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NON-UNIFORM STABILITY OF DAMPED CONTRACTION
SEMIGROUPS

RALPH CHILL, LASSI PAUNONEN, DAVID SEIFERT, REINHARD STAHN AND
YURI TOMILOV

ABSTRACT. We investigate the stability properties of strongly continu-
ous semigroups generated by operators of the form A — BB*, where A is
the generator of a contraction semigroup and B is a possibly unbounded
operator. Such systems arise naturally in the study of hyperbolic par-
tial differential equations with damping on the boundary or inside the
spatial domain. As our main results we present general sufficient condi-
tions for non-uniform stability of the semigroup generated by A — BB*
in terms of selected observability-type conditions on the pair (B*, A).
The core of our approach consists of deriving resolvent estimates for the
generator expressed in terms of these observability properties. We apply
the abstract results to obtain rates of energy decay in one-dimensional
and two-dimensional wave equations, a damped fractional Klein—-Gordon
equation and a weakly damped beam equation.

1. INTRODUCTION

In this paper we study the stability properties of abstract differential
equations of the form

(1.1) #(t) = (A — BB")z(t), z(0) = zp € X.

Here A generates a strongly continuous contraction semigroup, or typi-
cally a unitary group, on the Hilbert space X and B is a possibly un-
bounded operator, defined on a Hilbert space U. This class of dynamical
systems includes several types of partial differential equations with damp-
ing, especially wave equations [42] 2, [4] and other hyperbolic PDE mod-
els [45, 23]. Equations of this form are also often encountered in control
theory as a result of feedback interconnections and output feedback stabili-
sation [57, @] 29, 38, 19 20]. Our main interest is in studying stability prop-
erties of the semigroup (Tp(t)):>0 generated by A— BB* and the asymptotic
behaviour of the solution z(-) = Tp(-)zg of (LI). One of the key results
concerning equations of the form (L)) is that stability of (Tg(t))i>0 can be
characterised in terms of observability of the pair (B*, A); see [57, 9] [19] 20].
This relationship is well understood in the context of exponential stabil-
ity and strong stability. In this paper we investigate this relationship for

2010 Mathematics Subject Classification. 47D06, 34D05, 47A10, 35190 (93D15, 35L05).
Key words and phrases. Non-uniform stability, strongly continuous semigroup, resolvent
estimate, hyperbolic equation, observability, damped wave equation, Klein—-Gordon equa-
tion, beam equation.
The research of L. Paunonen is funded by the Academy of Finland grants 298182 and
310489. The work of Yu. Tomilov was partially supported the NCN grant UMO-
2017/27/B/ST1/00078.

1


http://arxiv.org/abs/1911.04804v2

2 R. CHILL, L. PAUNONEN, D. SEIFERT, R. STAHN, AND YU. TOMILOV

semigroups (Tg(t))s>0 which are polynomially stable or more generally non-
uniformly stable. Our main results introduce new observability-type con-
ditions which can be used to guarantee and verify the precise non-uniform
stability properties of the differential equation (L.J).

The problem in (L)) and the associated semigroup (Tp(t))i>0 are said to
be (uniformly) exponentially stable if ||z(t)|| < Me “!||xg| for all zg € X
and t > 0 and for some constants M, w > 0. The weaker notion of strong
stability requires only that [|z(t)|| — 0 for t — oo for all xy € X. The main
benefit of exponential stability over strong stability is that the decay of the
solutions takes place at a guaranteed rate as t — oo. In this paper we focus
on non-uniform stability [8, 10, 53, 18], where (T5(t))i>0 is strongly stable
and all classical solutions of ([LI]) decay at a specific rate. Non-uniform and
polynomial stability have been investigated in detail especially for damped
wave equations on multidimensional domains [42, (44, 11, 4, 60] [16], 21],
coupled partial differential equations [24], and plate equations [45] [40].

Under suitable assumptions on A and B, exponential stability of the semi-
group (Tp(t))+>0 is equivalent to “exact observability” [63, Ch. 6] of the pair
(B*,A) [57, [19]. In addition, strong stability can be characterised in terms
of “approximate observability” of (B*, A) [9]. In this paper we show that
several modified concepts, each of which may be seen as “quantified approx-
imate observability” of the pair (B*, A), lead to non-uniform stability of the
semigroup (TB(t)):>0. In particular, we say that (B*, A) satisfies the non-
uniform Hautus test if there exist functions M, m : R — [rg, 00) with 79 > 0
such that [47, Sec. 2.3]

lz% < M(s)l|(is — A)zllX +m(s)|B 2], = € D(4), s €R.

In addition, if A is skew-adjoint we say that the pair (B*, A) satisfies the
wavepacket condition if there exist bounded functions v, 6 : R — (0, 0o) such
that [47, Sec. 2.5]

(1.2) 1B 2l > v()lzllx, @€ WP, (), s R

Here WP 5, (A) denotes the spectral subspace of —iA associated with the
interval (s —d(s),s +0(s)) (elements of WP, 5., (A) are called wavepackets
of A).

The following theorem summarises our main results on these two observ-
ability concepts. The precise assumptions of Theorem [[.T] are stated in As-
sumption 21l in Section 21l and they are automatically satisfied whenever
A generates a strongly continuous contraction semigroup and B € L(U, X).
The results employ a function p: R — [rg, 00), rg > 0, such that

(1.3) IB*(1 +is — A)7'B| < u(s), seR.

As shown in Section 2] we may always choose p in such a way that p(s) <
1+ s?, s € R. Moreover, in the case where B € L£(U,X) and in many
concrete applications u may be taken to be constant. Finally, a measurable
function N : [0,00) — (0,00) is said to have positive increase if there exist
a, Cq, So > 0 such that N(As)/N(s) > coA* for all A > 1 and s > sg.

Theorem 1.1. Assume that the operators A and B satisfy Assumption 2.1
and that p: R — [rg,00), ro > 0, is an even function such that (L3]) holds.
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If the pair (B*, A) satisfies the non-uniform Hautus test for some contin-
uous and even functions M and m, and if the function N : [0,00) — (0, 00)
defined by N(-) := M ()pu(-)+m(-)u(-)? is strictly increasing and has positive
increase, then (Ts(t))t>0 is non-uniformly stable and

C

(14) | Ts(t)zoll < NI

”(A—BB*).%'()H, xo € D(A—BB*), t > 1o,
for some C, tg > 0, where N~1 is the inverse function of N.

If A is skew-adjoint and (B*, A) satisfies the wavepacket condition (L.2)
for continuous and even functions v, such that v(-)~15(-)~1 is strictly in-
creasing and has positive increase, then (Tg(t))i>o is non-uniformly stable

and (L4) is satisfied for N(-) := v(-)726(-)2u(-)?.

Equations of the form (L)) in particular include the damped second-order
equation

(1.5) w(t) + Lw(t) + DD*i(t) =0,  w(0) € Hyy, w(0) € H,

for a positive operator L on a Hilbert space H and D € L(U, H—1/2), where

H, /5 is the domain of the fractional power LY/2 and H /2 1s its dual with
respect to the pivot space H. Non-uniform stability of such systems has been
studied in the literature in the case where D € L(U, H), and in particular it
was shown in [4], [32) App. B] that for such operators D the problem (L)
is non-uniformly stable whenever the “Schrodinger group” generated by <L
with the observation operator D* is observable in a certain generalised sense.
We subsequently refer to this property as the Schrodinger group associated
with the pair (D*,iL) being observable. In this paper we show that the same
observability condition for the Schrodinger group generated by iL serves as
as a sufficient condition for the wavepacket condition and the non-uniform
Hautus test for the pair (B*, A). Moreover, our results generalise the results
in [4, Thm. 2.3] and [32], App. B] to the case of general damping operators
D € L(U, H_y/). Finally, the second part of Theorem [[.T was proved in [50,
Thm. 6.3] in the special case where A is a diagonal operator with uniform
spectral gap and B € L(U, X).

