™*C%)
=Re(QCqz,Cqz) > ¢ Coz|*.
Since Cgz = CqR(is, Ag)x and Re(z, z) < ||z||||z]| = l|lz|[|R(is, Ag)x]||, the proof of
the second estimate ||CgR(is, Ag)||*> < ¢ 1||R(is, Ag)|| is complete.

We note that (A*,C*, B*, D*) is also an impedance passive linear system and
Re@* = Re@ > c¢I. Therefore, the first estimate follows from applying the second
estimate to the system obtained from (A*,C*, B*, D*) with feedback u = —Q*y.
Finally, to prove the last estimate we let A € C; and u € U and denote Pg(\) =
CqRlis,AqQ)Bg + Dg and P(\) = CR(A\, A)B + D. Since Re@ > cI and Re P(\) >
0, the argument in the beginning of the proof shows that I + QP()\) is boundedly
invertible and the feedback structure of (Ag, Bg,Cq, Dg) implies Pg(A\) = P(A\)(I +
QP(X\))~!. Using this and Re P(\) > 0 we can estimate

cl|Po(Null* < Re(QPq(A)u, Po(\)u) = Re(QP(N) (I + QP(N) ™ 'u, Po(A)u)

= Re(u, Po(A\)u) — Re((I + QP (X)) 'u, PA)(I + QP (V) ™'u)

< [ Po(Nulll[ul].
Thus [[Po(A)|| < ¢! for all X € C and, by continuity, this estimate also holds for
A€ p(Ag)NCy. O

Proof of Theorem 2.4. Let E and n be as in the claim and fix s € F. Since
Re Py(is) > n(s)I with n(s) > 0 by assumption, applying Lemma 2.5 to the system
(Ay,B1,C1,Dy) with Q = Py(is) shows that I 4+ D1Ps(is) and I 4+ P(is)D; are
boundedly invertible. We define

Ais = A1 — B1P2(ZS)(I —+ D1P2(is))71C’1, D(Als) = D(141)7

Bis=Bi(I+ Py(is)Dy) ™!, Cis = (I + D1 Ps(is)) 'Oy, Dis = (I + Dy Py(is)) "Dy
and Pj,(is) = CisR(is, Ais)Bis + D;s. Lemma 2.5 shows that (A;s, Bis, Cis, Dis) is an
impedance passive linear system, and if is € p(A;s), then

(2.6a) | R(is, Ass) Bis||> < n(s) || R(is, A,
(2.6b) |CisR(is, Ais) || < m(s) | R(is, Ais) |,
(2.6¢) (| Pis (is)|| <m(s)~".
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Since A;s is a generator of a strongly continuous contraction semigroup, we have from
[3, Prop. 4.3.1 and Cor. 4.3.5] that is — A;s is boundedly invertible if and only if it is
lower bounded, i.e., ||(is — A;s)z|| > cs||z|| for some ¢s >0 and for all x € D(A;5). We
will now show that if is — A;s is boundedly invertible, then is € p(A). If we denote
ASt = Ay — Bo(I + D1 D3) "1 D Cy, then it is straightforward to verify that

is— A— I —BiSCQR(iS,AQ) iS—Ais 0 I 0
—\o I 0 is — AS' ) \ R(is, A3)BoCis 1)

We also note that since is € p(Az) and since I + D;Ps(is) is invertible, a direct
computation shows that R(is, Ay) — R(is, A3)BsD;sCyR(is, As) is a bounded inverse
of is — AS!, and thus is € p(Ag'). These properties imply that if is € p(A;s), then
is — A has a bounded inverse given by

R(iS,AiS) R(iS,AiS)BiSCQR(iS,A2>
_R(iS,AQ)BQCiSR(Z'S,AiS) R(iS,Ag)—R(iS,Ag)BQPiS(iS)CQR(iS,Ag) ’

Noting that n(s) <||P2(is)|| <1+ ||R(is, A2)||, the estimates (2.6) imply that

IR Gis, Ao)[[| Ris, Ais) |2 1+ [[R(is, As)]?
n(s)/? n(s) '

Here and in the remaining part of the proof, the implicit constants in the estimates
are independent of the choice of s € F.

We will now show that is — A;s is lower bounded and derive an estimate for
|R(is, Ass)||. To this end, let € D(A;s) and denote y = (is — A;5)z. Using Ax =
A; — B1K(I + D1 K)~'C; and denoting Bx = By (I + KD1)~! we can write

(2.7)  |[R(is, A)| S || R(is, As) || +

y=(is — Ay)x + B1 Py(is)(I + D1 P (is)) "' Cix
= (ZS — AK>J} + BK[PQ(iS) - K](I—i— Dng(is))_lCla:.

Since s € E, we have is € p(Ak) by assumption, and thus

(2.8) x=R(is, Ax)y — R(is, A ) Bi [Ps(is) — K|C;sx.

The impedance passivity of (A1, By, C1, D1) and Re P (is) >n(s)I imply that
Re(y,z) =Re((is — Ajs)x,x) = —Re(A12 + B1(—Pa(is)Cisx), )

> —Re(C12 + Dy(—Py(is)(I + Dy Py(is)) "' Chx), —Pa(is)Cye)
=Re(Cisx, Pa(is)Cisx) > 1(s)||Cisz|*.

This, in particular, implies ||Cisz|? < n(s)~Y|z|/||y||. Using (2.8), the above estimates
and ||R(is, Ax)Bx||? < | R(is, Ax)|| from Lemma 2.5 shows that

1/2
. . . x|y
ol < WG, )l + LG, )20 + o)) (EE0)
Using Young’s inequality leads to the estimate

(1+[[R(is, A ) [N(L + [ P2(is)[*)

Il < e

1yl-
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Since x € D(A;s) was arbitrary, we have that is — A;4 is lower bounded, and therefore
boundedly invertible. Moreover, its inverse satisfies

(1+ | R(is, Ar) DL+ | Pa(is) 1)

1R (s, Ais) I

n(s) '
Finally, using the estimate (2.7) and the fact that || Pz(is)|| < ||C2||||R(is, A2)|||| Bz|| +
|| D2]| leads to the desired estimate for ||R(is, A)]|. |

Remark 2.6. If Ay and A have compact resolvents in Theorem 2.4, then A has
compact resolvent as well. This follows easily from the fact that A = A; + A with
Ay = diag(Ay, A2) and A € L(X), the fact that A; has compact resolvent, and the
perturbation formula R(\, A) = R(\, Ag)(I — AR()\, Ag))~? for large A > 0.

The following result can be used to verify the conditions of an impedance passive
boundary node when the same property is known for a part of the node.

