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OPTIMAL DECAY FOR A WAVE-HEAT SYSTEM
WITH COLEMAN-GURTIN THERMAL LAW

FILIPPO DELL’ORO, LASSI PAUNONEN AND DAVID SEIFERT

ABSTRACT. We study the long-term behaviour of solutions to a one-dimensional coupled
wave-heat system with Coleman—Gurtin thermal law. Our approach is based on the
asymptotic theory of Cy-semigroups and recent results developed for coupled control
systems. As our main results, we represent the system as a feedback interconnection
between the wave part and the Coleman—Gurtin part and we show that the associated
semigroup in the history framework of Dafermos is polynomially stable with optimal
decay rate t =2 as t — oo. In particular, we obtain a sharp estimate for the rate of energy
decay of classical solutions to the problem.

1. INTRODUCTION

The study of the asymptotic behaviour of solutions to coupled PDE systems has attracted
a considerable amount of attention in the recent literature. In this article, we focus on a
one-dimensional coupled wave-heat system consisting of a wave equation and a Coleman—
Gurtin equation. More specifically, we use the asymptotic theory of strongly continuous
semigroups combined with recent results on coupled abstract control systems to derive an
optimal rational decay rate for classical solutions to the system

utt($at) = u:c:c(x>t)a S (_170)a t> 07
(1.1) o0
wy(x,t) = Wz, t) + g(S)wee(z,t —s)ds, x€(0,1), t>0.
0
The equations are coupled, for ¢ > 0, through the transmission conditions

(1.2) u(0,t) = w(0, 1), u.(0,t) = w,(0,t) + /000 g(s)w,(0,t — s)ds

at the interface x = 0, and in addition we impose the Dirichlet boundary conditions
(1.3) u(—1,t) = w(l,t) =0.

The convolution kernel g : [0,00) — [0,00) is a convex integrable function (thus non-
increasing and vanishing at infinity) of unit total mass, taking the explicit form

o(s) = / Turydr, s3>0,
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where p : (0,00) — [0,00) is a non-increasing absolutely continuous integrable function
(possibly unbounded near zero). In particular, u is differentiable almost everywhere with
i (s) <0 for almost every s > 0. Finally, we impose initial conditions of the form

u(z,0) = up(x), z € (—1,0),
u(z,0) = vy(x), x € (—1,0),
w(x,0) = wo(z), w(x,—s)=po(z,s), x€(0,1), s>0,

where ug, vg, Wy, @y are assigned data. In particular, ¢y accounts for the so-called initial
past history of w.

The stability analysis of coupled wave-heat systems has been the subject of intensive
investigations over the past few decades. Their intrinsic mathematical interest apart, the
main motivation for studying such systems stems from the fact that they can be viewed
as linearisations of more complex fluid-structure models arising in fluid mechanics; see for
instance [2, 25, 33]. In the absence of the integral term, (LLT]) reduces to the classical wave-
heat system, whose asymptotic properties have been extensively analysed in the literature;
see for instance [1, B}, 5, [15] 23, [32), 33] and the references therein. In particular, it is known
that in this case the associated solution semigroup is semi-uniformly stable in the sense
that all classical solutions converge to zero at a uniform rate, and more specifically the
semigroup is polynomially stable with optimal decay rate t2 as t — oo. In particular,
the semigroup fails to be exponentially stable. To the best of the authors’ knowledge, the
system in ([LT) with a non-trivial kernel g was first studied in [31]. In fact, the analysis in
[31] deals with a more general system in which the Laplacian w,, appearing in the second
equation is replaced by fw,, for some $ > 0. The cases § > 0 and S = 0 correspond to
the so-called Coleman—Gurtin [11] and Gurtin-Pipkin [20] models, respectively. Thus our
system (IL1]) corresponds to the Coleman—Gurtin case with 5 = 1, a choice which entails
no essential loss of generality. One of the main results of [31] is that if = 0 and if the
so-called Dafermos condition

(1.4) 4 (s) + d(s) < 0

holds for some 0 > 0 and almost every s > 0, then the semigroup associated with the
wave-Gurtin—Pipkin system in the history space framework of Dafermos [13] is exponen-
tially stable. Since the Gurtin-Pipkin dissipation given solely by the convolution term
fooo 9(8)wy(t—s) ds is weaker than the dissipation provided by the Laplacian w,,, this re-
sult serves to illustrate that the classical wave-heat system fails to be exponentially stable
on account of overdamping. It is a reasonable guess, therefore, that the wave-Coleman—
Gurtin system ([ILT]), too, fails to be exponentially stable, and this has been confirmed in
[31], at least in the special case where g is an exponential function.

In the present paper, we complete the analysis begun in [31] by finding the optimal
(semi-uniform) decay rate of the semigroup (S(t));>0 associated with (LI]) in the history
space framework of Dafermos. More precisely, assuming the condition

(1.5) p(t +5) < Ce™® pu(s)

for some C' > 1 and § > 0 and for every t > 0 and s > 0, we show in Theorem
and Proposition B3] that (S(f));>o is polynomially stable with optimal decay rate =2
as t — 0o. Observe that this decay rate coincides with that of the classical wave-heat
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system. Note also that (L3]) is weaker than (.4]). For instance, condition (4], in contrast
to (L.H), does not allow flat zones or horizontal inflection points; see for instance [8] 9.
Our approach consists in writing the system in (LI)-(T2) as a feedback interconnection
between the wave part and the Coleman—Gurtin part. Based on this decomposition we
show that the infinitesimal generator A of (S(t)):>0 has a special block operator structure
which can be used to derive a sharp resolvent estimate; see Theorems 3.1l and 3.4l This
resolvent estimate, combined with the asymptotic theory of Cy-semigroups, finally leads
to the desired decay estimates. The general decomposition approach used in this paper
extends to the case where the wave part in (I.T]) has spatially varying parameters, and also
to more complex systems, such as chains consisting of several coupled wave and Coleman—
Gurtin-type equations. In the latter case the decoupling approach reduces the study of
the more complicated system to the analysis of its simpler constituent parts, and in this
way facilitates efficient treatment of chains of coupled equations. The same approach can
potentially also be employed in the stability analysis of coupled PDEs on networks.

Notation. We introduce the (complex) Hilbert spaces
H}(=1,0) ={p € H'(=1,0): p(=1) =0},  H,(0,1) ={p € H'(0,1) : (1) = 0},

with the inner products <90>¢>Hll(—1,0) = <80/a¢/>L2(—1,0) and <%¢>H}.(0,1) = <<P,>¢,>L2(0,1)-
We also introduce the so-called memory space M = L2 (0, co; H,'(0,1)) of H}(0,1)-valued
functions on (0, 00) which are square-integrable with respect to the measure pu(s)ds, en-
dowed with the natural inner product

(.80 = [ 60061 €N .

The state space of our problem will be
H = H}'(—1,0) x L*(—1,0) x L*(0,1) x M,
with the natural inner product

<(U>Ua w,n), (ﬂa v, W, ﬁ))H = <U>ﬂ>Hl1(—1,0) + <U, 17>L2(—1,0) + <w>7~5>L2(0,1) + <77a 77>M~

Throughout the paper, the Young, Holder and Poincaré inequalities will be used without
explicit mention. Square roots of complex numbers are defined with a branch cut along
(—00,0]. In particular, Rev/X > 0 for all A\ € C, with strict inequality for A\ ¢ (—o0, 0].
We denote the open right and left half-planes in the complex plane by CL = {\ € C :
ReA = 0}. Given (complex) Banach spaces X and Y we write £(X,Y") for the space
of bounded linear operators from X to Y, and we write £(.X) instead of £(X, X). If A
is a closed linear operator acting on a Banach or Hilbert space, we denote its spectrum
by o(A) and its resolvent set by p(A). We frequently consider the domain D(A) of A as
being endowed with the graph norm ||z|[4 = (||z|? + || Az||?)"/2. In particular, D(A) is a
Hilbert space whenever X is. Moreover, for A € p(A) we write R(\, A) for the resolvent
operator (A — A)~!. Finally, we use conventional asymptotic notation, including ‘big O’
and ‘little o’, and we occasionally write p < ¢ to indicate that p < Cq for some (implicit)
constant C' > 0.
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2. THE SYSTEM OPERATOR AND WELLPOSEDNESS

We begin by introducing the infinitesimal generator of the right-translation semigroup on
M, that is, the linear operator

Tn = —ns, D(T) = {77 ceM:n,eM, £1_>I% ||77(8)||HT1(0,1) = 0},

where 7, denotes the (weak) derivative of 7 with respect to the variable s > 0. Integration

by parts with respect to s together with a limiting argument can be used to show (as in
[18]) that

1 [~ ,
(2.) Re(Tn =5 [ 1O o ds <0 1€ D).