As our last observability-type concept we introduce non-uniform observ-
ability of the pair (B*, A), which requires that there exist 8 > 0 and 7,¢; > 0
such that

(1.6) erl|(1 = A) Pk < / IB*T(t)z||dt, = € D(A),
0

where (T(t))¢>0 is the contraction semigroup generated by A. Note that if
8 = 0, then non-uniform observability reduces to the classical notion of exact
observability of (B*, A). The main result of Section [, Theorem 4.4l shows
that if (B*, A) is non-uniformly observable with parameter 5 € (0,1] and if
B e L(U, X), then the semigroup (T'5(t))¢>0 is polynomially stable and (L4])
holds for N~1(t) = t'/(>%), Related generalisations of exact observability
have previously been used as sufficient conditions for non-uniform stability
of damped second-order systems of the form (LB in [2, Bl [I]. Moreover,
in the the special case f = 1/2, similar generalised observability conditions
were used in [54] and [24, Sec. 5] to prove polynomial stability of (LIJ).
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Finally, non-uniform stability of (ILH]) for a special class of dampings sat-
isfying ||L=Pz| < ||D*z| < ||L7Pz| for some 8 > 0 and all z € X was
studied in [45], and for DD* = f(L) with some function f in [23]. In Sec-
tion [l we show that the assumptions in [45] imply non-uniform observability
of the pair (B*, A), and our results in particular establish a new proof of [45],
Thm. 2.1].

The core of our approach in Sections [3] and [ consists of deriving upper
bounds for the resolvent norms ||(is — A + BB*)7!||, s € R, in terms of
the different types of observability-type condition. In Section [ we address
optimality of our results. In particular, we present an abstract result which
describes how sharpness of the resolvent bound can be used to deduce op-
timality of the decay rate () of the semigroup (T5(t))i>0. In addition,
in the case where A is skew-adjoint we prove a lower bound for resolvent
norms of A — BB* in terms of the restrictions of B* to eigenspaces of A.
Combining these two results allows us to prove that Theorem [LTlis optimal
in several situations of interest, and in particular if A has compact resolvent
and uniformly separated eigenvalues.

In the last part of the paper we apply our main results to derive rates of
energy decay for solutions of selected PDE models, namely wave equations
on one- and two-dimensional spatial domains with different types of damp-
ing, a fractionally damped Klein—Gordon equation, and a weakly damped
Euler-Bernoulli beam equation. In most of these examples the wavepackets
are simply finite linear combinations of eigenfunctions [63 Sec. 6.9]. In our
one-dimensional wave and beam equations, the eigenvalues of A have a uni-
form spectral gap and, as a result, we obtain a particularly simple form of
the wavepacket condition (I.2)). Moreover, our general optimality results in
Section [{] guarantee that the decay estimates we obtain in these cases are
sharp. On the other hand, for two-dimensional wave equations with viscous
damping our results are typically suboptimal. This is due to the phenom-
enon that in certain cases the smoothness of the damping profile improves
the degree of polynomial stability [I1] 14, 21], whereas observability-type con-
ditions do not in general distinguish between smooth and rough dampings.
Indeed, comparing different types of viscous damping reveals natural lim-
itations to optimality of decay rates derived from observability conditions,
and we discuss this topic in detail in Section

The paper is organised as follows. In Section 2] we state the main as-
sumptions on the operators A and B and recall essential results concerning
non-uniform stability of strongly continuous semigroups. In Section Bl we
present the main results showing that the non-uniform Hautus test and the
wavepacket condition imply non-uniform stability of (T5(t))i>0. In particu-
lar, in the second part of Section [3] we reformulate these results specifically
for damped second-order systems, and present sufficient conditions for non-
uniform stability of (L5 based on observability of the Schrédinger group.
Next, in Section M we show that non-uniform observability in the sense
of (LO) implies polynomial stability of (T5(t)):>0. In Section [}l we present a
series of abstract results concerning optimality of the stability results in the
previous sections. Finally, in Section [0l we study energy decay for several
PDE models.
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Notation. If X and Y are Banach spaces and A : D(A) C X —» Y
is a linear operator, we denote by D(A), Ker(A) and Ran(A) the domain,
kernel and range of A, respectively. Moreover, o(A), o,(A), and p(A) denote
the spectrum, the point spectrum and the resolvent set of A, respectively.
The space of bounded linear operators from X to Y is denoted by £(X,Y).
The notation X — Y will mean that X C Y with continuous and dense
embedding. We denote the norm on a space X by ||-||x and its inner product
by (-,-)x, and we omit the subscripts when there is no risk of ambiguity.
We assume all our Banach and Hilbert spaces to be complex.

Let Ry :=[0,00), and let Cy stand for the open right and left half-planes
{A € C| ReX = 0}, respectively. We denote by yg the characteristic
function of a set E. For two functions f: 1 C R — R4 and g : Ry — R4
we write f(t) = O(g(|t])) if there exist C, to > 0 such that f(¢) < Cg(|t])
whenever |t| > to. If in addition g(¢) > 0 whenever |t| > tyg, we write
f@&) = o(g(Jt]) if f(t)/g(]t]) — 0 as |t| — oco. For real-valued quantities
p and ¢, we use the notation p < ¢ if p < Cq for some constant C > 0
which is independent of all the parameters that are free to vary in the given
situation.

2. PRELIMINARIES

2.1. Standing assumptions and well-posedness. Let A: D(A) C X —
X be the generator of a contraction semigroup (7'(t))¢>o on a Hilbert space
X. All semigroups considered in this paper are strongly continuous. For
Ao € p(A) we equip D(A) with the graph norm ||z|[; = |[(A0 — A)z||x, = €
D(A), and denote the Hilbert space defined in this way by X;. Defining X _;
as the completion of X with respect to the norm ||z||_1 = ||(Ao — 4) 12| x,
we obtain a Hilbert space X_{ such that X; — X — X_;. The operator
A has a unique extension A_; to X_1, with domain D(A_;) = X, and A_;
generates a contraction semigroup (7-1(t))t>0 on X_; which is unitarily
equivalent to (T'(t))¢>0. In particular, A_; € £(X,X_1) and the operators
A, A_q are unitarily equivalent and thus have the same spectrum. Moreover,
any S € L£(X) commuting with A has a (unique) continuous extension to
an operator in £(X_1), unitarily equivalent to S; see [63, Sec. 2.10].

To state our main assumptions, we let V be a Hilbert space such that
X1 C V C X with continuous embeddings. In particular, V' is dense in
X and we consider the Gelfand triple V' < X < V* where V* is the
dual of V' with respect to the pivot space X [63, Sec. 2.9]. We denote
by (-,)v+v : V¥ x V — C the unique continuous extension of the inner
product of X, and we define V4 := {x € V | A_jz € V* }. In the following
we state our standing assumptions on the operators A : D(A) C X — X
and B € L(U,X_1), where U is another Hilbert space.

Assumption 2.1. The operators A : D(A) C X — X and B € L(U, X_;)
have the following properties.

(H1) The generator A of the contraction semigroup (T'(t));>o satisfies
Re(A_qz,z)y=y <0 for all x € Vy.

(H2) We have B € L(U,V*) and Ran((A\g — A_1)"'B) C V for some (or
equivalently all) Ao € p(A).
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Assumption [Z]] in particular requires that Ran(B) € X_; N V*. Note
that when A is not skew-adjoint, the space V* is not necessarily contained
in X_q; it is instead a subspace of Xﬁl, the first extrapolation space for the
adjoint A* [63], Sec. 2.10]. If B € L(U, X), which we will refer to as B being
bounded, then Assumption 2.1]is automatically satisfied for any generator A
of a contraction semigroup (7'(t))>0 with the choices V =V* = X.

We write B* € L(V,U) for the adjoint of B € L(U,V*), where V is
identified with (V*)* via the pivot duality through X. In particular,

(Bu,x)v+y = (u, B*z)y, zeV,uel.
Moreover, (H2) in Assumption [ZT]and the closed graph theorem imply that
B*(A—A_1)"'B € L(U) for all A € p(A). We formally define the operator
Ap=A_1—BB*on X by
(2.1a) Apx = A_yz — BBz, x € D(Ap),
(2.1b) D(Ap)={xz€V |A_jx —BB'r € X }.
As shown in the following lemma, Assumption 2.1] guarantees that Ap gen-

erates a contraction semigroup (7'5(t))¢>0 on X. In particular, the orbits of
this semigroup are the solutions of the abstract Cauchy problem

(2.2a) x(t) = Apx(t), t>0,

(2.2b) z(0) = zo € X.

For zp € X the orbit z(-) = Tr(-)zo is a mild solution of (22)), and it is a
classical solution if and only if g € D(Apg) [0, Ch. 3].