PROPOSITION 2.7. Let ((g;),Ll, (Ifg )) be an impedance passive boundary node
on the spaces (Uy x U, X1,U1 X Us), and let (Ag, Ba,Ca, D2) be an impedance passive
linear system on (Us, Xa,Us) with the transfer function Py : p(Ag) — L(Uz). Assume
that Re Py(A) > cal for some A€ C1 and ¢y >0 and define X = X1 x Xo, L: D(L) C

XX, and G,K :D(L)C X = U by

T1\ Lz 2\ -
L (332) B (—BQK2$1 +A2x2) ) G <x2> =Gy, K <x2> =K1,

for (w1,29) T € D(L) = {(x1,22) " € D(L1) x D(A3) : (Ga + DaK3)x1 = Cowy }. Then
(G1, L, Ky) is an impedance passive boundary node on (Uy, X,Uy).

Proof. Since G1,K; € L(D(L1),U1), it is easy to see that G, K € L(D(L),U;).
For z = (z1,72) " € D(L) we have

R6<LI, I> =Re lel,m1> + R€<A2I2 + BQ(*Kgml),I2>

(
< RG<G1$1,K1]}1> + R6<G2$1,K2$1> + Re<021‘2 + DQ(—KQl‘l), —K21‘1>
= RG<G1$17K1!E1> + R€<(G2 + D2K2)$1 — CQ,TQ, KQ.’L'1>
:RG<G1£517K1£C1>.

In particular, A := L|xer(q) is dissipative. Since (G2, L1 |ker(c,), K2) is an impedance
passive boundary node, the arguments in the proof of [23, Thm. 3.8] show that p(A)N
C4 # @. Thus A generates a contraction semigroup on X = X; X X5 by the Lumer—
Phillips theorem. Therefore, (G1,L,K;) is an impedance passive boundary node
provided that Gy € L(D(L),U,) has a right inverse G} € L(Uy, D(L)).

To verify the existence of G7, denote Ay = Li|ier(Gy)nker(G), and let Hy =
(H117H12) : p(Al) — E(Ul X UQ,Xl) and (g;i IP;;E) : p(Al) — ,C(Ul X Ug) be the
transfer functions of the boundary node ((g; ), L1, ( % )) defined in [23, sect. 2]. Let
A € C; be such that Re Po(\) > ¢)I for some ¢y > 0. Since Re Pas(A) > 0 by [23,
Prop. 2.4(b)], the argument in the beginning of the proof of Lemma 2.5 shows that
I+ Pyy(N)P2(A) is invertible. By [23, Prop. 2.4(a)] we have Hq(\) € L(Uy xUs, D(L))
and

(2.9%) (60 (o = (7).

(2.9D) (ﬁ) (Hi(Y), Hiz2(%)) = (2183 2283) '
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Define Q: U; — X by

Q: (Hlé)(/\)> _ ({21(2}5’)\215)2(3);)> <I+P22(/\)P2()\))—1P21()\).

If u€ Uy and o = (21,22)" = Qu, then x € D(L;) x D(A3), and (2.9) imply that
(omitting “(\)” for brevity)

(G2 + D2 K3)x1 — Cowo = (G2 + D2 K2)Hi1u
+ [ (G2 4+ D2 K2)H12P2 + CoR(\, A2)Ba] (I + P22P2)71P21u
=DoPyiu+ [—P2 — Da2Pos Po+ Po — Do) (I + P22P2)71P21u
=[D3 + D2Py2 Py — DaPys Py — Do (I + PoaP2)” " Poyu=0.

Thus the range of @ is contained in D(L). Moreover, it is straightforward to show
that Q € L(Uy, D(L)). Finally, (2.9a) implies GQu = Gy Hy1 (A\)u—Gy Hy2(N) Po(\) (I+
Pas(A\)P2(N)) "1 Poy (N u=u for every u € Uy. Thus Q € L(Uy, D(L)) is a right inverse
of GG and the proof is complete. ]

We conclude this section by recalling the following theorem from [5, Thm. 2.4].
This classical result allows us to deduce a rational decay rate for the orbits of a
Cy-semigroup based on resolvent estimates for its generator.

THEOREM 2.8. Let (T(t))i>0 be a bounded Cy-semigroup on a Hilbert space X
with generator A such that iR C p(A). Then for a fized o > 0 the following conditions
are equivalent:

(a) [[R(is, A)|| = O(|s|%) as [s| = oo,

(b) | T(t)z| =o(t=/*) as t — oo for all x € D(A).

If A: D(A) C X — X is the generator of a Cy-semigroup (T(t));>0 on a Hilbert
space X, then the orbits of this semigroup are the solutions of the abstract Cauchy

problem (2.2). In particular, item (b) in Theorem 2.8 is equivalent to ||z(t)|| = o(t~/%)
as t — oo for every classical solution of (2.2).

3. Polynomial stability of the wind turbine tower model in the fore-aft
plane. In this section we study the stability of the wind turbine tower ¥5.. We recall
that the mathematical model of ¥, has the form

p()wi(z,t) = —(ETwgs ) wz(z,t), (x,t) €(0,1) X [0,00),

(3.1) w(0,1) =0, w,(0,6) =0,

Jwaee(1,8) + EI(D)wae(1,t) = ug(t),

where the spatially varying parameters p and EI belong to C*([0,1]) and are strictly
positive. The constants m > 0 and J > 0 are positive. The natural state of ¥ at
time ¢ is

(3'2) Z(t) = (Zl(t)sz(t)ﬂ23(t)7z4(t))—r - (w("t)>wt('ﬂt),wt(lvt)7wrt(1vt))Ta

where z; and 29 are the transverse displacement and the transverse velocity of the
tower, respectively, and where z3 and z4 are the velocity and the angular velocity
of the nacelle, respectively. The energy state space of the solutions of ¥y is Xg. =
HZ(0,1) x L*(0,1) x C?, where

HE(0,1)={f € H?*(0,1): f(0)=f'(0) =0}.
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We equip the Hilbert space X with the norm defined by

33)  lf96ml%

1

= [ [E1@I"@P + pa)lg(@)] do + mlé] + TP
0

The wind turbine model Y. can be rewritten in the form

(3.4a) 2(t) = Ascz(t) + Bsev(t), 2(0) = zo,
(34b) y(t) = Oscz(t)

on X,.. Here By is the control operator and v is the control input which is chosen
based on the type of control applied to the nacelle. Similarly, the measurement y which
will be used in the feedback stabilization and the corresponding Cy. are determined
by the control scenario. The main operator Ay : D(Asc) C Xge — X is defined by

f
g| (EIf//)//
B:32) A | e | = | LBy |
n)  \TL(EL )
(

g'(1)

In the case of each PDE system in the paper we consider mild solutions and classical
solutions which are determined by the orbits of the associated strongly continuous
semigroup. We also note that the squared norm ||z(¢)||% . is exactly twice the physical

energy of the solution of ¥ at time ¢, that is, Es(t) = 5]/2(t)|/%._.-

(3.5b) D(Asc):{(f,g,gnT HE(0,1) N H*(0,1)) x H?(0,1) x C?: 7;5 g(1 )},

3.1. Combined force and torque control. In this section we consider the
case where the wind turbine tower model ¥s. has two control inputs: the force u,
generated by an electrically driven mass within the nacelle, and the electric torque w2
produced by the generator. In this setting the control operator By, € £(C?, X,.) and
the control input v are given by

s ne( Y o-()

The output signal y in (3.4b) consists of two components, one proportional to the
velocity and the second proportional to the angular velocity of the nacelle. More
precisely, we let a,b >0 and define the observation operator Cy. € ﬁ(XSC,CQ) as

0 0 a O
Coc = (O 0 0 b) '
The following theorem shows that the static feedback v = —y stabilizes the system

Ysc polynomially.