With a view to rewriting ((LI)—(L2)) in the history space framework of Dafermos [13], we
consider for each t > 0 the auxiliary function

n'(z,s) = / w(z,t — o) do, z € (0,1), s >0,
0

accounting for the integrated past history of w. We further introduce, still in the spirit
of [31], the function

(2.2) oz, t) = w(z,t) + /000 w(s)n'(z, s)ds, x € (0,1), t>0.

Integrating by parts (formally) we obtain the identity

w(zx,t) + /OOO g(s)w(z,t —s)ds = ¢(x, 1), z e (0,1), t>0.

The system ([LI)-(L2) can now be rewritten as

U (2, ) = Uy (T, ), x € (—1,0), t >0,
(2.3) wy(7,1) = Gue(, 1), re(0,1), t>0,
ni(z,s) = Tn'(x, s) + w(x,t), x € (0,1), s,t >0,

with the boundary conditions (I.3]) and the coupling conditions
(2.4) u(0,t) = w(0, 1), uz(0,t) = ¢,(0,1)

for t > 0. By introducing the state vector z(t) = (u(-,t),v(-,t),w(-,t),n(-,-))¥, we may
convert the above problem into an abstract Cauchy problem in the space H, namely

(2.5) {Z'(t) =Az(t), >0,
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where A : D(A) C H — H is the linear operator

( u € H*(—1,0))
" ; " v € H (—1,0)
; v ; w € H(0,1)
A wl = o , D(A) = wl € H| neDT) :
2
" T+ w 0 ¢ € H*(0.1)
u'(0) = ¢'(0)
( v(0) = w(0)

and 29 = (uo, vo, wo,n°)" € H with n°(z,s) = [ ¢o(x,0)do for z € (0,1) and s > 0.
Theorem below shows that A generates a contraction semigroup on H. The proof is
based on the special block operator structure of A introduced in the same result. This
structure of A also plays a central role later in Section [3] where we use it together with
the results in [24] in order to derive an optimal resolvent estimate for A on iR.

To state the theorem, we first define some notation related to extrapolation spaces
for semigroup generators. If A : D(A) C Z — Z generates a Cy-semigroup (7'(t))i>o
on a Hilbert space Z, then D(A) is a Hilbert space with respect to the graph norm
of A. We define Z_; to be the completion of the space Z with respect to the norm
12l z_, = [[(Ao — A)7 2|z with A\ € p(A) (the space Z_; is independent of the choice of
Ao € p(A)). The operator A : D(A) C Z — Z extends to A_y : D(A_y) C Z_y — Z_,
with domain D(A_;) = Z; see for instance [16] Sec. I1.5]. The operator A_; generates a
Co-semigroup (71(t))s>o on the Banach space Z_; such that for every ¢t > 0 the operator
T_1(t) € L(Z_1) is an extension of T'(t) € L(Z). Finally, for an operator B € L(C™, Z_;)
we let

7P = D(A) + Ran(R(\o, A_1)B)
for A\g € p(A) (the space ZP C Z is again is independent of the choice of Ay € p(A)).

Definition 2.1 ([29, Def. 5.1]). Assume that A : D(A) C Z — Z generates a Cy-
semigroup on Z and that C' € L(D(A),C™). The A-extension of C is defined as the
operator

Crz = lim A\CR(\, A)z

A—00
A>0

and the domain D(C}) consists of those z € Z for which the limit exists.
Theorem 2.2. Let Z; = H!(—1,0) x L*(—1,0) and Zy = L*(0,1) x M. There exist

semigroup generators Ay : D(Ay) C Zi, — Zy and operators By, € L(C,Z; 1), Cy €
L(D(Ag),C) for k =1,2, and a constant Dy > 0 such that

Al —1 BICQA
2. A= '
(2.62) (—B2C1A Ay s — BQD102A> ’

B 21 B Bo Ay 121 + BiCozze € 74
(2.6b) bia) = { (22) €4 X2 Ag 129 — By(Ciaz1 + D1Copz) € Zo |

Moreover, the operator A generates a contraction semigroup (S(t))i>0 on H = Zy X Zs.
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The proof of Theorem is a direct consequence of Proposition 2.14] at the end of this
section. Our approach in the proof of this result and subsequent ones does not require us
to derive explicit expressions for the operators By, By or the A-extensions Ci, and Coy
of the operators C; and C5. In particular, explicit knowledge of these operators is not
required for the purposes of proving well-posedness or deriving resolvent estimates for A
by means of the results in [24].

Remark 2.3. The fact that A generates a contraction semigroup was already proved
in [31] under slightly stronger assumptions on the memory kernel; cf. hypotheses (H1)-
(H2) in [31]. We also stress that (IL3]) is not needed in the semigroup generation part,
but only in the resolvent estimates carried out in the next section.

Before proceeding to prove Theorem 2.2, we shall motivate the block operator struc-
ture of A based on the properties of the coupled PDE system (2.3)) with the boundary
conditions (L3 and the coupling conditions (Z4). The block structure in (2.6]) arises
from the decomposition of the full coupled PDE system into two natural subparts: a
wave equation and a Coleman—Gurtin-type diffusion equation. Indeed, if we introduce
two auxiliary functions U; and Yi, the ‘wave part’ of the coupled PDE system is given by

U (2, 1) = Uge(, 1), x € (—1,0), t >0,
(2.7) u(—=1,t) =0, w(0,t) =Ui(t), Yi(t) =u.(0,¢), t>0,
u(z,0) =ug(x), w(z,0)=1vy(x), z € (—1,0).

Thus, for ¢ > 0, the value for w(-,¢) at x = 0 is given by Ui (t), while Y;(¢) is determined
by the value of u,(-,t) at z = 0.

Introducing two further auxiliary functions U; and Y3, the remaining ‘Coleman—Gurtin
part’ is given by

wi(z,t) = Gpe(x, 1), x € (0,1), t >0,

2.8) ni(z,s) =Tn'(x,s) +w(z,t), x € (0,1), s,t>0,
' —0.(0,t) = Ux(t), Ya(t) = w(O,t), w(l,t) =0, t >0,
w(z,0) = wo(z), n°(z,s)=[; ¢o(z,0)do, x € (0,1), s> 0.

For t > 0, the value of ¢,(-,t) at = 0 is determined by Us(t), and Y3(t) is determined
by the Value of w(-,t) at z = 0.

The PDE models (2.7) and (2.8) become equivalent to the coupled PDE system (2.3))
once we require that for all ¢ > 0 the auxiliary functions Uy (t), Us(t), Yi(t), and Ya(t),
satisfy the identities

Uy (t) = Ya(t) w(0,) = w(0, 1)
{Uz(t) = —Yi(t) = {ux(O,t) = ¢.(0,1),

which are precisely the coupling conditions (2.4]). The block operator structure (2.6]) fol-
lows this decomposition of the coupled PDE into two parts. In particular, the operators
(A1, B1,Ch, Dy) are related to the wave part (Z7) and (As, By, C3) are related to the
Coleman-Gurtin part (Z8). This decomposition is moreover closely connected to mathe-
matical systems theory, where U; and U, would be interpreted as the inputs of the PDE
models (27) and (Z8)), respectively, and Y; and Y, would define the outputs of the two

(2.9)
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systems [12], 28, 22]. In the terminology of systems theory, the coupling conditions (2.9)
on the inputs U (t) and Uy(t) and the outputs Y;(t) and Y5(t) in (2.9]) define a feedback
interconnection between the wave part and the Coleman—Gurtin part.

In the remaining part of this section, we shall use the results from infinite-dimensional
systems theory in [28], 22 30] to prove the block operator representation (2.6) of A.

2.1. Background on regular tuples and boundary nodes. The operators appearing
in (20) form “regular tuples” in the sense of Definition below. Such operators are
closely related to the theory regular linear systems [30], [29, Sec. 5].

Definition 2.4. Assume that A generates a Cy-semigroup (7(t));>o on a Hilbert space
Z. An operator B € L(C™, Z_,) is admissible [29, Rem. 3.3] with respect to (T'(¢));>0 if
there exists 7 > 0 such that

/ T_1(t)Bu(t)dt € Z, u € L*(0,7;C™).
0

Correspondingly, an operator C' € L(D(A), C™) is admissible |29, Rem. 3.4] with respect
to (T'(t))¢>o if there exist 7,k > 0 such that

| ezl at < el 2 e D)
0

Definition 2.5. Assume that A : D(A) C Z — Z generates a Cy-semigroup (7°(t))s>o
on a Hilbert space Z and that B € £(C™,Z_;) and C' € L(D(A),C™) are admissible
with respect to (T'(t))¢>0. Then the tuple (A4, B, C, D) is said to be regular if D € C™*™,
Ran(R(\, A_1)B) C D(Cy) for some (or, equivalently, all) A € p(A) and

sup |[CARN, A_1)Bl|cm < o0

ReA>c
for some o > 0. The transfer function P of the regular tuple (A, B, C, D) is defined by
P(A\) =CyR(\A_1)B+ D, A€ p(A).
The regular tuple (A, B, C, D) is called impedance passive if
(2.10) Re(A_1z+ BU, z)z < Re(Crz + DU, U)cm
for all U € C™ and z € ZP satisfying A_1z + BU € Z.