Lemma 2.2. Let A and B satisfy Assumption Il Then the operator
Ap defined in 2.0 generates a strongly continuous contraction semigroup
(Tg(t))i>0 on X. Moreover, we have p(A) NCL C p(Ap) NCy,

(2.3) Re((is — Ag)z,z) > ||B*z|?, seR, z € D(Ap),
and
1
‘ A NVIBIZ < —IB*(A— A4 )1 .
(24)  JO-A)TBP < o IBO-A)TBl, e,

Proof. First note that if x € X and v € U are such that A_ix + Bu =:
y € X, then condition (H2) implies that for any Ay € p(A) we have z =
M—A 1) Nz —y+Bu)eVand A jz=y— BucV*. Thusx € Vy
and condition (H1) implies that

(2.5a) Re(A_1z 4+ Bu,z)x = Re(A_1z,x)y+ v + Re(Bu, )y« v
(2.5b) < Re(B*z,u)y.
Let s € R and « € D(Ap), and choose uw = —B*z. Then (23] immediately
implies (2.3). In particular, Ap is dissipative. o

To prove that p(A) N Cy C p(Ap) NCy, fix A € p(A)NCq, let u € U
and choose = (A — A_1)"'Bu. Then A 12+ Bu=AA—A_1)'Bue X
and (Z3) implies that

(ReN)||(A = A_1) "' Bul|*> < Re(B*(A — A_1) "' Bu,u).

In particular, this inequality implies (2Z.4]). Moreover, this estimate shows
that the operator G()\) := B*(A — A_1)"!B € L(U) satisfies ReG()\) >
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0, and consequently I + G(A) is boundedly invertible in £(U). A direct
verification shows that A — Ap has bounded inverse given by

(26)  (A\=Ap) = (\—A) NI - BI+GON) B A —A)),

and we deduce the required spectral inclusion p(A) N Cy C p(Ag) N Cs.
In particular, Ap is closed. Since Ap is dissipative and C; C p(Ap), its
domain is dense in X by [63, Prop. 3.1.6]. Hence Ap is m-dissipative, and by
the Lumer—Phillips theorem it generates a strongly continuous contraction
semigroup on X. O

Remark 2.3. If Assumption [Z] holds, then for every A € C, the right-
hand side of (26]) extends uniquely to a mapping from the (not necessarily
closed) subspace X + Ran(B) of X_; to X, simply by replacing (A — A4)~!
by (A — A_1)~!. We use this formula to define the extension of (A — Ap)~*
to an operator (A — Ap)~!: X + Ran(B) — X. In particular, we have

A=Ap)'B=(\-A_)"'BI +G\) ! € LU, X)

for A € (C+. The identity ()\ — AB)il = (I + (1 — )\)(}\ — AB)il)(l — AB)il
shows that also for arbitrary A € p(Ap) the operator (A — Ag)~! extends
uniquely to a mapping from X + Ran B into X, and that (A — Ag)~!'B €
L(U,X). For XA € p(Ag) and u € U we have (A — Ag) !Bu € V and

(A= A_, + BB*)(\ — Ag)"'Bu = Bu,

and if x € V is such that (A — A_; + BB*)x € X 4+ Ran(B) (in particular,
if x € D(A)), then

A\—=Ap)'(A\—A_, + BB )z =z.

Remark 2.4. Define Xp := D(A) + Ran((Ag — A_1)"'B), where \¢ €
p(A). The space Xp is independent of the choice of )y, and Xp C V by
Assumption Il Moreover, the domain of Ag has the useful alternative
characterisation

D(Ap)={ze Xp|A_jx+BB*r € X }.

Here the non-trivial inclusion can be verified as in the beginning of the proof
of Lemma

Our results in Section [Blemploy a parameter which describes the growth of
the operator-valued function A — B*(A— A_1)~!'B on a vertical line in C,.
In particular, we take p: R — [rg,00), o > 0, to be a function such that

(2.7) |B*(1+is— A1) "Bl < u(s),  seR,

and the rate of growth of u affects the resolvent estimates in our results.
The following lemma shows that p can be taken to be uniformly bounded
whenever B € L(U, X), and that estimate (27]) always holds for a quadratic
function p.

Lemma 2.5. If A and B satisfy Assumption 2.1, then the following hold.

(a) The estimate 1) holds for u(s) = c(1+s%), s € R, for some ¢ > 0.
(b) If B € L(U, X), then (20) holds for u(s) = ¢ with some ¢ > 0.
(¢) If @) holds, then ||(1 +is — A_1)"'B|| < u(s)'/? for s € R.



8 R. CHILL, L. PAUNONEN, D. SEIFERT, R. STAHN, AND YU. TOMILOV

Proof. Part (b) follows directly from the assumption that A generates a
contraction semigroup, which implies that [[(1 4+ is — A)~!|| < 1 for all
s € R. Moreover, part (c¢) follows from (24]) in Lemma To prove
part (a), fix s € R and let R = (1 +is — A_;)~!. Using the identity
R=(I—-A_1)~ ! —is(I — AR we see that

IB*RB|| < ||B*(I = A-1)"'B|| + [s||B*( = )T IRBI| < 1+ |s[||RB]|
and similarly

IRBII < |1 = A—) 7' Bl + [s[(1 +is — A)TH I = A~) 7' B S 1+ [s].
Together these estimates give ||B*(1 +is — A_1)7'B|| <1452, scR. O

Estimates of the form (Z7) have been studied extensively in the con-
trol theory literature. In particular, for a bounded function p the estimate
in (27) is known as the property of well-posedness of the operator-valued
“transfer function” \ — B*(A\ — A_1)71B; see [56), 29, 59, 64]. This prop-
erty has been verified in the literature for several different types of PDE
systems; see for instance [2] 29, 38, 64, [3]. As shown in the next lemma,
validity of (2.7) for a bounded function p moreover implies that B* is an
admissible observation operator for the semigroup (7'(t))¢>0, which is to say
that B*T(-)xr € L%*(0,7;U) for all + € D(A) and 7 > 0. This property
will be useful in discussing the relationship between our results and existing
results in the literature. In addition, the following lemma shows that under
the same assumption B is an admissible control operator in the sense that
Jo T-1(7 — t)Bu(t) dt € X for all w € L*(0,7;U) and 7 > 0.

Lemma 2.6. Let A and B satisfy Assumption 21 If (27) is satisfied for
a bounded function p, then B and B* are, respectively, admissible control
and observation operators for the semigroup (T'(t))i>0 generated by A.

Proof. Since A and B satisfy Assumption .11 it is straightforward to verify
that the operator S : D(S) C X x U — X x U defined by

A1 B
SZ(B*I 0), D(S)z{(i)GXxU:A_lirBueX}

is a system node on (U, X,U) in the sense of [59, Def. 2.1]. Moreover,
estimate (2Z3]) for (z,u) € D(S) and [59, Thm. 4.2] imply that the system
node S is impedance passive in the sense of [59, Def. 4.1]. The transfer
function of the system node S is given by G(\) = B*(A — A_1)"!'B for
A € p(A). Hence the assumption that (2.7) is satisfied for a bounded function
u together with [59] Thm. 5.1] imply that the system node S is well-posed
in the sense of [59, Def. 2.6]. In particular, B € L(U,X_1) and B* €
L(X;,U) are, respectively, admissible control and observation operators for
the semigroup generated by A. O

2.2. Damped second-order problems. In this section we wish to use the
framework introduced in Section21]to study a class of abstract second-order
equations with damping. To this end, we consider a positive self-adjoint and
boundedly invertible operator L : D(L) C H — H on a Hilbert space H. We
write Hy for the domain of L, and define Hj /5 as the domain of the fractional

power LY/2, and H_y/5 as the dual of Hy/y with respect to the pivot space
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H. For an operator D € L(U, H_;3), where U is another Hilbert space, we
consider the differential equation

(2.82) W(t) + Lw(t) + DD*i(t) =0, ¢ >0,
(2.8b) w(O) =wp € H1/2, U)(O) =w € H.

Such systems have been studied extensively; see for instance [37), 29] [4] [3]
and the references therein. This class of systems in particular contains the
wave equation with viscous damping on a two-dimensional bounded and
convex domain 2 C R? with (necessarily Lipschitz) boundary 052,

wtt(&a t) - A’U)(&, t) + b(&)th(g, t) =0, t >0,

where b € L*(€2) is a non-negative function and we impose Dirichlet bound-
ary conditions. In this situation we may choose H = U = L?(Q), let L = —A
be the (negative) Laplacian on H with Dirichlet boundary conditions, and
define D € L(U,H) by Du = bu for all w € U. This partial differential
equation will be studied in detail in Section

In order to formulate the abstract system (2.8]) as a first-order abstract
Cauchy problem of the form (2.2]), we proceed as in [64, Sec. 6]. In particular,
we let x(-) = (w(-),w(-)) and take X to be the Hilbert space X = Hy/y X
H equipped with the inner product (z,y)x = <$1,y1>H1/2 + (z2,y9)p for
x = (x1,22), y = (y1,y2) € X. The operators A : D(A) C X — X and
B :U — X_; in Section 1] are defined as

() ()

with D(A) = Hy X Hyjy and X1 = H x H_y/5. Then A is a skew-adjoint
operator and thus it generates a unitary group (7'(t)):er on X. We may
choose V' = Hy/p X Hyj, which has the corresponding dual space V* =
Hyj3 x H_y/5. The dual pairing of V' and V* is given by

(T y)ve v = (X191 Hy )y + (T2, Y2) B, 0,1y s

for x = (z1,22) € V', y = (y1,y2) € V.