THEOREM 3.1. Let a, b > 0. Assume that there exist ¢ > 0, § > 0, and €
C?([0,1]) such that for all x € [0,1] we have

C(0)=0, 2(1—e)p(x)—(p¢) (z) <=6 <0,

3.7 EI(z)[(1—¢) —2¢'(2)] + 5(EI()’(gc) <—6<0.
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Then the wind turbine tower model Xis. described by (3.4) is stabilized polynomially by
the static output feedback v = —y. More precisely, the energy of every mild solution of

p(x)wi(z,t) = —(ETwgs ) gz (T, 1), (z,t) € (0,1) x [0, 00),
w(0,t) =0, w,(0,t)=0,

mwy(1,t) — (Blwgg).(1,t) = —aw(1,1),

Jwgr(1,t) + EI(Dwgy(1,1) = —bwge (1,1),

(3.8)

satisfies Es.(t) — 0 as t — oo, and for classical solutions we have Ey.(t) = o(t™1) as
t— o0.

Remark 3.2. The role of condition (3.7) is to establish a resolvent estimate for Ag
in Theorem 2.3. We note that the condition (3.7), in particular, holds when p and
ET are constant. Indeed, in this case we can choose ((z) = 2z.

Proof of Theorem 3.1. Let Xy := H?(0,1) x L?*(0,1) with the norm defined by
1(F,9) 1%, = fol EI(x)|f"(z)]?dx + fol p(z)|g(z)|?dz, let U = C? with the Euclidean
norm, and let X5 = C? with the norm defined by ||(z1,22) " [|%, = m|z1|* + J|z|*. We
define the operators L; : D(L;) C X1 — X7 and K3,G1 € L(D(L1),U) by

(3.9) Ly (§)=(_;<5’1f~)~)’ 5 (0)=(Ew) o ()=()

for all (f,g9)" € D(L1) = (H*(0,1) N HZ(0,1)) x HZ(0,1). We define

-+ 0 L0 1 0
A2:< m )7 BQZ(m )7 02:( )7
0o -* (N 0 1

and Dy = 0 € C**2. Then (3.8) can be recast as an abstract Cauchy problem of
the form (2.2) with state z(t) = (w(-,t),w(-, 1), ws(1,t),we(1,¢)) " and with main
operator A of the form (2.3). The operator G; is surjective and since U is finite-
dimensional, G is right-invertible. For all (f,g)" € D(L;) integration by parts yields

re(na(§).(7)) . =me((Br0". 70 - 1 002)
= Re(~(EIf") (1)g(1) + EIL) " (1)g' (1))

-uon (o (),

In particular, the operator Ay := Li|ker(q,) is dissipative. To show that I — A; is
surjective, let (f1,91)" € X; be arbitrary. If we define h € C°°([0,1]) by

h(z)=(fi(1) = 2f1(1)2° + (3f(1) = fi1))a?, 2 €]0,1],

and fo = fi —h and go = g1 — (EIR")", then (f2.92)" € H§(0,1) x L*(0,1),
where H2(0,1) = {f € H?(0,1) : f(0) = f'(0) = f(1) = /(1) = 0}. Let X, :=
HZ(0,1) x L?(0,1) equipped with the norm |[|-||x,. Similarly as in [31, sect. 6.10
and Ex. 3.4.13] (in the case of EI = 1 and p = 1), the results [31, Prop. 3.7.6
and Rem. 3.4.4] can be used to show that the operator A.: D(A4.) C X. — X, defined
by A.f =Ly f for f € D(A.) := (H*(0,1)NH2(0,1)) x H2(0,1) is skew-adjoint. In par-
ticular, there exists (fo,g)" € D(A.) C D(A;) such that (f2,92)" = (I — A1) (fo,9)"-
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If we define f = fo + h, it is straightforward to check that (f,g)" € D(A;) and that
(fi,q1)" = (I — A1)(f,9)". Thus A; is maximally dissipative, and it generates a
contraction semigroup on X; by the Lumer—Phillips theorem. These properties imply
that (G1, L1, K1) is an impedance passive boundary node on (U, X1,U).

Tt is easy to see that Re(A2z + Bau, 2) x, < Re(Caz + Dau,u)y for all z € X, u €
U, and therefore, (As, Ba, Csy, Do) is an impedance passive linear system on (U, X5,U).
Moreover, with the condition (3.7), it follows from [7, sect. 4.2] that the restriction
AO of L1 to ker(G1 + Kl)

Ag= Ly,
D(Ao)={(f,9)" € (H*NH}) x H} : (EIf") (1) =g(1), (EIf")(1)=—4'(1)}

generates an exponentially stable semigroup on X;. Thus we have iR C p(Ap) and
sup,eg || R(4s, Ao)|| < co. On the other hand, a direct computation shows that the
transfer function Py of (As, By, Ca, Ds) satisfies

1 %(524*%) 0
P+ a0 S(2m)

m

Re Py (is) =

, seER.

Hence there exists M > 0 such that Re P(is) > %I@ for all s € R. Thus The-
orem 2.3 with £ = R shows that the operator A generates a contraction semigroup
(T(t))t>0 on X1 X Xo and that iR C p(A) and ||R(is, A)|| < 1+ s? for s € R. The
Arendt-Batty—Lyubich-V theorem [3, Thm. 5.5.5(b)] implies that ||T(¢)zo] — 0 as
t — oo for every zg € X, and since the energy satisfies Es.(t) = 1[|z(t)||?, t > 0, we have
Ei.(t) — 0 as t — oo for all mild solutions of (3.8). Moreover, Theorem 2.8 implies
that || T(t)zo|| = o(t~'/?) as t — oo for all zp € D(A), and therefore, Ey.(t) = o(t™') as
t — oo for classical solutions. |

3.2. Torque control. In this section we consider the stabilization of the wind
turbine tower model using only torque control, i.e., when u; =0 in (3.1). We use the
boundary measurement y(t) = bwy(1,t) with b > 0 in the feedback. In this case the
control input is v =us and the control operator and the observation operator in (3.5)
are Bs. = (0,0,0, %)T and Cs. = (0,0,0,b). Our main result is presented below.