Choosing z € D(A) and U =0 € C™ in (2.10) shows that the semigroup generated by
A in an impedance passive regular tuple (A, B, C, D) is contractive.

Our aim is to relate the wave part (Z7) and the Coleman-Gurtin part (2.8) of our
coupled PDE system to regular tuples (A;, By, C1, D1) and (Ag, By, Cy, Dy), respectively.
We shall do this by first formulating both of these PDEs as abstract boundary control
systems [7, 22] 27] of the form

(2.11)
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on a Hilbert space Z with L : D(L) C Z — Z and K,G : D(L) C Z — C™. As is
shown in Lemma below, under suitable assumptions the operators A, B, C' and D
of the regular tuples exist and can be expressed in terms of L, G, and K. The benefit
of using the framework of abstract boundary control systems is that (2.11I]) has a form
which closely resembles both the wave part (27) and the Coleman—Gurtin part (2.8))
with suitable choices of a differential operator L : D(L) C Z — Z and boundary trace
operators G, K : D(L) C Z — C. We call (ZI1)) a boundary control system if the operator
L, G and K form a boundary node defined as below.

Definition 2.6. The triple (G, L, K) in (2.1I1]) is said to be an (internally well-posed)
boundary node on the Hilbert spaces (C™, Z,C™) (or sometimes, for short, on Z) if the
linear operators L : D(L) C Z — Z and G,K : D(L) C Z — C™ have the following
properties:

(a) The restriction L|ker(q) : Ker(G) C Z — Z generates a Cy-semigroup on Z;
(b) G, K € L(D(L),C™);
(¢) Ran(G) = C™.

The boundary node is impedance passive if
Re(Lz, z)z < Re(Gz, Kz)cm, z€ D(L).

The transfer function P : C,. — C™*™ of an impedance passive boundary node of the
form (2.I1) is defined so that, for A € C; and U € C™,

PO = Kz,
where z € D(L) satisfies (A — L)z =0 and Gz =U.

Remark 2.7. Conditions (a) and (b) in Definition [2:6] imply that Ker(G) is a complete
finite-codimensional subspace of D(L) (equipped with the graph norm of L). This in
particular implies that D(L) is a Hilbert space or, equivalently, that L is a closed operator.
Moreover, D(L) is densely and continuously embedded in Z.

Remark 2.8. In defining the transfer function of a boundary node, we do not distin-
guish between P in Definition and its analytic extensions to domains containing C, .
The existence and uniqueness of the solution z € D(L) of the ‘abstract boundary value
problem’ (A—L)z = 0 and Gz = U for any U € C™ and A € C, follow from [7, Thm. 2.9].

The next lemma collects results from [22] 28] 29, B0] to show how an impedance passive
boundary node (G, L, K) on a Hilbert space Z gives rise to a regular tuple (A, B, C, D)
on the same space.

Lemma 2.9. Let (G, L, K) be an impedance passive boundary node on the Hilbert spaces
(C™, Z,C™). Assume that the transfer function P of the boundary node satisfies

sup ||P(o + is)|| < oo
seER
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for some o > 0 and that P(\) converges to a limit as A\ — oo through the positive reals.
Then there ezists an impedance passive reqular tuple (A, B,C, D) on Z such that
A= L|Ker(G)>
Lz=A_1z+ BGz,
Kz =Cyz+ DGz,
D = lim P(\) e C"™™
A—00
AS0
for z € D(L). Furthermore, Z8 = D(L), Ran(B) N Z = {0} and P coincides with the
transfer function of the reqular tuple (A, B,C, D) on p(A) N C.,.

Proof. By [22] Thm. 2.3 and Prop. 2.5], the boundary node (G, L, K) defines a ‘system
node’ Syode in the sense of [22, Def. 2.1] or [28] Def. 2.1]. By definition, the system node
Shode 18 a linear block operator

A& B m m
Shode = (C&D) : D(Snode) CZxC"—=ZxC

with components C&D : D(Spoge) C Z X C™ — C™ and

A&B : D(Snode) CcCZxC"— Z, A&B (é) = A_lz + BU, (é) € D(Snode)>

where A : D(A) C Z — Z is the generator of a Cy-semigroup on Z and B € L(C™, Z_).
The result [22, Thm. 2.3(ii)] in particular shows that A = L|ker ) and that the ‘control
operator’ B € L(C™, Z_1) of the system node Spoqe satisfies Lz = A_1z + BGz for
z € D(L). Moreover, by [22, Thm. 2.3(v)] we have Z N Ran(B) = {0} and, letting
Ao € p(A)NCy,

D(L) = D(A) + Ran(R(X\y, A_1)B) = Z*,
while by [22, Thm. 2.3(iv)] the ‘combined observation and feedthrough operator’ C&D of

Shode 18 given by
z
c&D (U) =Kz

for all z € D(L) satisfying Gz = U. This further implies that the ‘observation operator’
C € L(D(A),C™) of Syoqe satisfies Cz = Kz for all z € D(A) = Ker(G). Moreover, the
transfer function P,oqe of the system node [28, Def. 2.1] then has the form

R\ A_)BU
U

for all U € C™ and XA € p(A) N C,. But if we write z = R(\,A_1)BU € Z® = D(L)
then [22, Thm. 2.3(v)] implies that Gz = GR(A, A_;)BU = U, and thus

(A—L)z=(A—A_1)z— BGz = (A— A_1)R(\, A_;)BU — BU = 0.

This shows that in fact Puoge(AN)U = Kz = P(A\)U for all U € C™ and A € p(A) N C,.
By [28, Thm. 4.2] the system node Spoqe is impedance passive if (and only if)

Re(A_1z + BU,z), < Re <C&D (lzj) ,U>
Cm

(2.12) Proae(NU = C&D < ) = KR(\, A_,)BU
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for all z € D(L) and U € C™ satisfying Gz = U. This property holds since for any
z € D(L) and U € C™ such that Gz = U we have A_1z+ BU = A_1z + BGz = Lz and
C&D(z,U)! = Kz, and thus

(2.13) Re(A_iz+ BU, z); = Re(Lz, 2); < Re(Kz,Gz)em = Re <C’&D (é) ,U>
Ccm

by impedance passivity of the boundary node. Furthermore, our assumption that P (and
thus also P,eqc) is uniformly bounded on a vertical line in C, together with [28, Thm. 5.1]
shows that Syode is well-posed in the sense of [28, Def. 2.1] (or [29] Def. 4.4]). In particular,
the operators B € L(C™,Z_1) and C' € L(D(A),C™) are admissible with respect to the
semigroup generated by A [29, Prop. 4.9].

Our assumption that P(\) converges to a well-defined limit as A\ — oo with A > 0
together with [29] Thm. 5.6] (or [30, Thm. 5.8]) implies that the system node Syode is
‘regular’ in the sense of [29, Def. 5.2]. If we define D = limy_,o x>0 P(A), then [29
Thm. 5.5] shows that Ran(R(\, A_1)B) C D(Cy) and the transfer function P has the
form

P(\)=Cy\R(\A_)B+D, XeC,.

Thus (4, B, C, D) is regular in the sense of Definition 2.5l Finally, let z € D(L) = Z? be
arbitrary. Then there exist zg € D(A) = Ker(G), A\ € p(A) N C, and U € C™ such that
z = z9+ R(Mo, A_1)BU. By [22, Thm. 2.3(v)] we have GR(\y, A_1)B = I, and hence
Gz = U. Now a direct computation using C'zg = Kz and (2Z12) shows that

Kz = KZO + KR()\(), A_l)BU = CZ() + P()\o)U
= CAZ(] + CAR()\(), A_l)BU + DU
= Chz + DGz,

see also [30, Rem. 4.11]. Since the same computation also shows that

z

cen(;

) =Kz=Cpyz+ DU
for z € D(L) and U € C™ satisfying Gz = U, the estimate in (2ZI3) implies that the
regular tuple (A, B, C, D) is impedance passive. O

Remark 2.10. In the study of our wave-heat system we shall require only the case
m = 1 of the general framework set out above. However, as already mentioned in the
Introduction, the same framework with m > 1 can be used in an analogous way to analyse
more complicated coupled systems, such as for instance the wave-heat-wave system.