Condition (H1) is satisfied since Re(A_jz,z)y+y = 0 for z € V = Vy,
as is easily verified. In addition, we have both B € L(U,X_1) and B €
L(U,V*). For A € p(A) the resolvent of A has the form

- AMXN+LD)7h A2+ L)
(A=A = (—L(AQ +L)7N AN+ L)—1> ’

and an analogous formula holds for (A — A_1)~!. Therefore we in particular
have Ran(A~1 B) C V, and thus condition (H2) in Assumption 211 is satis-
fied. By Lemma 2.2 the operator Ap defined in (2.1]) generates a contraction
semigroup on X, as also shown in [37, Prop. 7.6.1] and [29, Thm. 1].

It is straightforward to see that B* = (0,D*) € L(V,U), where D* €
L(Hy2,U) is the adjoint of D € L(U,H_y/3). Therefore the formula for
(A — A_1)~! implies that

B*A—A_)'B=AD*(\+L_1)"'D, XeC,.
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Moreover, ||D*((1+1is)?+ L_1)"'D| = |D*((1 —is)®> + L_1)"'DJ|, s € R.
Hence if

(2.9) SID* (1 +i8) + L)' D|l < pols), s € Be,

for some py : Ry — [r(,00), r{ > 0, then condition (2.7) holds for some
even function p : R — [rg,00), 79 > 0, satisfying u(s) < po(|s]), s € R.
Conversely, property (2.7) implies the above estimate for g : Ry — [rg, 00)
defined by po(s) = u(s), s € Ry. The estimate (2.9]) has been shown to hold
for a bounded function pq for several PDE models having our second-order
form (2.8]); see for instance [2], 29] [38]. On the other hand, as shown in [36]
and [65, Sec. 4], unbounded functions po are needed in some cases including
wave equations with boundary damping. In the case where D € L(U, H), we
have B € L(U, X) and, in particular, (Z7) holds for a bounded function g
by Lemma

2.3. Resolvent estimates and non-uniform stability. Throughout the
paper we are interested in finding sufficient conditions for the spectrum of
the operator Ap defined in (2.1]) to be contained in C_ and in obtaining a
resolvent estimate of the form

(2.10) |(is — Ap)~Y|| < N(s), s €R,

for an explicit function N : R — (0, c0).

In order to pass from the resolvent estimate (2.10]) to sharp rates of decay
for the semigroup (T(t)):>0 we make use of the following abstract result
from [53, Thm. 3.2]; see [10, Thm. 2.4] for the case where N is a polynomial.
Recall that a measurable function N : Ry — (0,00) is said to have positive
increase if there exist constants «, sp > 0 and ¢, € (0,1] such that

N(As)
N(s)
When N : Ry — (0,00) is non-decreasing but not necessarily strictly in-

creasing we take N~! to denote the right-continuous right-inverse of N de-
fined by N~1(t) = sup{s > 0| N(s) <t} for t > N(0).

(2.11) > ca Y, A>1, s> sg.

Theorem 2.7 ([53, Thm. 3.2]). Let (T'(t))i>0 be a strongly continuous con-
traction semigroup on a Hilbert space X, with generator A. If iR C p(A)
and if ||(is — A)7Y| < N(Js|) for all s € R, where N : R, — (0,00) is a
continuous non-decreasing function of positive increase, then

(2.12) IT®A Y =0(N"' (1)),  t— oo

The class of functions satisfying (ZIT]) contains all regularly varying func-
tions N : Ry — (0,00) which have positive index [53, Sec. 2], and in par-
ticular it contains any measurable function N : Ry — (0, 00) defined for all
sufficiently large values of s > 0 by N(s) = s*log(s)?, where a > 0 and
B € R. As discussed in [10, 53] 22], Theorem 2.7is optimal in several senses,
and for a large class of semigroups the condition of positive increase is even
a necessary condition for (2.12]) to hold.

Remark 2.8. If N(s) = C(1 + |s|)® in Theorem [2.7] for some constants
C,a > 0, then [ZIZ) becomes ||T'(t)A~| = O(tY) as t — oco. It is shown



NON-UNIFORM STABILITY OF DAMPED CONTRACTION SEMIGROUPS 11
in [I0, Thm. 2.4] that for indvidual orbits of (7'(t))+>¢ one obtains the even
better decay rate | T'(t)z|| = ot~ /%) as t — oo for all z € D(A).

In subsequent sections we shall repeatedly make use of the following
lemma when proving resolvent estimates; see e.g. [6, Prop. 4.3.6] for a proof
of a more general result.

Lemma 2.9. Let A be the generator of a contraction semigroup on a Hilbert
space X and let s € R. If there exists cs > 0 such that

(2.13) 2]l < ¢ll(is = A)zl|, = € D(A),
then is € p(A) and ||(is — A) 71| < cs.

We shall also make use of the following lemma on adjoints in the case
where A is a skew-adjoint operator. Here the composition (A — Ag)~'B in

part (b) is defined as in Remark 23]

Lemma 2.10. Let A and B satisfy Assumption 211 and assume that A is
skew-adjoint.

(a) We have
(A=A 'B*=B* A+ A7 Xep(A).
(b) If Re(A_1z,x)y~y = 0 for all x € V4, then the adjoint A% of Ap
defined in 2.1]) is given by
(2.14a) pr=—A_1x— BBz, xz € D(ApR),
(2.14b) D(A)={z€V |A o+ BBz X }.
Moreover, (A — Ag)™1B)* = B*(\ — A%)~! for A € p(Ap) N C,.

Proof. To prove part (a), let A € p(A), z € X and u € U. By density of X
in X_1, we may find a sequence (yx)ren C X such that ||lyp — Bu|lx_, — 0
as k — o0o. Since A+ A_1)~! € L(X_1,X), we also have

”(X—FA_l)ilBu— (X—FA)ilkaX — 0, k — oo.
Hence the definition of B* and skew-adjointness of A imply that
(u, B*(A — A) ')y = (Bu, (A — A) L)y y = (Bu, (A — A) o) x_, x,
= lim (yp, A — A '2)x_, x, = lim (yp, (A — A) o)y
k—o0 k—o0
= lem <(X + A)_lyk, 1’>X = <(X + A_l)_lBu, 1’>X-
Since = and u were arbitrary, we have (B*(A — A)~1)* = (A 4+ A_1)7'B.
To prove (b), we define
Apr = —A_qx — BB*zx, T e D(EB),
D(Ag)={z eV |A 1z +BBzeX}.

Since —A and B satisfy Assumption 2] (with the same choice of V'), Ag
generates a contraction semigroup on X by Lemma The assumption
that Re(A_jz,z)y+y = 0 for € V4 and a simple polarisation argument
imply that (A_qz,y)v+v = —(z, A_1y)v,y~ for z,y € V4, where we define
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<2’1,Zz>v’v* = <Zz,2’1>v*,v for 21 € V, z29 € V*. Hence if ¢ € D(AB) C Vy

and y € D(Ap) C Vy, then
(Apz,y)x = (A_1z — BB*z,y)v+v = (z,(~A_1 — BB*)y)vv~ = (z, Apy)x.

Thus A% is an extension of Ag, and since p(A%) N p(Ap) # @ we further
see that A} = Ap.

Now let A € p(Ag) NCy, z € X and u € U. We have (A — A%) 1z €
D(A%) C V4. Moreover, by Remark 2.3 we have (A — Ag) ™' Bu € V4 and

(u, B*(X = Ap) ')y = (Bu, (X — Ap) " 'a)v-v

(M= A_1+BB*)(\— Ap) 'Bu, (A — A) )y v
(= Ap) ™ Bu, (34 Ay + BB~ A3) 2y
(AN—A

B)_lBu, .%'>X.

Since A € p(Ag) N C,, 2 € X and u € U were arbitrary, the proof is
complete. O

The following proposition presents some general consequences of resolvent
estimates of the form (2.10). In particular, the last part concerns the effect
of scaling the operator B on the resulting resolvent estimate. Once again,
the composition (is — Ag)~'B for s € R is defined as in Remark 23l As
noted in Section 2.2] the additional assumptions in (b) are in particular
satisfied for the class of second-order systems considered there.