THEOREM 3.3. Assume that b > 0. The wind turbine tower model X, described
by (3.4) is stabilized polynomially by the static torque feedback v = —y from the angular
velocity of the nacelle. More precisely, the energy of every mild solution of the system
(3.8), with a =0, satisfies Es.(t) = 0 as t = oo, and for classical solutions we have
Ey(t)=o0(t"1) as t — cc.

Proof. We consider the space X1 := H?(0,1) x L?(0,1) x C with the norm defined
by [I(.9.1) 1%, = Jo BI(@)|f"(@)Pdz + [y p(x)lg(x) dz + mlh|. Define the space
U = C with the Euclidean norm and define X5 = C with the norm [|z[|%, = J|z[>. We
define the operators Ly : D(L;) C X1 — X1 and K;,G; € L(D(L1),U) by

f g f f
(310) Ly|g|=| —2EBLM" |, Ki|g|=(EIf") 1), Gi|g|=4Q1
h L(EIf") (1) h h

for all (f,,1)T € D(L1) = {(f,9,)T € (H* N H}) x HY x C: h = g(1)}. Moreover,
we define Ay = —b/J S E(Xg), By = l/J € L(U,XQ), Cy =1 € L(X27U), and
Dy =0 € L(U). Then (3.8) with a = 0 can be formulated as an abstract Cauchy
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problem of the form (2.2) with state z(t) = (w(-,t),w:(-,t),we(1,2),we(1,¢)) T and
with the main operator A of the form (2.3).

We can use Proposition 2.7 in showing that (G, L1, K1) is an impedance passive
boundary node on (U, X;,U). To this end, in Proposition 2.7 we define the imped-
ance passive boundary node (( gi; ), L11, (2; )) as the node “(Gy, L1, K7)” in proof of
Theorem 3.1 with (3.9), but with the orders of the two inputs and the two outputs
reversed. More precisely, L7 is the operator “L;” in (3.9) and

(S) ()= (20) ma (5) (7) = (B0 )

Giz2) \g) \9(1) Ki2) \g) \—(ELf")Y(1))"

We define the impedance passive linear system in Proposition 2.7 as (Aj2, B12, Cio,
Di2) = (0,1,1,0) on (C, X12,C) with X1 = C equipped with the norm Ihl%,, =
m|h|?. Then (Gy, Ly, K7) is exactly of the form of the node “(Gy, L, K;)” in Propo-
sition 2.7, and therefore, (G1,L1,K;) is an impedance passive boundary node on
(U, X1,U). Moreover, the restriction Ag of Ly to ker(G; + K1)

Ag=1Ly,
D(Ao) ={(f.g,h)" € (H*NH}) x H} x C: h=g(1), —=(EIf")(1)=¢'(1)}

generates an exponentially stable semigroup on X7 by [10, Thm. 4.2] and thus we have
iR C p(Ap) and sup,cp ||R(is, Ag)|| < co. It is easy to check that (As, Ba,Co,Ds) is
an impedance passive linear system on (U, X2,U) and its transfer function is given by

Py(is) = ﬁ, and Re Py(is) = %((%)2 + 52)71. Thus there exists M > 0 such that
Re Py(is) > M(1+ s?)7! for all s € R. Arguing similarly as in the last paragraph of
the proof of Theorem 3.1 we deduce that Fg.(t) — 0 as t — co for every mild solution

and E.(t) = o(t™!) for all classical solutions. d

3.3. Force control. In this section we consider the stabilization using only force
control, i.e., when ug =0 in (3.1). We use the boundary measurement y(t) = aw:(1,1t)
with a > 0 in the feedback. The control input is v = u; and the control operator and
the observation operator in (3.5) can be chosen as

Be=(0 0 2 0)', Ce=(0 0 a 0).

In this case we assume that 3. is uniform, i.e., EI and p in (3.1) are strictly positive
constants. The proof of our main result below is based on Theorem 2.3. The role of
condition (3.11) is to guarantee that the resolvent of Ay in Theorem 2.3 exists and is
uniformly bounded on iR. We note that if the condition (3.11) is not satisfied, then
Ap has at least one spectral point on iR; see [8, Rem. 4].

THEOREM 3.4. Assume that a > 0, that EI > 0 and p > 0 in (3.1) are con-
stant, and that

(3.11) JE y sinh(k7)

p (k)3 (cosh(km) — (_Uk) , keN.

Then the wind turbine tower model X, described by (3.4) is stabilized polynomially
by the static force feedback v = —y from the velocity of the nacelle. More precisely,
the energy of every mild solution of the system (3.8), with b =0, satisfies Fs.(t) — 0
as t — 00, and for classical solutions we have Ex.(t)=o0(t"!) as t — oco.
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Proof. We consider the space X, = HQ(O 1) x L%(0,1) x C equipped with the
norm ||(f,9,h) "%, = EIfO [f"(x |2d:r—|—pf0 lg(x)|?dx + J|h|?. We define U = C

with the Euclidean norm and X, = C with the norm |[z[|%, = m|z|>. We define
Ly :D(Ll) C X1 — Xy and K1,G; € ﬂ(D(Ll),U) by

f g f f
Ll g|= EIf//// , Kl g | = 7Eff/”(1), Gl g :g(l)
h Eff//( ) h h

for all (f,g,h)" € D(L1)={(f,9,h)" € (H*NH}) x H? x C: h=g'(1)}. Moreover,
Ay = —a/m S £(X2), By = 1/m S £ U7X2), Cy=1¢ ﬂ(Xg,U), and Dy =0 € ﬁ(U)
Then (3.8) with b= 0 can be formulated as an abstract Cauchy problem of the form
(2.2) with state 2(¢) = (w(-,t),w¢ (-, 1), we (1,1),w:(1,¢)) T and with the main operator
A of the form (2.3).

To show that (G4, L1, K1) is an impedance passwe boundary node on (U, X1,U),
we define the impedance passive boundary node (( Giz ), L11, (KI; )) in Proposition 2.7
as the node “(G1,L1,K1)” in the proof of Theorem 3.1 with (3.9). In addition,
we define the impedance passive linear system (Ajs, Bis,C12, D12) = (0,3 7,1,0) o
(C, X12,C) with X5 = C equipped with the norm ||h||x,, = J|h|?. Then (Gl,Ll,Kl)
is exactly of the form of the node “(G1,L,K;)” in Proposition 2.7, and therefore,
(G1,L1, K1) is an impedance passive boundary node. The restriction Ag of Lj to
ker(Gy + K1) is

Ag =Ly,
D(Ao)={(f.9,h)" € (H*NHF) x H} xC: h=g'(1), EIf"(1)=g(1)}.