2.2. The wave-part. We now show that the wave part (2.7) can be written in the
form (2.I1) for some operators Gy, L; and K; defining a boundary node, and that this
representation also defines a regular tuple (Aj, By,Cy, D) via Lemma 29 Boundary
control systems and regular tuples associated with one-dimensional and multidimensional
wave equations are rather well understood; see for instance [22, Sec. 5], [29, Ex. 5.8] as
well as [19] 2], 34]. To prove this property for the wave part, we begin by identifying the
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operators L1, G1, and K; of the boundary node (G1, L1, K1). We can write (2.7) as a first
order system

u(z, t)\ [ v(z,t)
(vt(:c,t)) = <um(1’,t)) , x € (=1,0), t >0,
v(0,t) = Ui (t), Yi(t) = u.(0,t), wu(—1,t) =0, t>0,
u(z,0) = up(x), wv(x,0)=uv(x), x € (—1,0).

If, for t > 0, we consider z;(t) = (u(-,t),v(-,))” to be the state of an abstract differential
equation of the form (ZTITI) on the Hilbert space Z; = H}'(—1,0) x L?*(—1,0), then natural
choices for the operators G, Ly and K of the boundary node (Gy, Ly, K;) are

Ly (“) = (”) . D(Ly) = (H*(=1,0) N H} (=1,0)) x H}(~1,0),

(% u

G (:j) =v(0) and K (:j) = /(0)

for all (u,v)T € D(L;). In particular, the boundary condition at x = —1 is part of the
definition of D(Ly), and the condition at z = 0 is determined by Gj.

Proposition 2.11. The tuple (Gy, L1, Ky) is an impedance passive boundary node on
(C, Z1,C) and defines an impedance passive reqular tuple (A1, By, Cy, D). In particular,
D, =1 € C and the operator

A (Z) = (;’,) . D(A) = { (Z) € H%(—1,0) x H}(=1,0) | u(—1) = v(0) = o}

1s skew-adjoint with compact resolvent. The spectrum of Ay consists of simple eigenvalues,
namely o(Ay) = {ikm | k € Z}. Writing {¢y | k € Z} for the corresponding set of
orthonormal eigenvectors, the operator C satisfies |C1¢i| = 1 for all k € Z.

Proof. It is easy to show that the restriction A; = Li|ker(cy) @ D(A1) C Z1 — Z; with
the above domain is skew-adjoint and has compact resolvent. In particular, A; generates
a unitary group on Z;. It is also straightforward to show that Gi, Ky € L(D(Ly),C),
and certainly Ran(G;) = C. Thus (G4, Ly, K;) is a boundary node on (C, Z;,C) in the
sense of Definition 2.6l If z = (u,v)” € D(L;) then using v(—1) = 0 we readily see, using
integration by parts, that

Re(L1z,2)z, = Re(v(0),4(0))c = Re(G12, K12)c.

Thus (G4, L1, K7) is impedance passive.

To show that the wave part also defines a regular tuple, we compute the transfer function
Py of the boundary node (G4, L1, K7). By definition, if A € C, then P;(\) = Kz, where
z = (u,v)T € D(L,) is such that

B Au(z) = v(x), z € (—1,0),
{(A Lé)i - (1’ — (@) = o' (z), v € (=1,0),
' u(=1)=0, wv(0)=1
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We have
sinh(A(z + 1))

Asinh(\) 7
and hence P;(\) = 4/(0) = coth()\). Since sup,cg|coth(1l + i7)| < oo and Pi(A\) — 1 as
A — oo with A > 0, Lemma shows that the wave part defines an impedance passive
regular tuple (Ay, By, Cq, Dq) on Z; and that Dy = limy_,o, P1(\) = 1.

The eigenvalues of A; are ikw for k € Z, and the corresponding orthonormal eigenvec-
tors are given by

Yo = (;,; 0 1) and gy = % (zkigff&(:&?i))) for ks 7 0.

Since {9y | k € Z} C D(A;) = Ker(G4), we have C19p, = K19y = (=1)f forallk € Z. O

u(x) =

2.3. Coleman—Gurtin part. As our next step we show that the Coleman—Gurtin part,
too, defines an impedance passive regular tuple. Based on the structure (Z8) we may
consider zy(t) = (w(-,t),n'(-,-))T for t > 0 to be the state of the boundary node on the
Hilbert space Zo = L?*(0,1) x M, and we may choose the operators Ly : D(Ly) C Zy — Z
and Go, Ly : D(Ly) C Zy — C as

L (7;;’) _ <Tn¢i w) . D(Ly) = { (7;’) € H'(0,1) x D(T) 'gb e H2(0, 1) }

Gy (1;;) = —¢/(0) and K, (f;) = w(0)

for all (w,n)" € D(Ly).

Proposition 2.12. The tuple (Ga, Lo, K3) is an impedance passive boundary node on
(C, Z,,C) and defines an impedance passive reqular tuple (A, By, Co, Ds). In particular,
Dy = 0 and the transfer function P of the reqular tuple is given by

pz()\):L VAL \eCy,

M)
where { : C, \ {0} — C is defined by
1 o
(N =1+ X/ p(s)(1 —e™)ds.
0
The proof of Proposition 2.12] requires the following lemma.
Lemma 2.13. The operator Ay = Lao|ker(ay) Satisfies Ran(l — Ay) = Zs.

Proof. We begin by showing that, for every n € M, the function f defined by
o= [ io)da,  we 1), 520
0

belongs to M and satisfies the estimate ||€]|a; < [|7)][a. To this end, we introduce the
auxiliary function K defined by

K<s>—/ =) Sl () o doy 5> 0.
0
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By Young’s inequality for convolutions we have ||K||120,0) < [|7]m. Hence, using the
monotonicity of 1, we obtain [|€]| < | K| 22(0,00) < |||, as desired.

Next, for an arbitrarily given 2 = (w,7)? € Z,, we consider the equation (I — Ay)z = 2
in the unknown z = (w,n)? € D(A,). Componentwise, we get the system

w(z) — ¢"(x) = (), z € (0,1),
2.14
(24 {n( )= To(a,s) = w(@) = ile,s), e (0,1), s> 0.
Integrating the second identity and using n(z,0) = 0, we find
(2.15) n(z, s) = (1 —e*w(x) + &(x, s), z € (0,1), s>0.

From the definition of ¢ we infer that w(x) = ¢(x)/¢(1) — o(x), where

. 1 /OO :

olr) = —— w(s)é(x, s)ds, z € (0,1).

@) =55 | #eées) (0.1
Substituting into the first equation in (2.14]), we arrive at

% — ¢"(x) = w(x) + o(x), x € (0,1).

The general solution of this equation above with the boundary condition ¢(1) = 0 (coming
from the fact that w(1) =n(1,s) = 0) can be written as

(2.16) 6(x) = bsinh ( ! ;(f)) _d(z),  we(0,1),

where b € C and

_ \/m/; sinh (Q%) (W(r) +o(r))dr,  z€(0,1).

Accordingly, we have
(2.17) w(z) = % sinh ( ! ;(f)) - q;((f)) o),  we(0,1)

We now claim that ¢ € H%(0,1) and w € H!(0,1). By (2.I6) and (2.I7), the claim follows
provided that ¢ € H!(0,1). But the latter is true, since

lellson < g(f)nan < %nnnM

by our earlier estimate, where K = fo (s) ds denotes the total mass of y. Next we show
that the function n given by (2.15]) belongs to M. Since we already know that & € M,
we only need to prove that the map s +— (1 —e~*)w lies in M. But this follows from the
estimate

/0 ()1 — e PlwlZ0m ds < llwlZ o,

Since n,n, w € M, we also have n; =N+ w —n € M. Finally, by monotonicity of pu,

1

s e’ B CI
()l < 1 —e |||w||H;<ovl>+@( / u(a)da) llc = 0
0
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as s — 0, and we have thus proved that n € D(T).
It remains only to show that the constant b in (2.16) may be chosen in such a way that
¢'(0) = 0, but a straightforward calculation yields

b= {% cosh <%)] B /01 cosh <%) (@ (r) + o(r)) dr,

and this completes the proof. 0J

Proof of Proposition [Z12. We begin by showing that (G, Lo, K3) is an impedance passive
boundary node in the sense of Definition 26l We note first that Ran(Gy) = C. If
z = (w,n)T € D(Ly), then using w(1) = 0 and 2] we readily get