Lemma 2.11. Let A and B satisfy Assumption 21l and let Ap be as defined
in @J). If iR C p(Ap) and if N : R — (0,00) is such that (ZI0) holds,

then the following are true.

(a) For s € R, we have
1B (is — Ap)~'[| < N(s)"/?,
I(is — Ap)™'BIl S 1+ N(s),
1B*(is — Ap)"'B| < 1.
(b) If either B € L(U,X), or
A*=-A and Re(A_jz,z)y«yv =0, z€Vy,
then ||(is — Ag)~'B|| < N(s)'/2 for all s € R.

(c) Let k > 0 and consider the operator Ap, : D(Ap,) C X — X
defined by

Appr =A_jx — k?’BB*z, x € D(ABx),
D(Ap,)={r €V |A 1z —x’BB*z € X }.
Then iR C p(Ap,) and ||(is — Ap )"t S 1+ N(s)? for s € R. If

the assumptions in part (b) hold, then ||(is — Ap.) Y| < N(s) for
s €R.
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Proof. To prove the first estimate in (a), fix s € R and y € X, and let
r = (is — Ag)~'y € D(Ap). Then ||z|| < N(s)||y|| and (is — Ag)x =y, and
hence, by (23] in Lemma 2.2]
IB*2|1* < Re(y,z) < |lylllz] < N(s)lly]*.

Since s € R and y € X were arbitrary, the first estimate in part (a) follows.

To prove the second and third estimates in (a), we begin by deriving a
preliminary estimate. Let A € C and u € U. If we define the compo-
sition (A — Ag)~!B as in Remark 23] and let + = (A — Ag)~'Bu € X,
then Remark 23] implies that x € V and A_jx + B(u — B*z) = Az € X.
Estimate (Z3]) in the proof of Lemma [2Z2] shows that

(ReM)||z||* = Re(A_1z + B(u — B*z),z)x < Re(B*z,u — B*z)y
~ Re(B*,uy — | B2l
In particular, |B*(\ — Ag)~'Bu|| = ||B*z| < |lu| for all A € C, which

implies the third estimate in (a). On the other hand, for A = 1 + is with
s € R, the same estimate shows that

I(1 +is — Ap) ™' Bul]® < Re(B*z,u)y — || B*z|[%;
< Re(B*(1 +is — Ag) ' Bu,u)y < 1.
This inequality together with the property that (see Remark 2.3])
(is — Ag) 'Bu= (I + (is — Ag) ')(1 +is — Ag) "' Bu, s € R,

finally implies the second estimate in (a).

In order to prove (b), we first note that under the additional assumptions
it follows either from boundedness of B or from Lemma 2.J0(b) that the
adjoint A% is given by (ZI4) and that ((is — Ap)~'B)* = B*(—is — A%)™1,
s € R. Proceeding as in the case of the first estimate in part (a), we may
use the structure of A% to show that ||B*(—is— A%) 712 < |[(—is— A%) 7|
for s € R. Hence for all s € R we have

I(is = Ap) ™' Bll = | B*(—is — Ap) ']l < ||(is — Ap) ™[/ < N(s)"/2.

To show (c), let £ > 0 and s € R be fixed. Moreover, let € D(Ap)
and y = (is — Ap )z € X. Estimate (23) in Lemma (applied to the
operators A and kB) implies that | B*z|? < x=2|z|/||y||. We have

y=(is — A_1 + k?’BB*)z = (is — A_1 + BB")z + (k* — 1)BB*x,
and since x € V and (is — A_; + BB*)x € X + Ran(B), Remark 23] gives
x=(is — Ag) ly + (1 — k?)(is — Ap) " 'BB*z.
Using Young’s inequality we obtain
2 < 2N (2l + 201 — 12)21|Gis — Ap) B2 B
2)2

(1-k ) _
< 2N(s)?|lyl|* + QTH(ZS — Ap) 7' B |[|[|y]

2(1 — K2)*
T”

1 . -
<2N(s)*lyl* + 5 ll=* + (is — Ap) "' B[ *[ly]I*.

Since Ap, generates a contraction semigroup by Lemma 2.2 the claims
follow from parts (a) and (b) together with Lemma [2.0] O
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The estimate ||B*(is — Ag)~!'B| < 1, s € R, in part (a) was proved
in [49, Lem. 2.2.6, P6] in the case where B € £(U, X), and a similar result
for general B in the case of second-order systems was presented in [66),
Thm. 1.3].

3. FREQUENCY DOMAIN CRITERIA FOR RESOLVENT BOUNDS AND
NON-UNIFORM STABILITY

3.1. Criteria for first-order problems. In this section we consider the
semigroup (Tp(t))i>0 generated by the operator Ap defined in (2.1]), and
present sufficient conditions for non-uniform stability of this semigroup in
terms of observability properties of the pair (B*, A). Theorem 2.7] allows us
to focus on estimating the resolvent of Ap on the imaginary axis, and shows
that whenever ||(is — Ag)~!|| < N(|s|), s € R, for some continuous non-
decreasing N : Ry — (0,00) with positive increase, the classical solutions
z(-) = Tp(-)wo, 0 € D(Ap), of ([2.2) satisfy
(3.1) o0l < s I4pal. > to
for some constants C,ty > 0.

Our first main result is based on the following Hautus-type condition with
variable parameters. The same condition with bounded functions M and m
was used in [47] to study observability properties of the pair (B*, A).

Definition 3.1. The pair (B*, A) is said to satisfy the non-uniform Hautus
test if there exist M, m : R — [rg,00),r9 > 0, such that

(32) alk < M(s)l(is — Ak +m(s)| B zlfr, @€ D(A), seR.

The following theorem presents a norm bound for the resolvent of A on
iR when the pair (B*, A) satisfies the non-uniform Hautus test. General
properties of the function p in condition ([B.3]) were discussed in Section 211
and in Lemma

Theorem 3.2. Let A and B satisfy Assumption 211 Assume further that
M,m,pu : R = [rg,00),79 > 0, are such that the pair (B*, A) satisfies the
non-uniform Hautus test for the functions M and m, and

(3.3) |B*(1 +is — A_1)"'B| < pu(s), seR.
Then the operator Ap defined in 2.1) satisfies iR C p(Ap) and
s — Ap)~U S M(s)u(s) + mis)u(s)?, s ER.

Conversely, if N : R — (0,00) is such that |(is — Ag)~!|| < N(s) for
all s € R, then [B2) holds for M(-) = 2N(-)? and a function m such that
m(s) < 1+ N(s)? for s € R. If, in addition, either B € L(U,X), or
A" = —A and Re(A_qz,z)y+«y = 0 for all x € Va, then one may choose
m = 2N.

Proof. Since Ap generates a contraction semigroup on X by Lemma [2.2]
Lemma [2.9] shows that the inclusion iR C p(Ap) and the resolvent estimate
will follow from a suitable lower bound for is — Ag, s € R. To this end,
let s € R and x € D(Ap) be fixed and let y = (is — Ap)z. If we let
R = (1+1is— A_1)"! and define 1 =  + RBB*x, then (is — A_1)z; =
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y—RBB*zx € X and hence 1 € D(A). Applying (3.:2]) and using the identity
B*zy = (I + B*RB)B*z shows that

lz1]f* < M(s)l(is — A)a1|® +m(s)]| B a1
< M(s)(lyll + | RB|II| B*x)* +m(s)(1 + | B*RB||)*|| B x|
< M(s)lyll? + (M(s)|RB|? + m(s)(1 + | B*RB|]*)) | B*z|>
Since | B*z|? < Re(y,z) < ||yll||z|| by Lemma 22, we may further estimate
the norm of x = 1 — RBB*x by
1 < [l | + | RBI| B* x|
< M(s)|yll* + (M ()| RB|* +m(s)(1 + | B*RB|1*)) |z|ll||

1 " 2
< M(s)|lyl* + el + 4—€(J\4(8)HRBH2 +m(s)(1+ |B*RB|*)"|lyl1%,

where ¢ > 0. We have ||B*RB|| < p(s) by assumption, and Lemma
further implies that |[RB|*> < ||[B*RB|| < u(s). Letting ¢ be sufficiently
small we obtain

lz* < (M(s) + M()*| RB|* +m(s)*(1 + | B*RB|[*)?) [ly[|*
< (M(5)°u(s)? + m(s)*u(s)") lyll?
S (M(s)u(s) +m(s)u(s)?)” | is — Ap)a|.
Since © € D(Ap) was arbitrary, Lemma [2.9] implies that is € p(Ap) and
I(is — Ap)~H| S M(s)u(s) + m(s)u(s)*.
To prove the other claims, assume that ||(is — Ag)~!|| < N(s) and let

s € R and x € D(A) be arbitrary. Using the properties in Remark 23] the
claims follow from the estimate