By [8, Thm. 4] this operator generates an exponentially stable semigroup on X; if
(and only if) the condition (3.11) holds. Thus iR C p(Ap) and sup,cp || R(is, Ao)|| <
00. Moreover, (Ag, Bo,Ca, D) is an impedance passive linear system on (U, Xo,U).
Its transfer function is Pa(is) = m and thus Re Py(is) = %((%)2 + 52)71 for
s € R. Hence there exists M > 0 such that Re Py(is) > M(1 + s*)~! for all s € R.
Arguing similarly as in the last paragraph of the proof of Theorem 3.1 we deduce that
Es(t) = 0 as t — oo for every mild solution and Eg.(t) = o(t™!) as t — oo for all
classical solutions. O

3.4. Tuned mass damper (TMD). In this section we study the stabilization
of the monopile wind turbine ¥4, using a tuned mass damper (TMD) system. The
TMD consists of a large mass placed either on the nacelle floor using wheels or racks or
suspended above the floor using cables. The mass and spring are carefully tuned to a
specific frequency, allowing the TMD mass to oscillate at that frequency. The damper
then reduces vibrations by dissipating the system’s energy as heat. The mathematical
model Yryp for the monopile wind turbine tower Y. stabilized by a TMD in the
fore—aft plane has the form [30, 36]

p(@)wi(z,t) = =(Elwee)ze(2,),  (2,t) € (0,1) x [0,00),

w(0,t) =0, wy(0,t) =0,
(3.12) mw(1,t) — (Blwae)s(1,t) = ki [p(t) — w(l,8)] + di[pe(t) — we(1,1)],
Jwa (1 )+EI( Ywae(1,t) =0,

mpet(t) = ki[w(L,8) = p(t)] + di[wi (1, 8) = pe(2)],

where m; > 0, k; > 0, and dy > 0 are the mass, spring constant, and damping
coefficient of the TMD. Here p(t) — w(1,t) describes the displacement of the mass
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component of the TMD with respect to the nacelle and p;(¢t) describes the mass
component’s translational velocity with respect to the earth. The monopile wind
turbine tower and the TMD subsystems are interconnected through the translational
velocity of the nacelle w¢(1,¢) and the force ki(p(t) — w(1,t)) + di(pi(t) — we(1,1))
generated by the spring and the damper in the TMD system. The system Y1yp can
be formulated as a Cauchy problem with the state

.
2(6) = (w(,8), w0, wi(1,8), wan (1), p(8) — w(1,8), (1))

The natural energy state space of the solutions is X = H?(0,1)x L?(0,1) x C* equipped
with the norm

1
Hf"IIAZ%:/0 [EL(@)|f]' ()] + p(@)| f2(2) P] dz + m] f3]* + T\ fal® + Kal f5]? + | fo?

for f = (f1, fo, f3, f1, f5, f6) | € X. We note that the physical energy of the solution of
(3.12) satisfies Ermp (t) = 3|2(t)[|%. The operator A: D(A) C X — X in the abstract
Cauchy problem (2.2) is defined by

fi f2

12 1 _%(Elﬁl)”k d

fa| _ | (B (1) = S fa+ 22 fs 4+ S fo
(3.13a) A ? - —§(fff{2(1)

5 —f3+ Je

o P

(813b)  D(A)={(fi,.... fo)T € (HNH") x H? x C*: fu= f3(1), fo= fa(1)}.

Our main result below shows that if the parameters EI and p are constant, then
the TMD stabilizes the wind turbine tower model polynomially.

THEOREM 3.5. Assume that ET and p in (3.12) are strictly positive constants and
satisfy

EI sinh(k7)

(3.14) J 4

p 7 (km)3(cosh(km) — (—1)F)’ keN.

Then the energy of every mild solution of the monopile wind turbine with the TMD
described by (3.12) satisfies Epymp(t) — 0 as t — oo, and for classical solutions we
have Eryp(t) =o(t™1) as t — oo.

Proof. Let X1 = X = H?(0,1) x L?(0,1) x C? with the inner product defined by
(3.3), let U = C with the Euclidean norm, and define A; : D(A4;) C X; — X so that
A1 = Asc in (3.5). Then the operator A in (3.13) has the structure

A_ (A1=BiDxCi BiC
“\ -BO Ay )

where By = (0,0, L,0)" € L(U, X;), C; = (0,0,1,0) € L(X1,U),

0 1 1
A2:<_k1 _d1>7 B2:<_dl)a CQZ(kl dl)a D2:d1~
my mi ma

Since the A; is skew-adjoint with respect to the inner product on X; (see [33, Prop.
3.1]) and since Cy = B} € L(X;,U), it is easy to check that (A4y,B;,C1, D) with
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D; =0 is an impedance passive linear system on (U, X1,U). Define the space Xy = C?
with the norm [|(z1,22) " [|%, = k1]z1|? + m1]22|?. Then we have

R6<AQZ + BQU, Z>X2 = 7d1|22|2 + kl Re(uzﬁ) - dl RG(UTQ),
Re(C2z 4+ Dayu,u)yy = k1 Re(zlﬂ) +d; Re(zgﬂ) +d; |u|2

for z=(z1,22) " € Xy and u € U. We have Re(Asz + Bou, 2) x, — Re(Cyz + Dou,u)y =
—di|ze +ul? < 0 and (Ag, By, O, Ds) is an impedance passive linear system on
(U, X2,U). Moreover, since det(A — Az) = A% + i—ll)\ + T% for A € C, the Routh-
Hurwitz criterion implies that o(Az) C C_. A direct computation shows that the
transfer function of (As, By, Ca, D2) satisfies

dlmfs4

(dis? + (k1 —mas?)?)

Re Py (is) = —

for all s € R. For any given e > 0 there exists a constant ¢, > 0 such that Re Py (is) > c.
for all s € R\ (—¢,e). Theorem 3.4 shows that if K = I, then the operator Ax =
Ay — B1 KCy with domain D(Agk) = D(A1) generates a contraction semigroup Tx on
X, and that | Txzol|? =o0(t™!) as t — oo for all zg € D(A;). Theorem 2.8 thus implies
that iR C p(Ak) and ||R(is,Ak)|| <1+ s? for s € R. It follows from Theorem 2.4
with E={s€R: |s| > ¢} that A generates a contraction semigroup on X and that
{iseR: |s| >¢e} Cp(A) and ||R(is, A)|| < M.(1+ s?) for some M. >0 and for |s| > e.
We will now show that 0 € p(A4). Since A; has compact resolvent by [33, Prop. 3.2] and
since X5 is finite-dimensional, Remark 2.6 implies that A has compact resolvent. It
is therefore sufficient to show that ker A = {0}. Let f = (f1, fo, f3, f1, 5, fs) | € D(A)
such that Af =0. Then

(3.15) fa=0, fi"=0, fs=fa(1), fa=fa(1),
(3.16) —difs+kifs +difs+ EIf"(1)=0,
(3.17) {(1)=0, f1(0)=f1(0) = f2(0) = f3(0) =0,
(3.18) —f3+fe=0, difs—kifs —dife=0.