Re(Ly 2)7, = Re(w(0), ~¢(0))c — [l os) +Re(Tn. n)as

< Re(w(0), —¢'(0))c = Re(Gaz, K22)c.
This estimate already shows that (Gs, Lo, K5) is impedance passive if it is a boundary node
in the sense of Definition Moreover, the same estimate shows that Re(Lyz,z) < 0
for z € Ker(G3), and thus the restriction Ay = La|ker(qy) is dissipative. By Lemma T3]
we also have Ran(/ — Ay) = Z,, and therefore A, generates a contraction semigroup on
Zs by the Lumer—Phillips theorem. In order to prove that (Ga, Lo, K5) is an impedance
passive boundary node it remains to verify that Gy, Ky € £(D(Lsy),C). Recall that the
norm on D(Ls) is taken to be the graph norm of L,, that is to say

120 D20y = I1L2211Z, + 12117 = 16" 20,0y + 1T + wlie + Wl Za,n + Il

for z = (w,n)T € D(Lsy) C Z,. Note first that

|G22| = [ ()] S 119l 0) S 16l 2200,0) + 12l D)

By interpolation and an application of Young’s inequality we have

191 220,1) S 1Dl z20,1) + |12l D(L2)

and hence |Gaz| S ||0|l20,1) + ||2]lp(zs)- In order to show that Gy € L(D(Ls),C), it
remains to control the term ||¢[|z2(0,1). To this end we observe that, by definition of ¢,

16ll20.0) S [I2llDLa) +/ () lln(s) [z ds S M12llpe) + Inllm S 2l peea),
0

and hence boundedness of Gy follows. In order to show that Ky € L(D(Ly),C) we first
note that, since w(1) = 0, we have |Kyz| = |w(0)| < [|w]| a2 (0,1)- Next, the definition of ¢
implies

lwll a0y SN 220,0) + 11l S NE | 2000y + 12l DL

The term ||¢'|| 12(0,1) can be estimated as before, and the boundedness of K follows. Thus
(Ga, La, K>5) is a boundary node on (C, Z5, C) in the sense of Definition 2.0l

The transfer function P of the boundary node is defined, for A € C,, by Py(\) = K»z,
where 2z = (w,n)" € D(Ly) solves the problem (A — Ly)z = 0 and Gz = 1. Arguing as in
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the proof of Lemma 2.13] the first component of z can be written as
w(z) = sinh (/A/0(A)(1 — )

VM) cosh A/AE(N)

Py = w(0) = BIVAIN)
()

We now show that Py(\) — 0 uniformly in ImA as ReA — oo. This implies in
particular that P»(A) — 0 as A — oo through the reals and that there exists o > 0 such
that sup,eg|Pa(o + is)| < oo. Thus by Lemma the Coleman-Gurtin part defines an
impedance passive regular tuple (Ag, By, Cy, Do) with Dy = limy_,o, Po(A) = 0. In order
to prove the required uniform decay estimate, observe first that £(\) = 1+ O(|]A|7!) and
hence M(A\) = A+ O(1) and A/¢(A\) = A+ O(1) as |A\| = oo in the right half-plane. In
particular, [A¢(A)| > 1 Re X for Re X sufficiently large. Moreover,

Re /A/E(A\) = Re VA + O(1)
as |A\| — oo with A € C,, and for A € C; we have RevA > vRe\. It follows that
Re \/A/0(X) > 2v/Re X for Re A sufficiently large. Thus

x € (0,1),

and hence

PO < —— ‘1_ 2 ‘<,/i<1+L)
2SNV @V 41| T V Rea eVReX _ |
when Re \ is sufficiently large, and the claim follows. OJ

2.4. Proof of Theorem Theorem is an immediate corollary of the following
more detailed proposition.

Proposition 2.14. The operator A has the form

A1 B1Cap
2.18 A= ’
(2.18) <—B201A Ay g — B2D102A) ’

(2.19) D(A) = { <Z1) e ZP x 7P

22

Ay 121+ BiConz € 77,
Ay 129 — Bo(Ciaz1 + D1Conzg) € Zy |7

where (A1, By, Cy, Dy) and (Ay, By, Cy, Dy) are the impedance passive regular tuples as-
sociated to the wave part and the Coleman—Gurtin part, respectively. The operator A
generates a contraction semigroup on the space H.

Proof. By definition, we have H = Z; x Zy. Let (Gy, L1, K1) and (Gg, Lo, K3) be the
boundary nodes associated to the wave part and the Coleman—Gurtin part, respectively,
as defined in Propositions 21T and If we write z; = (u,v)T and 2, = (w,n)?, the
operator A and its domain may be written as

B (LO1 LOQ) (2) . DA = { (2) € D(Ly) x D(Ls)

u

A

G121 = Ky,
G222 = —Klzl ’

I 8
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Since Dy = 0, Lemma 2.9/ implies that L = A _y + B1G;1, Ky = Cia + D1G; on D(Ly),
and Ly = Ay 1 + BoGo, Ky = Cop on D(Ly). Tt follows that, for (21,2)7 € D(A),
Glzl = K222 = CQAZQ and

Gozy = —K121 = —Cip21 — D1G12y = —Cipazy — D1Cop 29,

and hence

Lizy = Ay 121 + B1Ghizy = Ay 121 + B1Cop 29,
Lozy = A2,—1Z2 + ByGozy = (Az,—l - B2D102A)2’2 — ByCip 2.

These formulas show that the operator A has the desired form (2I8) on D(A) and that the
inclusion “C” holds in (Z19)). It therefore remains to show that the inclusion “>” holds in
(ZI9). To this end, assume that (z1, 20)7 € Z{Bl X Z2B2 is such that A; 121+ B1Co2 € 73
and A27_122 —BQ(ClAzl —|—D102A22) c Zg. Then (21, ZQ)T c D(Ll) X D(Lg) by Lemmam
so it suffices to show that G12; = Koz and Goze = —K;z;. Lemma also implies that
Zr N Ran(By) = {0} for £k = 1,2. We have

Z1 2 Ay 121+ B1Conzg = Lizy — B1Gi2y + B1Coz 20 = L2y + Bi(—Gi21 + Kaz),

and since Lz, € Z; we see that G121 = Kyzy. Since G121 = Kyzg = Copze and Cipz +
D1Cypz5 = K2, we find similarly that

Zy > Ay 129 — Bo(Ciaz1 + D1Copzs) = Lozo — Bo(Gazg + Ky 21),

which implies that Gozo = — K21, as required.

Finally, since A has the form in Proposition .14l where (A, By, C, D) for k = 1,2 are
impedance passive regular tuples with Dy =1 > 0 and Dy = 0, the operator A generates
a contraction semigroup by [24, Lem. 4.2]. O

3. RESOLVENT ESTIMATES

We now study the behaviour of the resolvent operator R(is, A) as s — +oo. In Section 3]
we establish an asymptotic upper bound on ||R(is, A)||, and then in Section we shall
show this upper bound to be optimal.

3.1. Upper bound. Our main result here is the following.
Theorem 3.1. Assume that (D) holds. Then the operator A satisfies o(A) C C_ and
IR(is, A)l| = O(|s|'/?), s — Foc.

The proof of Theorem B1lis based on the following abstract result from [24], which we
state in the special case where A; has compact resolvent and the eigenvalues of A; have
a uniform gap (but are not necessarily simple).

Theorem 3.2 ([24, Thm. 3.7]). Let (Ay, B1,Cy, D1) and (As, Ba, Ca, D) be impedance
passive reqular tuples on Zy and Zs, respectively, with C™*™ > Dy > 0 and Dy = 0 €
Cmxm - Assume that Ay is skew-adjoint with compact resolvent and spectrum o(A;) =
{isp | k € Z}, that the eigenvalues of Ay satisfy infy|sp—s;| > 0, and that the semigroup
generated by As is exponentially stable. In addition, assume that there exists a constant
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Yo > 0 such that |C1z]|cm > Y0||2]|z, for all z € Ker(isy, — A1) and k € N, and that there
exists a non-increasing function v : Ry — (0, 1] such that
Re(Py(is)U, U)em 2 v(|s])|[U]l&m, U €C™, s€R.
Then the block operator A defined by

A — Ay B Cap
—ByCipn Ag 1 — BaDiCop )’

D(A) = { (?) e 7P x zP

2

Ay 121+ B1Copzzs € Z4,
Ay 129 — Bo(Cipz1 + D1Copzo) € Zy [

satisfies iR C p(A) and
IRGs, A)ll = O(w(ls])™"), s — *o0.