Hx”Z = ”(’LS — AB)_l(’iS — A)(L' —+ (23 _ AB)_lBB*.%'HQ
< 2l is — Ap) " Pl(is — A)all* + 2] (is — An)~ BB
and Lemma 2171 -

S

S

Remark 3.3. In the case where p is a bounded function the resolvent
estimate in Theorem takes the form ||(is — Ag)~Y|| < M(s) + m(s),
s € R. As shown in Lemma 23] if A and B satisfy Assumption 1] then
condition (B.3)) is always satisfied for pu(s) = ¢(1+s?), s € R, with some ¢ > 0.
However, in the absence of a more precise bound for ||[B*(1+4is—A_1) ' B]|
the proof of Theorem can be modified to derive an alternative resolvent
growth bound. Indeed, if the operator R in the proof is redefined as R =
(I — A_1)~! and if 21 is defined as before, then we have (is — A_1)z; =
y + (is — 1)RBB*z, and estimates analogous to those in the original proof
show that iR C p(Ap) and

[(is — Ap) 7! S M(s)(1 + 8%) +m(s), seR.

This estimate is in general sharper than what is obtained from Theorem
with a quadratic upper bound for u. Finally, for general u the estimates in
the proof of Theorem also establish the more precise bound

IGis — Ap) M| S M ()2 + M()l|(1 +is = A-1) 7' B* + m(s)u(s)?
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for s € R. This improves on the original estimate if ||(14+is—A_1) ' B| — 0
as |s| = oo. The latter holds, for instance, if B € £(U, X) is compact.

Recall that the pair (B*, A) is said to be ezactly observable if

/nvamwwzcwm% v € D(A),
0

for some 7 > 0 and ¢, > 0 [63] Def. 6.1.1]. If (B3] is satisfied for a bounded
function p, then Lemma and [47, Thm. 2.4] imply that the non-uniform
Hautus test is satisfied for some bounded functions M and m if and only
if the pair (B*, A) is exactly observable. In this situation Theorem [B.2] and
the Gearhart—Priiss theorem imply that (T(t))i>0 is exponentially stable,
similarly as in [57) [19].

Our next resolvent estimate for a skew-adjoint operator A is based on
lower bounds for B* restricted to so-called wavepackets of A. Similar con-
ditions have previously been used to study exact observability of the pair
(B*, A), for example in [17), 511 [47].

Definition 3.4. Let A be a self-adjoint operator on X. For s € R and
(s) > 0 we define WP, 5.,)(A) to be the spectral subspace of A associated
with the interval (s — d(s),s 4+ d(s)) € R. The elements © € WP, 5.5 (A)
are called (s,d(s))-wavepackets of A. If A is skew-adjoint, then we define
WP&(S(S) (A) to be WP&(;(S)(—’L'A).

The following proposition presents a sufficient condition for non-uniform
stability of (Ts(t))i>0 given in terms of the action of B* on wavepackets
of A. In the case where p is a bounded function and the pair (B*, A) is
exactly observable, it is possible by Lemma 2.6 and [47, Cor. 2.17] to choose
d(s) = do > 0 and (s) = 70 > 0, and our result then implies exponential
stability of (TB (t))tZO-

Theorem 3.5. Let A and B satisfy Assumption 211 and suppose that A is
skew-adjoint. Suppose further that p: R — [rg,00), 19 > 0, is such that

|B*(1 +is — A_1) "' B|| < u(s), seR.
If there exist bounded functions v,d : R — (0,00) such that
(3.4) |1B*z|| > v(s)|x] x, r € WP, 55(4), s €R,

then iR C p(Ap) and

2

mm—Am*usﬁgg@? SeR

Proof. By Lemma 2.2] Ap generates a contraction semigroup on X. Thus
by Lemma [29] the claims will follow from suitable lower bounds for the
operators is — Ag, s € R. Let s € R and € D(Ap) be fixed and let
y = (is — Ap)x. Further let Py € £(X) be the orthogonal projection onto
WP, 505 (A), and let Pow = I — Fy. Define

o = Poxr, 2o =Pxx, Yo=Fy, and Yy = Pxy.
Since w9 € WP, 55)(A) and B*rg = B*x — B* 7w, ([3.4) implies that

(35)  lzl* = llzoll” + llzeo I* £ ¥() (1 B*2* + | B*zoo*) + [lzcc -
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We now estimate ||z and || B*zoo|| in turn. We begin by introducing the
operator R = (1 +is — A_1)~!, noting that ||R| < 1 since A generates a
contraction semigroup. Applying P, R to both sides of the identity y =
(is — Ap)x we obtain

(3.6) (is — A)Rxoo = Ryso — PxRBB™z,
and hence
(3.7) Too = R¥so + Ryso — PoRBB* 1.

Now since R and Py, commute, we have Rz, € Ran(Py), and the spec-
tral theorem for self-adjoint operators implies that ||Rzoo| < d(s)~!|(is —
A)Rxoo||. Thus

|[Zooll S ()~ | (is — A)Rwoo|| + |y || + | RBI[[|B*].
By (3.6) we have
[(is — A)Roo || < [|Ryooll + [P RBB || < |lyl| + | RBI|[| B* ],
and therefore
(3.8) lzsoll < 8(s) ™ (lyll + I RBIIII B*x])).
In order to estimate | B*z| we begin by observing that, by (3.7]),
(3.9)  [|B% 2ol < [ B*R[[[zeo|l + || B*Ellllyll + [[B*(I — Po) RBI|[| B*x]].

Since A is skew-adjoint, we have B*(1 +is — A)~' = ((1 —is + A_1)"!B)*
by Lemma 210l Hence the resolvent identity gives

IB*R| = [|(1 —is + A_1)"'B|| = |RB — 2(1 —is + A)"'RB| < 3||RB|,

and since |[(1 +is — A)Py|| S 14 d(s) < 1 we see using (2.4) in Lemma 2.2
that

|B*(I — Py)RB| < ||B*RB|| + ||B*R(1 +is — A)PyRB]||
< |B*RB| +||RB|* < | B"RB].
Using these estimates and (3.8]), we obtain from (3.9]) that
[1B* 200 || S |1RB|||zoo|l + [|RB]lllyl| + | B*RB||[| B*z|
< 3(s)THIRBlyll + (5(s) "M IRB|* + | BRBY|) | B |-

Inserting our bounds for ||z || and |[|B*z|| into ([B.3]), and using the esti-
mate ||B*z||?> < ||z|/||ly| implied by 23] in Lemma 2, we deduce after a
straightforward calculation that

o112 S 7(5) 2 (1Bl + 1B woc|2) + ool
< 8(5) 2 (14 2() 2 RBI?) [y
+ (1602 (1 + 8(5) 2 IR + | B*RBI?) + () 2IRBI) ] ]|

Since |RB||*> < |B*RB|| < p(s) by Lemma and our assumption we
obtain, after dropping dominated terms, the estimate

l2]1* < () 720(s) ) yll* + () 720 ()~ u5) || 1y -

An application of Young’s inequality now yields
(> < v (s) 18 (s) " pals) Iy 1%,
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and the claim follows from Lemma 2.9 O

Remark 3.6. In the situation where u is a bounded function, Theorem
can alternatively be proved by combining Theorem .2 Lemma and
results in [47]. Indeed, in this case Lemma [2.6] implies that B* is admissible
and by [47, Prop. 2.16] the pair (B*, A) satisfies the non-uniform Hautus
test (32) for some functions M and m such that M(s) < v(s)"2d(s) "2
and m(s) < (s)~2 for s € R. The claim of Theorem [3.5] then follows from
Theorem[32l Similarly as in Remark[3.3] the end of the proof of Theorem 3.5
can be modified to establish the potentially sharper resolvent estimate

s 2
65 = ) ) £ v(e) 4 2P0+ 85— A B+ 20 s

where v(s) = §(s) 71 (1 +~v(s)7L|(1 +is — A_1) "1 BJ)).

Remark 3.7. It is easy to see from the proofs of Theorems and
that if the assumptions are satisfied only for |s| > sg for some sy > 0, then
iR\ (—isg,is0) C p(Ap) and the resolvent estimate will hold for |s| > sp.
The same comment applies to the results in the remainder of this paper.
Since the non-uniform decay rate is determined only by the resolvent norms
for large values of |s|, this property is useful in situations where iR C p(Ap)
is already known or can be shown using other methods.