Using (3.15) we get fy = f3 = 0 and then (3.18) implies that fg = f5 = 0 as well.
Moreover, (3.15) implies that f; is a polynomial of degree 3, and using (3.17) and the
fact that (3.16) implies f1”(1) =0 we get that f; =0. Thus 0 € p(A). Choosing € >0
above sufficiently small we deduce that iR C p(A) and ||R(is, A)|| <1+ s? for s € R.
The Arendt-Batty—Lyubich-Va theorem [3, Thm. 5.5.5(b)] implies that for every
mild solution the energy Ermp(t) = 1| 2(t)||> converges to 0 as t — co. Moreover,
Ermp(t) =o(t™1) as t — oo for classical solutions follows from Theorem 2.8. d

4. Polynomial stability of the wind turbine tower model in the side-
side plane: Hydrostatic transmission. To investigate the effect of the vibration
torque transferred from the turbine to the nacelle by the hydraulic pump, we study
a model [25, 12] of the wind turbine tower in the plane of the turbine blades. The
model Y4 consists of the nonuniform SCOLE model system coupled with a fluid
power transmission model (see Figure 2) and has the form

(4.1a) p(@)wit(2,t) = —(Elwgy)we(z,t),  (2,t) €(0,1) x [0,00),
(4.1b) w(0,t) =0, wy(0,t)=0,

(4.1c) mwy (1,t) — (Elwg,).(1,t) =0,

(4.1d) Jwzie(1,8) + EI(1)wgy(1,t) = Dy P(t) + BpQy(t) + Dy P(1)

— BQO(t) - Tload(t)a
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Turbine
aero-dynamics Generator
[
Qp Trotor Q, Tload
Q P A
> Hydraulic Hydraulic
Rotor Pump motor
P Q,

F1c. 2. Flow diagram of the wind turbine with hydrostatic transmission.

1

(4.1e) O (t) = TT(Trocor(t) = Bpy(t) — DpP (1)) — wan(1, 1),
(4.1f) Q(t) = i(DmP(t) — B Qi (t) = Tioad (1)) + wae (1,1),
(4.1g) Qp(t) = Dpp(t) — krcak,p P (1),

(4.1h) Qm(t) = Dy Qi (t) + Ereax,m P(t),

@) P =@t~ Qut)).

v
Equations (4.1e)—(4.1i) describe the hydrostatic transmission system. More precisely,
(4.1g) is the flow equation for the pump, where @, is the pump flow delivery, D, > 0 is
the pump displacement, kicak p > 0 is the pump leakage coefficient, P is the differential
pressure across the pump, and €2, is the pump’s angular velocity. Equation (4.1e)
represents the torque balance between the wind turbine rotor and the pump, where
the angular velocity of the nacelle, w,(1,t), is also taken into consideration. In this
equation, the term Jr(2, represents the pump’s inertial torque, where Jr > 0 is the
total inertia of the wind turbine rotor and the pump. The term B, represents the
friction torque, where B, is the damping coefficient of the pump, and D,P is the
pump reaction torque.

Equation (4.1h) describes the hydraulic flow supplied to the hydraulic motor,
where )y, is the motor flow delivery, D,, > 0 is the motor displacement, kicakm > 0
is the motor leakage coefficient, P is the differential pressure across the motor, and
Q,, is the motor’s angular velocity. Equation (4.1f) provides the balance between
the driving torque and the braking torque for the motor shaft. The term Jg{2,, is
the motor’s inertial torque, where Jg is the total inertia of the motor rotor and the
generator. The term B,,(),, represents the motor’s friction torque, where B,, is the
damping coefficient of the motor, 7,.q is the generator load torque, and D,, P is
the rotor torque. Finally, (4.1i) represents the hydraulic circuit equation, where ¥ is
the fluid capacitance of the hydraulic circuits, V is the total compressed volume from
the hydraulic pump to the hydraulic motor, and (5 is the effective bulk modulus of
the hydraulic fluid.

In our analysis it is necessary to assume that at least one of the damping co-
efficients, either that of the pump, B, or that of the motor rotor, B,,, is nonzero.
We will now reformulate the system X4 described by (4.1) as an abstract Cauchy
problem of the form (2.2) with the state

2(t) = (w8, wi (-, £),we(1,8), w4 (1, £), () + war(1,8), Qo (£) — wae(1,8), P(1)) T

The energy state space of the solutions of X4 is Xna = HZ(0,1) x L?*(0,1) x C°
equipped with the norm
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1
||f||§<hd=/0 [EI()|f!'(@)]* + p(x)| fo(2)]?] dz + m| fs|* + J| fa]* + Tl f5]?
+JG|f6|2+%|f7|2

for f = (f1,f2, f3, f1, f5, f6, f7) T € Xna. We note that the physical energy of the
solution of Ypq satisfies Ena(t) = [/2(t)[%, - Denoting Kicak := Fieak,p + Kleak,m, the
main operator Apq of the abstract Cauchy problem is defined by

e
- (BIf’
(BIY (1)
Apaf = —%(1) 7(1)+ ipfs - @ﬁi - iffﬁ + DPLJDTnJ? ’
Dp Do Do
Dy, Buw, Bn
; zﬁ - zf(} - Tszl

V(DP.]% - (DP +Dm)f4 - Dmfﬁ - kleakf?)
D(Ana) ={(f1,--- f) € (H}NH*") x H} x C*: fo(1) = f3, f3(1) = fa}.

Our main result below shows that in the case where the parameters of (4.1) satisfy
J = Jg = Jr =1 the system X4 without control input (70aa(t) = 0) and without
external disturbances (Tyot0r(t) = 0) is polynomially stable.

THEOREM 4.1. Assume that J = Jg = Jr =1 and B, + By, > 0. The hydraulic
wind turbine model ¥y,4 described by (4.1) is polynomially stable. More precisely, the
energy of every mild solution corresponding to Trotor(t) =0 and Tieea(t) =0 satisfies
Ena(t) =0 as t — oo, and for classical solutions we have Eynq(t) =o(t™1) as t — oco.

The proof of Theorem 4.1 is based on Theorem 2.4 and the observation that if
J =Jg=Jr =1, then the operator Ayq has the structure

o Al—BngCl Bng
» = (M= ERDC BO

where A} = A, with A in (3.5), and B; = (0,0,0,1)", C; =(0,0,0,1),

-B, 0 -D,

Ay=| 0  -B, Dy |, By=(-B, Bn £(D,+Dyn))
gDp _gDm _gkleak

Cy=(By, —Bm (Dp+Dyn)), Dy=DB,+B,.

T
)

We define X3 = C? equipped with the norm ||(z1,22,23) " [|%, = |21]* + |22]* + %\23|2.

Remark 4.2. Since the operator A; = Ay in (3.5) has compact resolvent by
[33, Prop. 3.2], also Apq has compact resolvent due to an analogous argument as in
Remark 2.6. This conclusion is also valid for all J, Jg, J7 > 0.