Proof. The theorem was proved in more general form in [24, Thm. 3.7]. The regular
tuples (Ay, By, C1, D1) and (As, By, Cs, Ds) correspond to (A, B., C., D..) and (A, B, C, D)
in [24], respectively. Similarly, the transfer functions P, and P, correspond to the transfer
functions G and P in [24]. The current statement follows from [24, Thm. 3.7] if we let
2. = R, in which case the required condition (2) of [24, Thm. 3.5] is trivially satisfied.
The non-increasing function v corresponds to the function 7 in [24, Thm. 3.7]. Moreover,
as explained in [24, Rem. 3.8], the assumption that the eigenvalues of A; satisfy the
uniform gap condition infy|sy — s;| > 0 implies that it is possible to choose ¢ and 7
in 24, Thm. 3.7] to be constant functions. With these choices [24, Thm. 3.7] implies that
iR C p(A) and there exists a constant M > 0 such that ||R(is,A)| < M/v(]s]) for all
s eR. 0

We begin by showing that the semigroup generated by the operator Ay = La|ker(cs)
D(Ay) C Zy — Zs introduced in Section [Z3] is exponentially stable whenever condi-
tion (LH) is satisfied.

Lemma 3.3. If condition (LI) holds, the contraction semigroup generated by As is ex-
ponentially stable.

Proof. Recall that As is the infinitesimal generator of a contraction semigroup on Zs =
L?(0,1)x M, as was shown in the proof of Proposition 212l We prove that iR C p(A;) and
sup,cr||R(ir, As)|| < co. The claim then follows from the Gearhart-Priiss theorem [16]
Thm. V.1.11]. To this end we begin by introducing the space N' = L2(0, 00; H}(0,1))
of H}(0,1)-valued functions on (0,00) which are square-integrable with respect to the
measure g(s)ds, endowed with the inner product

(165 = [ 9(6)(5)- (Do d.
0
By [17, Rem. 2.3], condition (LH) is equivalent to the estimate g(s) < Ou(s) for some
© > 0 and all s > 0. It follows that
(3.1) Il < VOl neM,

and hence M C A with continuous inclusion. Next, given 2 = (w,%)T € Z, and r € R,
we consider the resolvent equation (ir — Ay)z = 2 in the unknown z = (w,n)T € D(As).
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Taking the inner product of this equation with z in Z, and using w(1) = ¢’(0) = 0 and

2.1, we get
1 [ , .
||w’|%1}.(o,1) - 5/0 :U’,(S)HU(SM%{}.(O,I) ds = Re((ir — A2)z,2) 2, = Re(Z, 2) z,.
Since £/(s) < 0 for almost all s > 0, we have
(3.2) lwli 2,y < lwlifney < 1202112z
The resolvent equation may be rewritten in component form as

irw(x) — ¢"(z) = w(x), z € (0,1),
irn(x,s) — Tn(z,s) —w(x) =n(z,s), z€(0,1), s>0.

Recalling that M C N, we may take the inner product in A of the second equation above
with 7. Taking the real part of the resulting expression, we obtain

(3.3) — Re(T'n, n)x = Re{w, ) + Re(#, n) -

Integrating by parts with respect to s and employing a limiting argument (cf. (2.1])) yields

1 [ 1
~Re(Tnay = = [ GO ron ds = 5l

Hence, (31)), (32) and (B3) imply that
1 R 1 .
sl < VOllwll 0 17l aa + Ol Alladlnllave < 7l + 200121 2121 2.,

and combining this with (8.2]) we readily arrive at
(3.4) 12l z, < (14 80)||2]| 2,

The desired result now follows at once. Indeed, since A; the generator of a contraction
semigroup on Z,, we have C, C p(A;y). Hence o(A3) NiR is contained in the topological
boundary of ¢(As), and thus in the approximate point spectrum of As. However, (B3.4))
shows that no purely imaginary number can be an approximate eigenvalue of A,, since
otherwise there would exist a sequence of unit vectors z, € D(As) with (ir — Ag)z, — 0
in Zy as n — 0o, which contradicts ([B.4]). It follows that iR C p(As), and now (B.4) yields
the bound sup, || R(ir, A2)| <14 8O. O

We are now in a position to prove Theorem 3.1

Proof of Theorem B1l. By Propositions 2111 and 212, (A, Bk, Cy, D) for k = 1,2 are
impedance passive regular tuples with D; = 1 € C and Dy = 0 € C. Moreover, by
Proposition 2.11] the operator A; is skew-adjoint with compact resolvent and spectrum
o(Ay) = {ikr | k € Z} consisting of simple eigenvalues. Furthermore, |C1¢)| = ||¢|| for
all v € Ker(itkm — A;) and k € Z. By Lemma the semigroup generated by A, is
exponentially stable. Due to the structure of A described in Theorem we may derive
the desired resolvent estimate using Theorem provided we can find a non-increasing
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function v : Ry — (0, 1] such that Re Py(is) > v(|s|) for all s € R. We shall show that
there exists a constant ¢ € (0, 1] such that

Co
1+ |s|/?’
We begin by observing that by exponential stability of the semigroup generated by A,

the transfer function P, of the Coleman—Gurtin part (As, B, Cs, Ds) extends analytically
across the imaginary axis and, in particular, satisfies

Py(is) = tanh \/is/ﬁ(is)’

isl(is)

(3.5) Re Py(is) > s e R.

s # 0,

where we recall that, for s # 0,

(3.6) (lis) =1+ - Ooo ()1 — =) dr.

Integration by parts yields

(3.7) ((is) =1+ /Ooog(r)e_m dr.

This expression shows in particular that we may indeed define ¢(is) and hence Py(is) in
a natural way also for s = 0, by setting ¢(0) = 2 and P,(0) = 1/2. In particular, both
s+ L(is) and s — Ps(is) are continuous on R. We now prove that Re((is) > 1 for all
s € R. Note first that Re £(is) = Re{(—is) for all s € R and, as has just been noted, that
0(0) = 2. For s > 0, we see from (3.6)) that

1 00 1 0 2(n+1)7/s
Rel(is) =1+ B / w(r)sin(rs)dr =1+ — Z/ w(r)sin(rs)dr
0 2

S n—=0 ¥ 2nm/s

:1+§§/0ﬂ/8 (u (%ijtr) —M<M+T))sin(7’3)dr.

By monotonicity of p and non-negativity of sin(t) for 0 < ¢t < 7 all of the integrands
are non-negative, and hence Re/(is) > 1 for all s € R. Next we prove the asymptotic
estimate

1F:
Vs

Note first that, by integrability of u, ¢(is) = 1 4+ O(|s|™') and hence also £(is)™' =
1+ O(]s|™!) as |s| = oo. Thus

(3.8) Py(is) = +O0(|s|™*?), s — +oo.

(3.9) \/is/e(z@:\/¢s<1+0(\s\—1)>=\3\1/21—;<1+0(\s\—1>), s - o0,

and similarly

L (apelEe o1 _1: LFi o1
(3.10) = (15125 -+ 00 (0 ™)
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as s = +o0o. The estimate (3.9) yields
2

tanh \/is/0(is) =1 — ——

/ ( ) e%/is/f(is) +1

and combining this with (8I0) we quickly obtain (3.8). It follows that (83 holds for some
co € (0,1] and for |s| sufficiently large. Hence by continuity of the map s — Re P,(is) on
R it suffices, in order to prove (3.0), to show that Re P(is) > 0 for all s € R. First, from
B1) we see that

=1+ O(e“@s'm), |s| = o0,

Im ((is) = —/ g(r)sin(rs) dr, s € R,
0

which implies, in particular, that
I 0(is)| < / gr)dr=1, scR.
0

Let us denote by X the sector {z € C\ {0} : |argz| < 7/4}. Since Ref(is) > 1 and
IIm {(s)] < 1 we see that £(is) € ¥ for all s € R, and because ¥ is invariant under the
inversion z + 27! we also have ((is)™! € 3 for all s € R. Fix s > 0 and let § = arg ((is).
Here and in what follows we take arg to be the principal value of the argument, so that

|arg A| < 7 for all A € C. Then argy/is/l(is) = T — & and arg/isl(is) = T + 5. Let
a,b > 0 be such that y/is/l(is) = a + ib. Then

_ sinh(2a) + isin(20)
tanh /is /(i
anh /s / ~ cosh(2a) + cos(2b)

Using that | sin(2b)| < 2b and sinh(2a) > 2a together with monotonicity of the arctangent,

we find that
_4 ( sin(2b) (b —— 7 0
(sinh(Qa) < tan ) =aig is/l(is) = 175

| arg tanh \/is/((is)| = |ta

Since arg P»(is) = arg tanh \/is/l(is) —arg \/isl(is), we obtain —7/2 < arg Ps(is) < w/4.
In particular, Re Py(is) > 0. An analogous argument applies when s < 0, and thus there
exists ¢p € (0,1] such that (B3] holds. Hence if we let v(r) = ¢o/(1 + /r) for r > 0,
then (B.3) yields Re Pa(is) > v(|s]) for all s € R. It follows from Theorem that
o(A) C C_ and ||R(is,A)|| = O(|s|*/?) as s — +00, as required. O

3.2. Optimality. The following result shows that the resolvent estimate in Theorem [3.1]
is optimal.

Theorem 3.4. Suppose that o(A) C C_. Then

limsup s~ /2||R(is, A)|| > 0.
5—00
Proof. For n > 1 let 2, = (i, 9,,0,0)7 € H, where 4, (z) = sin(27nz)/27n and 0,(x) =
cos(2mnx). In particular, ||2,|ls = 1 for all n > 1. Since o(A) C C_ by assumption, the
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equation (27ni — A)z, = 2, has a unique solution z, = (u,, v, w,,n,)* € D(A) for each
n > 1. The components satisfy the system

21ni up () — vy (x) = Uy (), x € (—1,0),

2mni v, (z) — ul (x) = 0, (2), z € (—1,0),

(3.11) 2mniw,(x) — ¢ (z) = 0, z e (0,1),
270 Ny (x, 8) — Tnp(x, 8) — wy(x) = 0, z € (0,1), s>0,

where, as before,

On(x) = wy(z) + /000 w($)n,(x, s)ds, x € (0,1).