3.2. Criteria for second-order problems. In this section we focus on
studying the resolvent growth for the operator Ap defined in (21I) in the
case where the operators

(5 ()

on X and U, respectively, satisfy the assumptions in Section In partic-
ular, L : Hy C H — H is a positive self-adjoint and boundedly invertible
operator and D € L(U, H_y /). We shall reformulate the conditions of Theo-
rem [3.2] and Theorem [35lin terms of the operators L and D. In addition, we
shall present further sufficient conditions for non-uniform stability in terms
of generalised observability properties of the “Schrédinger group” generated
by L.

In the proofs of our results we shall employ a change of variables which
transforms A into a block-diagonal operator Agiag; see for instance the proof
of [47, Thm. 3.8]. Recalling that V' = H;/ x H;y, we define a unitary
operator @ € L(V, X) by

1 I ' 41 (T —iL?
(3.10) Q—ﬁ<iL1/2 —iL1/2>’ with @ —ﬁ(l iL—1/2

We then have A = QAdiagQ_l, where
iLY? 0
A= (1) ) D) €V

with domain D(Agiag) = Hi x Hy. The following lemma describes the
wavepackets of A in terms of the wavepackets of L/2.
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Lemma 3.8. Let L and A be as in Section and let 6 : R — (0,00) be
such that supyer 6(s) < ||L7Y?||. Then for every s € R we have

(3.11) WPy (A) = { (Z Sign(:;Ll/?w)

Proof. Let s > 0 be fixed. We have WP, 5,)(A) = Ran(x1, 4, (—i4)), where
I s(s) = (s — 8(s), s + (s)). Using the decomposition A = QAgiag@ ' and
the upper bound for § we see that

1/2 1 (L1/2) 0
3 — XIs,é(s) (L ) 0 -1 — XIs,é(s) -1
Xls,as( iA) = Q ( 0 0 Q \/5 iLl/QXI L1/2) 0 Q.

w e WP‘SL(S(S)(Ll/z) }

s,6(s) (

The functional calculus for the positive and boundedly invertible operator
L implies that

XI; 5(5) (L1/2)H1/2 = Ran(XIS,(;(S) (Ll/z) )7

and hence ([B.II) follows from surjectivity of @Q~'. The proof in the case
s < 0 is analogous. O

The next result is a counterpart of Theorem for damped second-order
systems. We refer to [54, Sec. 3] for a related result on polynomial stability
of second-order systems in the case where L has discrete spectrum and
D e L(U,H).

Theorem 3.9. Let L, D, A and B be as in Section and assume that
o : Ry — [ro,00), ro > 0, is such that
SID*(1+i5) — L) 'D < pols), s € Ry
If there exist bounded functions ~p, 00 : Ry — (0,00) such that
ID*wlly > yo(s)|wlla,  w € WP, 55 (LY?),s >0,
then iR C p(Ap) and
. - po(]s])?
I(is = Ap) ' S —rer sy SER
0(Is])?0(]s])
Proof. If we let sg = min{||L~'/?||,1} then o(L'?) C [sg,00). Define § :
R — (0,00) by
s0do(s])
3.12 §(s) = — 2000
( ) (5) 2sup,g> 0o (s)
Fix s € R and let * € WP, 55)(A) be arbitrary. Lemma [3.8 implies that
x = (w,isign(s)LY?w) for some w € WP|8‘,5(S)(L1/2). Noting that L'?w €
WP‘SL(S(S)(Ll/z), our assumptions imply that

s € R.

1Bl = 15" L 2wl > (DI 2wl = 22 .

2

Thus the conditions of Theorem hold for 6 : Ry — (0,00) defined
in (312)) and for vy : Ry — (0, 00) defined by v(s) = 7o(|s])/v/2 for s € R. As
shown in Section 22, our assumptions imply that ||B*(1+is—A_1) ' B[ <
to(ls|), s € R, and thus the claims follow from Theorem O
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The recent literature contains several studies of non-uniform stability for
second-order systems based on observability properties of the Schrédinger
group associated with (D*,iL) when D € L(U,H) is a bounded operator.
In particular, the Hautus-type condition ([B.I3)) in the following proposition
was used as a starting point for deriving resolvent estimates for Ap in [4,
Thm. 2.3] in the case of constant parameters My and mg, and with variable
parameters in [32) App. BJ; see also [40]. In both cases the results were used
to prove non-uniform stability of wave equations with viscous damping. The
following result generalises the results on resolvent growth in [32, App. B]
to operators L with possibly non-compact resolvent and operators D &
ﬁ(Ua H71/2)'

Proposition 3.10. Let L, D, A and B be as in Section 221 Moreover, let
My : Ry — (0,00) and mg : Ry — [rg,00),79 > 0, be such that

(3.13)  lwllf; < Mo(s)lI(s* = Lywll; + mo(s)| D wllfy, w € Hi, s >0,

and define 1) := infs>0 Mo(s)(145)% > 0. Then the conditions of Theorem B9
are satisfied for the functions g, do : Ry — (0,00) defined by

min{,/7,1/2} n 1

3.14 do(s) = d Y0(8) = ————
(814 )= e+ s) )=o)
for s > 0. If, in addition, po : Ry — [rg,00), r9 > 0, is such that
(3.15) s||D*((14is)? — L_1) "' D|| < po(s), sERy,

then iR C p(Ap) and
I(is — Ap) "M S (L+ %) Mo(Isl)mo(|sDmo(s)?*, s € R.
Proof. Let s > 0. The function 6y in ([B.J4) is bounded and for every r €
(s —do(s),s+ do(s)) we have
min{,/77,1/2}(2s 4 do(s)) < 1
VMo(s)(1+5) T /2Mo(s)
If w e WP, 5, (L'/?), this estimate and the functional calculus for L imply
that ||(s? — L)wl||? < (2Mo(s)) " !|w]||?>. Hence [3I3) yields
ID*w||* >

2
wl]®.
L
Since s > 0 and the wavepacket w were arbitrary, the conditions of Theo-

rem [3.9] are satisfied for the functions g and vy defined by ([B.I4]), and the
remaining claims follow from Theorem [3.9] O

s> =% =|s—r|ls+ 7| <

Our result shows in particular that if (8:13]) holds for constant functions
My and mg and if (B.J5) holds for a bounded function pg, then |[|(is —
Ap)7Y| £ 1+ 5% for s € R. The same result was previously proved for
D € L(U,H) in [4, Thm. 2.3], and we shall discuss this result further in
the context of damped waves in Section below. A result closely related
to Proposition B.10 and, in particular, allowing non-constant functions My
and mg was proved in [32, Prop. B.3], once again in the simpler setting
where D € L(U, H); see also [40]. Proposition .10 not only generalises and
extends these earlier results, it moreover allows us to see that observability
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conditions of the type considered in ([B.I3]) and in [32) App. B] serve as
sufficient conditions for the wavepacket condition in Theorem Finally,
in the case where pg is a bounded function, Lemma 2.6l and [47, Prop. 2.16]
show that the same conditions further imply the non-uniform Hautus test
in Definition B.1] for the associated first-order equation.

We conclude this section by presenting an equivalent characterisation for
the non-uniform Hautus test of pairs (B*, A) stemming from second-order
systems.