The following lemma describes properties of (Ay, By, C1, D1) and (A, By, Cs, D3).
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LEMMA 4.3. Assume that J =Jg=Jr =1 and B, + B, > 0.

(a) The tuple (A1, B1,C1, D1) with D1 =0 is an impedance passive linear system
on (C, X;,C).

(b) The tuple (As, Ba,Ca, D) is an impedance passive linear system on (C, Xs,C)
and o(Ay) CC_.

Proof. Part (a) follows from the fact that A; is skew-adjoint by [33, Prop. 3.1]
and that C; = B} and D; = 0. To prove part (b), let z = (21, 22,23) " € X3 and u € C.
We have

(Asz + Bou,z)x, = —Bp|zl|2 — Bp|22|? = Fieak| 23] — Byuzy

+ Buzz + (Dp + Dy )uzs,
(Caz 4 Dou,u)c = Bpz1G — By 29U + (Dp + D) 23T + (Bp + Bm)|u|2

and thus

Re(Asz + Bou, 2) x, — Re(Caz + Dau, u)c
=—Bplz1 + u|2 — Bp|z2 — u|2 — kleak|23|2 <0.
Since X5 is finite-dimensional, this implies that (A, B, Co, D2) is an impedance pas-
sive linear system on (C, X5, C). Moreover, for A\ € C we have
det(A — Az) = A° + (D}, + D> + B kieak + Bpkicak + Bm Bp)A
+ (Bm + Bp + kieak)A> + Bp Dy, + By D2 + Bp Bykicak.

Since By, + By, + kicak > 0 and D), D,,, > 0 we have

B,D2, + By D2 + By, Bpkicax < (Bp + B + kieax) max{D;,, D>, By, B, }
< (Bp + Bm + kleak)(Dgn + D12) + Bme)
§ (Bp + Bm + klcak)(Dgn + Dg + Bmklcak + Bpklcak + Bme)

Since B, + B, > 0, Dy, D,, > 0, and B, kicak > 0, the above est@te and the
Routh-Hurwitz criterion imply that det(A — As) # 0 for all A € C,, and thus
O’(AQ) cC_. 0

Proof of Theorem 4.1. We have from Lemma 4.3 that (A4, By, C1, D1) with D; =0
and (Ag, Ba, Ca, Ds) are impedance passive linear systems and o(A2) C C_. To apply
Theorem 2.4 we will analyze the transfer function Py of (Ag, Ba,Co, D). A direct

s%n(s)

computation shows that Re P, (is) = =5~ for all s € R\ {0}, where

n(s)= (B + Bp)s4
+ [(BmByp + kieaid) (B + Bp) + (Do + Dp)?k
+2(BmDyy — ByDyy)(Dy — Dy)] s>
+ [(Bsz + Bngn)(Dm - Dp)2 + Bme(Bm + Bp)klgcak
+ (2B By(DZ, + D2) + (B Dy — ByDy)?) Kteax)

d(s)=s"+ B2, + By — 2D2, — 2D2 + kif, o] s*
+ B2, B2 — 2B D2 + Bl ki + Dy — 2B2 D2, + B2k + 2B, D kicax
+D;, + 2D, D2 + 2B, D} kieax | 5° + B, Bokiar. + 2B, Bp D2 kicak

+ B2, D, + 2By, B. D} kiax + 2B B, D}, D2 + B2 D, .
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Our aim is to show that n(s) #0 for all s # 0. We have n(s) = azs* +a15? + ag, where
az = By, + B, >0 and

a1 = (Bm By + kivaie) (Bm + Bp) + (D + Dyp)*krcaic + 2(Bin Dy — Bp D) (Do — Dy),
ap = (BmD;Q; + BpD?n)(Dm - Dp)2 + Bme(Bm + Bp)kIQeak
+ (2BmBy(D;, + D2) + (Bm Dy — BpDpy)?) Kicak-

We first consider the case where ag = 0. Since B, + B,, > 0 and D,, D,, > 0, this
implies that D,, = D, and further that a; = (BmBp + ki) (Bm + Bp) + (D +
D,)?kieax > 0. Since az > 0, a3 > 0, and ag = 0, we have n(s) = (azs? + a1)s? > 0
for all s # 0 as claimed. Assume now that ag > 0. Since agaz > 0, the Routh—
Hurwitz criterion implies that we can have n(s) = 0 for some s # 0 only if a3 <0
and a% — 4agag > 0. Because of this, we want to show that if a; <0, then necessarily
a3 — 4azag < 0. In fact, a direct computation shows that

a% —4dagap = — 2Bme(Bm + Bp)(Dm + Dp)zkleak - Q(Bm + Bp)(Dm + Dp)2kl3eak
—(Bp + Bm)2(Bme - k12eak)2 — (D + DP)4k126ak +2a1(Dy, + DP)2kleak
+2a1 (B By + ki) (B, + Bp) — 4B, By (Dy + Dy)*(Dyy, — D,)?
—4(By + Bn) [2Bp B (D3 + D;,) + (B Dy — ByDin)?] Kicak-

This expression shows that if a; < 0, then a% — 4asag < 0. Hence n(s) # 0 for any
s > 0. Since o(Az) C C_, we must have d(s) # 0 for s # 0. Moreover, we have
Re P5(is) = By + By, > 0 as |s| = co. Combining the above properties we conclude
that for any € > 0 there exists ¢, > 0 such that Re Py(is) > c.I for all s € R\ (—¢,¢).
On the other hand, it follows from Theorem 3.3 that the operator Ax := A1 — B1 KC,
with domain D(Ax) = D(A;) where K = I generates a contraction semigroup Tx on
X, and that [|[Txzol|? =o0(t 1) as t — oo for all zg € D(A;). Theorem 2.8 thus implies
that iR C p(Ag) and ||R(is, Ax)|| <1+ s? for all s € R. Hence, Theorem 2.4 with
E={seR: |s| >¢c} implies that Apq generates a contraction semigroup on Xpq, that
{is€iR: |s| >e} C p(Ana) and that for any € > 0 there exists M, > 0 such that

(4.3) | R(is, Ana)|| < Mo(1+ s%), whenever |s|>e.