Let us introduce the auxiliary functions U = 1(v, +u/,) on (—1,0). Then, using the first
two equations in (B.I1)), it is readily seen that

(U (x) = 2ani Ut (z) — cos(2mnz), (U.) (z) = —2mni U, ()

n

for all z € (—1,0), and solving these subject to U;f(—1) + U, (—1) = v,(—1) = 0 yields

Uf(z) = izt (—1) — / e>™i@=T) cos(2mnT) dr,

n
-1

U~ (I) — _e—2wni(m+1)U:(_1>

n

for all z € (—1,0). Since v, = U;f + U,; and u,, = U;” — U,;, it follows that

n
x

(312) Un(llﬁ') _ (e27rm'(x+l) . e—27rm'(x+l)>UT-L‘r(_1) . / e27rm'(x—'r) COS(27T7’L7') dT,
-1

(3.13) ul(z) = (e2mietl) 4 om2mmilrt ) (1) — / ?™i@=T) cos(2mnT) dr

-1

for all z € (—1,0). In particular, (3.12)) yields

1 0 mni(x —2mni(x 2
Mﬂa4m25/‘@2(ﬂﬁw2 «mﬂqgm}m
1

-1
0
-/ do 2 |UF (-1 - 5.

1 3
It moreover follows from (B.12) and ([B.I3)) that v,(0) = —1/2 and u/,(0) = 2U,F (—-1)—1/2.
Integrating the fourth equation in (B.I1]) and using the fact that n,(z,0) = 0 yields

1 — e—27rm's

(3.14)

2

/ e?™i@=7) cos(2rnT) dr
-1

N (T, 8) = wy (), x € (0,1), s>0.

2mna

1 - —27mnis
Y- (n—/o wu(s)e ds)

with £ = [;° u(s)ds, and in particular ¢/,(0) = o, (0). Note also that a, — 1 as
n — 00, so by considering only sufficiently large values of n > 1 we may assume that

Hence ¢,, = a,w,,, where

(3.15) =1+
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a, # 0. Now using (8.I5]) in the third equation in (B.I1]) we find that
2mni [
! e / wy (1) dT + w,,(0), x € (0,1).
0

wy () =

n

Let us set 0, = /27mni/a, and
1 X
WE(z) = 5 (wn(:c) ¥ an/ Wy (7) dT) : z e (0,1).
0

Then (W;F) = Jw,,(0)F0,W;¥, and solving these differential equations subject to W, (1)+
W=(1) = w,(1) = 0 yields
1 — e—on(x—l)
Wi () = e W)+ 22 o),
On
1 — on(z—1)
Wi (@) = ™ IWH(D) = ——5——u},(0)
20,
for all z € (0,1). Since W,F(0) = W, (0), it follows that
e’ +e -2

WH(1) = W (0).

2(eon +e"om)g, "
Thus, using the relation w,(0) = W;F(0) + W, (0) we see, after a few elementary manip-
ulations, that
tanh o,

(3.16) wy(0) = — aI; Tn ! (0).
Observe in particular that tanho, — 1 as n — oo. Combining the coupling conditions
vn(0) = w,(0), u,(0) = ¢,,(0) with the identities v,(0) = —1/2, u/,(0) = 2U,;F(—1) — 1/2
obtained above and using the fact that ¢/,(0) = a,,w/,(0), it follows from (3.16) that

2w/ (0) tanh o, = 0y,

2w’ (0)ay, = 4UF(—1) — 1.

Now the definition of ¢,, implies that

1) = Ly _OnOn_ On Vi
4  4tanho, 4 4

as n — oo, and hence, using (3.14)),

s, 1 _mn
L L
37 16
for all sufficiently large n > 1. The result now follows from the fact that ||Z,|y = 1 for
alln > 1. OJ

2all3 = lvallZz-10) = U5 (=1)

Remark 3.5. An alternative approach to proving optimality of the resolvent bound in
Theorem [3.1] is to give a precise description of the part of the spectrum of A lying in a
neighbourhood of the imaginary axis and then to bound the resolvent norm from below
by means of the elementary estimate ||[R(), A)|| > dist(\,o(A))™! for A € p(A). Our
approach is shorter and more direct. The required description of the spectrum of A may
nevertheless be found in the appendix.
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4. ENERGY DECAY

In this last main section we convert the resolvent estimate obtained in Theorem [3.1] into
a decay rate for the semigroup (S(t))i>0 generated by A. In particular, we shall show
that (S(¢))i>o is semi-uniformly polynomially stable. The key to this is the following
well-known theoretical result due to Borichev and Tomilov [6, Thm. 2.4].

Theorem 4.1. Let A be the generator of a bounded Cy-semigroup (T'(t))i>0 on a Hilbert
space Z, and suppose that o(A) NiR = (). For each fived o > 0 the following statements
are equivalent:
(i) [[R(is, A)|| = O(|s]%) as |s| = oo;
(ii) [|T(t)A7Y| = O(t='/) as t — oo;
(iii) |T(t)z]|z = o(t™Y/*) as t — oo for every z € D(A).

A Cy-semigroup satisfying the equivalent conditions of Theorem [£.1] is said to be poly-
nomially stable (with parameter o.) By [4, Prop. 1.3] the implication (ii) = (i) holds
much more generally and even for Cyy-semigroups on Banach spaces, whereas passing from
(i) to (ii) in general requires a logarithmic correction factor in the Banach space setting,
as is shown in [4, Thm. 1.5] and [6 Thm. 4.1]. For Cp-semigroups on Hilbert spaces
the implication (i) = (ii) has recently been extended beyond the case of polynomial
resolvent growth in |26, Thm. 3.2].

From now on we consider the Cy-semigroup (S(t)):>o generated by the operator A
associated with system (LII). Since the orbits of the semigroup (S(t)):>o with initial
values zg € D(A) correspond to classical solutions of the abstract Cauchy problem (2.3),
we may interpret parts (ii) and (iii) of Theorem 1] as statements about (uniform) rates
of energy decay of classical solutions to our problem (L.T]).

Theorem 4.2. Assume that (LB) holds. Then the semigroup (S(t))i>o generated by the
operator A is polynomially stable with parameter 1/2. In particular, for any vector zy =
(u,v,w,n)T € D(A), the associated classical solution of ([Z8) satisfies ||S(t)zo|ln = o(t™?)
as t — o0.

Proof. This follows immediately from Theorems B.] and [Tl OJ

Our next result shows that optimality of the resolvent bound in Theorem B.1], as estab-
lished in Theorem 3.4, implies optimality of the decay rate in Theorem

Proposition 4.3. Let (S(t))i>0 be the Cy-semigroup generated by A. Given any func-
tion r : Ry — (0,00) such that r(t) = o(t™?) as t — oo, there exists a vector zy =
(u,v,w,n)" € D(A) such that

S(t)z
(4.1) lim sup 1520l =00
t—o0 T(t)
In other words, for any such function r there exist initial data giving rise to a classical
solution of (2.8]) whose energy decays strictly more slowly than r(t) ast — oo.

Proof. Replacing r(t) by sup,s,7(s) for t > 0 if necessary, we may assume that r is
non-increasing. Suppose, for the sake of a contradiction, that (&I is false for all z, €
D(A). Since 1 € p(A) by contractivity of the semigroup (S(t));>0 and since (I — A)™!
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maps H onto D(A), we then have sup,so7(t) 7 ||S(#)(I — A)~t2ll < oo for all 25 € H.
Thus sup,s, 7(t)71|S(#)(I — A)7|| < oo by the uniform boundedness principle, and we
may let C' = sup;~o7(t)'|S(t)(I — A)7Y|, a positive real number. Note in particular
that [|S(#)(I — A)~'| — 0 as t — oo, and hence o(A) C C_ by [4 Prop. 1.3]. On
the other hand, it follows straightforwardly from Theorem B4 and [10, Prop. 5.4] that
limsup,_, . t||S(t)(I — A)~!| > 0, so we may find a sequence (t,),>1 of positive real
numbers such that ¢, — 0o as n — oo and a constant ¢ > 0 such that ¢2||S(¢,)(I—A) || >
c for all n > 1. Thus Cr(t,) > ||S(t,)(I — A)7Y| > ct;? for all n > 1, which contradicts
the assumption that r(t) = o(t72) as t — oo. O

APPENDIX: THE SPECTRUM OF A

In this appendix we describe, using similar techniques as in [14], the spectrum of A near
the imaginary axis. We shall assume throughout that (LH) holds. For § > 0 as in (L3,
we introduce the vertical strip IIs = {\ € C : —g < Re A <0}, and we denote by Z, the
zero set of the map ¢ : II; \ {0} — C, noting that, by (L),

1 o
(N =1+ X/ p(s)(1 —e™)ds
0
is indeed well-defined for every A € Il \ {0}. We also consider the set

> = {)\ e I0; \ (Ze U {0}) ‘ VI Asinh A cosh y /s + cosh Asinh /s = 0 } .
Theorem A.1. The spectrum o(A) of the operator A satisfies o(A) N1l =X U Z,.

In the proof of this theorem we shall make use of the following technical lemma whose
proof is similar to the argument in the first part of the proof of Lemma 2.13] and conse-
quently omitted.

Lemma A.2. For any 1 € M and X € Il;, the function &; » defined by
Gals) = [ it a)da, we(0.1), 520
0

belongs to M, and ||gllm < 52555 1L
Proof of Theorem[A. 1. We divide the proof into three steps.

Step 1. We first show that 0 € o(A), which is to say that for every 2 = (4,9, w,7)T € H
the equation Az = 2 has a unique solution z = (u,v,w,n)’ € D(A). Componentwise, we
obtain

v(x) = a(z), z € (=1,0),
u'(x) = 0(x), z € (-1,0),
¢"(x) = (x), z € (0,1),
Tn(x,s)+w(z) =n(x,s), x€(0,1), s>0

= 0, we obtain

€(0,1), s> 0.

Integrating the last equation and usmg n(z,0

(A.1) n(z,s) = swlz) — &0z, s

\_/\_/
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Solving for u and ¢ by using the conditions u(—1) = 0 and ¢(1) = 0 we find that
u(z) = alz + 1) +:c/ o(r) dr—/ ro(r) dr, € (~1,0),
-1 -1
1 1
o(x) =01 —x) — x/ w(r)dr +/ rw(r) dr, z € (0,1),

for some a,b € C. Note in particular that u € H?(—1,0) and ¢ € H?(0,1). Next, recalling
the definition of ¢, we find

1 1 [ .
w(z) = §¢(x) + 5/ 1(8)&5.0(z, s) ds, x € (0,1).
0
From Lemma we obtain

| usow)ds| < Vil < 25 VAC il
0

H(0,1)

where & = [ pu(s)ds. In particular, we have w € H}'(0,1). Since the map s — s2u(s) is
an element of L'(0,00), it follows from Lemma, that the function 1 defined in (A1)
belongs to M. Note also that n; = w — 7 € M. Finally, by monotonicity of u, we have

1 s 2
||n<s>||H,1.<o,1>sSnwnH,l.(o,m@( / u(o)da) [l =0, 50,
0

which implies that n € D(T'). It remains only to show that the constants a,b € C may
be chosen in such a way that the coupling conditions v(0) = w(0) and «'(0) = ¢'(0) are
satisfied. Straightforward computations show that these conditions are equivalent to

0 1 0 1
b= 2u(0) — / 1(8)&5,0(0,5) ds — / rw(r)ydr, a=—-b-— / o(r)dr — / w(r)dr.
0 0 -1 0
Since all of the integrals are finite, we may indeed find suitable constants a,b € C.
Step 2. We prove that Z, C o(A) by showing that A — A is not onto for A € Z,. Pick any

w e L*(0,1)\ H*(0,1) and set 2 = (0,0,%,0)" € H. If A — A were onto, then there would
exist z = (u,v,w,n)T € D(A) such that Az — Az = 2. In component form, the problem

becomes
Au(z) = v(x), z € (—1,0),
Av(z) = u (), z € (—1,0),
Aw(z) — ¢ (z) = w(x), x € (0,1),
An(z,s) —Tn(x,s) =w(z), z€(0,1), s>0

Integrating the last equation with 7(z,0) = 0 we get n(z,s) = (1 — e )w(x) for
€ (0,1) and s > 0. Since £(\) = 0 a short calculation yields ¢ = 0, and now the third
equation implies that w = A""w ¢ H}(0,1). This is the desired contradiction.

Step 3. Let A € Il \ (Z, U {0}) be arbitrary. In the light of Steps 1 and 2, the result
will be proved once we have shown that A € ¥ <= X € ¢(A). To this end, let us fix
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an arbitrary 2 = (4, 0,%,7)T € H. Our goal is to show that the equation A\z — Az = 2
admits a unique solution z = (u,v,w,n)” € D(A) if and only if

(A.2) £(X\)Asinh A cosh + cosh A sinh ﬁ # 0.

A
[76))

In component form, our problem becomes

Au(z) —v(x) = a(x), x € (—=1,0),
\v(z) —u"(z) = 0(x), x € (—=1,0),
\w(z) — ¢"(x) = w(x), x € (0,1),
An(z,s) —Tn(x,s) —w(z) =n(x,s), xe(0,1), s>0
Integrating the last equation and using n(x,0) = 0 we find

A AS R
(A.3) n(z,s) = ! ; w(x) + & (2, 8), x € (0,1), s> 0.
Recalling the definition of ¢, we have
1 o0 .
(A.4) w(zr) = % — M/o p(s)épa(z, s)ds, x € (0,1).

Using the boundary condition u(—1) = 0 we obtain
u(z) = a(A) sinh(A(z + 1)) — U(\, x), x € (—=1,0),
where a(A\) € C and

U\ z) = %/_ snh(A(z — 1) (0(r) + Aa(r)) dr, @ € (=1,0),

1

Once u has been found, v is determined by the first equation of our system. It is straight-
forward to check that u € H*(—1,0) and v € H}(—1,0). Let us introduce the auxiliary
function

by () = ﬁ /0 T e s)ds,  ze (0,1).

The general solution for ¢ subject to the boundary condition ¢(1) = 0 may be written as

(A.5) é(x) = —b(\) sinh ( Dyl - x)) —d(\x), xe(0,1),
where b(\) € C and

\/7 / sinh (/7 (r = ) (00) + () dr. € (0.1).

By (A4), we also have

(A.6) w(z) = —% smh( (1 - x)) - (Dé(x;”) - @ﬁ’;@, z € (0,1).

Once w has been found, 7 is determined by (A:3). We now show that ¢ € H?(0,1),
w € HY0,1) and n € D(T). In fact, it follows from (AH) and (AZ6) that ¢ € H?(0,1)
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and w € H}!(0,1) provided that 9;, € H}!(0,1). The latter follows from Lemma [A2]
which also yield the bounds

A . A 2V kC
d < |—— 5 < | -
e AT I o N A e P LT

In order to prove that n € D(T'), we first show that n € M. Since f,n € M by LemmalA.2]
we only need to show that the map s — (1 — e **)w lies in M. To this end, note that

/0 ()1 — e_)\SPHwH%{}(OJ) ds < 2“““’“?{},(0,1) + HwH%{}(O’l)/o pu(s)e 2 BeNs g,

Since —2Re A < 4, (I5) implies that [~ u(s)e RV ds < oo, and hence n € M. Thus
ns =N+ w— An € M as well. Finally, by monotonicity of u, we have

I ason < " ot + o ([ utorae) il o
nis) e 0,1) = B W HL(0,1) 1(5) ; plo)ao nim
as s — 0. Thus n € D(T). It remains only to show that the coefficients a()),b(\) € C
may be chosen in such a way that the coupling conditions v(0) = w(0) and '(0) = ¢'(0)
are satisfied. It is straightforward to show that these conditions are equivalent to the
matrix equation

C(A)Asinh A sinh , /7 f(A))

(M) Acosh A — )\cos(lr/l\\/7 < ) <§(A)

where
Fo = 0 (3000 + 20 0,0) - E390) —a0r0), 500 = KN EL000) - 2.0,0)

Hence we may uniquely determine a(\), b(\) if and only if the determinant of the matrix
appearing on the left-hand side is non-zero, which in turn is equivalent to (A:2)). O
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