Next, we will show that 0 € p(Apq). Since Apg has compact resolvent by Remark 4.2.
It suffices to show that ker Apq = {0}. Let f = (f1, f2, f3, f1, f5, f6, f7) T € D(Apnq) be
such that Apqf =0. Then, we have

@4)  f=0,  (BIf)'=0,  f=F£01), fs=hO),

(45)  (BIfY (D=0, f(0)=fi(0)=0,  f2(0)=f3(0) =0,

(4.6) = EIM) (1) + Bpfs = (Bp+ Bm)fa — Bmfe + (Dp + D) fr =0,
(4'7) _Bpf5+Bpf4_Dpf7207 Dmf7_Bmf6_Bmf4:0a

(4-8) DpfS_(Dp+Dm)f4_Dmfﬁ—kleakf7:0-

It follows from (4.4) that f3 = f4 =0. Moreover, from (4.4), we deduce that ETf] is
an affine function. Using (4.6) and (4.7) we obtain ET(1)f{(1) = 0. Together with
(4.5), this implies that f; =0, since EI is strictly positive. Using (4.5) we get that
f1=0. Now, using (4.7) and (4.8), with f4 =0, we get that

B, 0 D, f5
0 -B, D, |[f]=o0
Dp —Dp —FKieak f7
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m

B,, >0 and D, D,, > 0, it is nonsingular. Hence we have f5 = fs = fr = 0. This
completes the proof that 0 € p(Ang). Now by choosing € > 0 to be sufficiently small
we can deduce that iR C p(Apq) and (4.3) implies that ||R(is, Apg)|| < 1+ s for
s € R. The Arendt-Batty—Lyubich-Vu theorem [3, Thm. 5.5.5(b)] implies that for

The determinant of the matrix above is By By kieak + Bp Dy, + By D7 and, since B, +

every mild solution the energy Ena(t) = 1[/2(t)||? converges to 0 as ¢t — co. Finally,
the energy decay rate Enq(t) = o(t™1) as t — oo for classical solutions follows from
Theorem 2.8. |

We note that the general approach of applying Theorems 2.4 and 2.8 to deduce the
polynomial stability of the system (4.1) is also applicable without the assumption that
J =Jg=Jr =1. Indeed, if the parameters of the model ¥4 are fixed and if Anq can
be expressed in the form (4.2), then the analysis of the polynomial stability of (4.1)
again reduces to showing that (Ay,Bi,C1,D;) and (Ag, Bs,Co, D3) are impedance
passive linear systems and to deriving a lower bound for Re Ps(is).

We conclude this section by analyzing the stability of (4.1) in the case of more
general parameters J, Jg, and Jpr. We show that if J # Jg, then the system can
be stabilized strongly with feedback. More precisely, we assume that the external
disturbance Tyotor i (4.1) is zero and consider the stabilization of ¥y,4 using the control
input u(t) = Tioaa(t). In the stabilization we consider feedback from the measurement

1 1
y(t) = = 5ot (1,1) = = (Qm(t) — war(1,1)),
G

which is based on the angular velocity of the nacelle and the angular velocity of the
generator motor. With these choices (4.1) can be written in the form
(4.9a) 2(t) = Apaz(t) + Bnaul(t),
(4.9b) y(t) = Braz(t),
where Bpg = (0,0,0, —%,0, —iﬁ)—r. The next theorem shows that this system be-
comes strongly stable under negative output feedback.

THEOREM 4.4. The operator Anq generates a contraction semigroup on Xpq. As-
sume that J # Jg and B,, > 0. The hydraulic wind turbine model ¥1,4 described by
(4.9) is strongly stabilized by the state feedback u= —ky with k > 0.

Proof. We begin by proving that Apgq generates a contraction semigroup on Xpq.
For any f = (flvaafi% f47f57f6a.f7)T € D(Ahd)a we have
Re (Anaf, f)x,, =Re(Asc(fi, fo. f3. f4) T, (f1, fo, f3 f4)T>XSC
+ Re (BpfSE - (Bp + Bm)f4ﬁ - BmfGﬁ - (Dp + Dm)f7ﬁ)
+Re (=B, fsfs + Bpfafs — Dypfrfs)
+ Re (Dmf7% - BmfG% - Bmf4%)
+Re (D f5f7 — (Dp + Din) fafzr — D f6 7 — Frear f7/7)
(4.10) =—By|f1s— [51* = Bmlfo + fa]> — kreax| f7|* <0,
where we have used the fact that the operator Ay in (3.5) is skew-adjoint by [14, Prop.
1.1]. Moreover, Remark 4.2 shows that Apq has compact resolvent and, in particular,
o(Apa) N iR is countable and Ayg is maximally dissipative. Thus Apq generates a
contraction semigroup Xnq by the Lumer—Phillips theorem.

The proof of the strong stability of the semigroup generated by Anq — kBnaBiy
is based on [4, Thm. 14]. Let u € R and f = (f1,...,f7)" € D(Apq) be such that
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Anaf =ipf and B, f =0. We will show that f=0. After this, the strong stability
follows immediately from [4, Thm. 14]. We have Re(Anaf, f) x,, = Re(ipl f[%,,) =0
and thus (4.10) implies that fs + f¢ =0. Since 0= B} f = —f—j‘ - }% with J # Jg, we
must have f; = f¢ = 0. The second last row of the identity Apqf = iuf implies that
f7 =0, and subsequently, the last row implies f5 =0. With fy = f5 = f¢ = fr =0 the
identity Anqf = ipf reduces to Ag.g = ipg, where g = (f1, fo, f3,0)T € D(As) and
where Ag is as in (3.5). If we define Cy. = (0,0,0,1), then (Csc, Asc) is approximately
observable by [14, Cor. 2.2]. Since Cs.g = 0, the approximate observability implies
that g = 0, which further implies f = 0. Since Apq has compact resolvent and since
w and f were arbitrary, we have from [4, Thm. 14] that the semigroup generated by
Ang — kBna B4 is strongly stable. 0

5. Conclusions. In this paper we have analyzed the long-time behavior of sev-
eral linear wind turbine tower models derived from the SCOLE framework, with an
emphasis on quantitative energy decay. The stabilizing feedback mechanisms we con-
sidered (static output feedback based on the nacelle velocity and/or angular velocity,
tuned mass damper, and drivetrain-type coupling) have been investigated earlier from
the viewpoint of modelling and strong stabilization, and our results complement the
earlier findings by establishing explicit rational decay rates for the physical energy.
In the fore-aft plane, we showed that the relevant closed-loop semigroups are strongly
stable and that the energy of classical solutions decays at the rate t~! under torque
control, force control, and combined force-torque control. We also proved that a
tuned mass damper located in the nacelle yields polynomial stability with the same
decay rate, providing a passive alternative to active feedback when actuator usage or
power-generation efficiency is a concern. In the side-side plane, we studied a model
incorporating a hydrostatic transmission subsystem and established polynomial sta-
bility of the resulting coupled system under feedback from the nacelle and generator
angular velocities.

Investigating the optimality of the energy decay rates in our results is an inter-
esting topic for future research. Using [11, Prop. 5.3] this analysis can be reduced to
studying the optimality of the asymptotic resolvent growth estimates in the proofs of
our main theorems. In addition, our approach can potentially be applied in the stabil-
ity analysis of more elaborate wind turbine tower models, such as linearized models
of floating wind turbines [17], where platform rigid-body modes and mooring-line
dynamics introduce additional subsystems.
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