Proposition 3.11. Let L, D, A and B be as in Section 2. If My, mg :
Ry — [ro,00), 79 > 0, are such that
(3.16) lwllF < Mo(s)l(s = LY?)w| 3 + mo(s) || D*w]7;
for all w € Hyjy and s > 0, then (B*, A) satisfies the non-uniform Hautus
test for some function M such that M(s) < My(|s|) + mo(|s|) and for m
given by m(s) = 4mo(|s|), s € R. If, in addition, ug : Ry — [rg,00), ro > 0,
is such that

SID*((L+i8) — L) 'Dl| < iols), s € R,
then iR C p(Ap) and

I(is — Ap) Ml S Mo(IsDwo(|s]) +mo(lsDro(s)?, s € R.
Conversely, if (B*, A) satisfies the non-uniform Hautus test for some
M,m : R = [rg,00), 79 > 0, then BI0) holds for My and mg defined
by My(s) = M(s) and mo(s) = m(s)/2 for s > 0.
Proof. Since L'? is boundedly invertible by definition, similarly as in [47,
Thm. 3.8] the decomposition 4 = QAgiag@ " with @ as in (ZI0) implies
that (3.2)) holds if and only if

oyl + llyally < Ms) (IG5 = L2l + s + L))

m(8) |
+ ) ey —

for all y1,y2 € Hyjp and s € R. Thus if (32) holds, then choosing y2 = 0
and s > 0 in the above inequality implies the last claim of the proposition.
To prove the first claim, let s > 0 and y1,y2 € Hy /o be arbitrary. Our as-

sumptions imply that L*/? is boundedly invertible and D*L~Y2 ¢ L(H,U).
Thus the estimates HLl/Q(s + L1/2)*1H <1, |(s+ L1/2)*1H < HL*UQH*1
and ([B.I6) imply that
lya 17 + lall7r < Mo(s) (s — LYy |[3r + mo() Dy 7 + llyz7r
< Mo()]|(s = L)y |3 + 2mo(s)[1D* (11 — 92) |1
+ 2mo(s)[|D* L2 LY 2ya | + vzl
< Mo()]|(s = L)y |3 + 2mo(s)[1D* (11 — y2) I
+ (2mo(s)[D* L2 + [IL72172) (s + L)y Fr-

Thus (3.2 holds for s > 0 with M and m as described in the claim. For
s < 0 we get an analogous estimate by applying BI6) to ||yo||?> with s
replaced by |s|, and combining the estimates shows that (B.2)) holds for
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s € R with functions M, m : R — [rg, 00) satisfying m(s) = 4mo(|s|) and
M(s) < Mo(|s|) + mo(]s|) for s € R. Finally, as shown in Section 2.2 our
assumptions imply that |B*(1+is—A_1)"'B|| < uo(|s]), s € R, so the final
claims follow from Theorem U

4. TIME-DOMAIN CONDITIONS FOR NON-UNIFORM STABILITY

4.1. Conditions for first-order problems. In this section we present
sufficient conditions for polynomial stability of the semigroup (TB(t))t>0
generated by Ap in terms of the following generalised observability con-
cept. Related generalisations of exact observability have previously been
used in [2, Bl [I] to study non-uniform stability of damped second-order sys-
tems.

Definition 4.1. Let (T'(t)):>0 be a contraction semigroup on X, with gen-
erator A, and let C € £(X;,U), where X and U are Hilbert spaces. The
pair (C, A) is said to be non-uniformly observable (with parameters > 0
and T > 0) if there exists ¢; > 0 such that

(4.1) e ||(I = A)Pe|% < /OTHCT(t)xH?]dt, x € D(A).

Note that by [33, Corollary] the norm ||(I — A)~?z|| in @I can be re-
placed by ||(A\g — A) 7Pz for any fixed Ay € p(A)C, (and a possibly dif-
ferent ¢, > 0), and in particular the choice Ao = 0 is possible if 0 € p(A).
By injectivity of (I — A)~?, non-uniform observability also implies approz-
imate observability of the pair (C, A) in the sense that if CT(t)x = 0 for
all t € [0, 7], then necessarily x = 0. The case 8 = 0 corresponds to exact
observability of the pair (C, A).

Throughout this section we consider the setting of Section 2.I]in the case
where B is a bounded operator. In particular, A: D(A) C X — X generates
a contraction semigroup (7'(¢))s>0 on a Hilbert space X and B € L(U, X),
where U is another Hilbert space. In this situation the generator of the
semigroup (Tg(t))i>0 is Ap = A— BB* with D(Ap) = D(A). The following
consequence of the Heinz inequality for dissipative operators due to Kato
will be important for the arguments in this section. The result in particular
allows us to compare fractional powers of I — A and I — Ap.

Theorem 4.2 ([33], Corollary]). Let A1 and Ay be generators of contraction
semigroups on X, and suppose that D(Ay) C D(As) and ||Asx|| < ||Arx|| for
all x € D(Ay). Then for every a € [0,1] we have D((—A1)*) C D((—A2)%)
and ||(=A2)%|| < [(=Ar)*[| for all 2 € D((=A1)").

We shall also require the following lemma. A similar result for second-
order systems of the form in Section (and a possibly unbounded opera-
tor B) was presented in [2, Lem. 4.1].

Lemma 4.3. Let A: D(A) C X — X be a skew-adjoint operator generating
a unitary group (T(t))t>0 and let B € L(U, X).

(a) For every T > 0 there exists Cr > 0 such that

(4.2) /HB*TB(t)xH?dtg/ HB*T(t)xH2dt§CT/ B T (t)z|2 dt
0 0 0



NON-UNIFORM STABILITY OF DAMPED CONTRACTION SEMIGROUPS 23

for all x € X. Moreover, the second inequality in (A2]) remains valid
when A is merely a generator of a contraction semigroup.

(b) The pair (B*, A) is non-uniformly observable with parameters 3 €
[0,1] and T > 0 if and only if (B*, Ap) is non-uniformly observable
with the same parameters B and 7.

Proof. We begin by the second statement in (a). Suppose therefore that
(T'(t))e>0 is a contraction semigroup and let 7 > 0 be fixed. Define ¥,
Up € L(X,L?0,7;U)) by ¥z := B*T(-)z and Yz := B*Tg(-)x for all
r € X. If we define F, € L(L%(0,7;U)) by

(Fru)(t) = /Ot B*T(t — s)Bu(s) ds, u € L*0,7;U),

then the variation of parameters formula for (Tp(t)):>0 implies that
(I+F)0p = 0.

Hence the second inequality in (£Z) holds with C, = (1 + ||F,|)®2. To
complete the proof of (a), assume that A is skew-adjoint in which case
(T'(t))e=0 is a unitary group. Direct computations may be used to show that
Re(F,u,u) > 0 for all u € L?(0,7;U), and therefore the operator I + F, is
boundedly invertible with ||(+F,)~!|| < 1. This implies the first inequality
in (£2) and thus completes the proof of (a).

To prove (b), fix 8 € [0,1] and 7 > 0. Both (A—1)"! and (Ag —1)~! are
bounded operators generating contraction semigroups on X. Since ||(A —
D'z S (A —1)tz| < |[(A—1)"1z| for all z € X, Theorem A2 implies
that ||(I — A) Pz|| < ||(I — Ap) Pz|| < ||(I — A)~Pz| for all z € X. Now
the claim follows directly from (a). O

As our first main result of this section we show that if D(A*) = D(A)
and B € L(U, X), then non-uniform observability of (B*, A) implies poly-
nomial stability of the semigroup (T5(t))t>0 generated by Ap. The theorem
is similar in nature to the results presented in [2, I] and [3, Ch. 2]. In
particular, these references introduce generalised versions of exact observ-
ability of (B*, A) for second-order equations of the form in Section 2.2 and
deduce non-uniform stability of the semigroup (T(t))i>0. If = 0 in our
result, then the pair (B*, A) is exactly observable and we obtain exponential
stability, similarly as in [57].

Theorem 4.4. Let A be the generator of a contraction semigroup on X
such that D(A*) = D(A), and let B € L(U, X). If the pair (B*, A) is non-
uniformly observable with parameters € [0,1] and T > 0, then iR C p(Ap)
and

H(is—AB)_lﬂ Sl—i—]s]%, seR.

In particular, if 0 < B < 1 then the semigroup (Tp(t))i>0 is polynomially
stable and there exists a constant C > 0 such that

C
(4.3) [Ts(t)z| < M—M)HABHC’L z € D(Ap), t> 0.

If B =0 then the semigroup (Tp(t))i>0 is exponentially stable.
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Proof. Let 5 € [0,1] and 7 > 0 be such that (£I) holds for some ¢, > 0.
By Lemma the semigroup (T(t)):>0 is contractive and 1 € p(Ap).
Moreover, both (A—1)~! and (Ap —1)~! are bounded operators generating
contraction semigroups on X. Since |(Ag — 1)~ tz| < (A — 1)~ 12| for
all z € X, we have ||(I — Ag) Pz|| < ||(I — A) Pz for all z € X, by
Theorem Let A € C4 and z € D(A). The previous estimate together
with non-uniform observability of (B*, A), Lemma [4.3](a) and the estimate
Re((A — Ag)z,2) > ||B*z||%, 2 € D(A), imply that

) ) c [T
I(I = Ap) Pz S (I — A)Pz|? < C_/o |B*Tp(t)z|?* dt
c [
<& / Re(Tp(t)(A — Ap)a, Ty(t)) dt.
Cr 0

Since D(I — A%) = D(A) = D(I — Ag), Theorem B2 gives D((I — A%)%) =
D((I — Ag)?), and in particular (I — A%)?(I — Ap)™? € L£(X). Hence
if \ € C; and € D((—Ap)'*?%) are arbitrary, the above estimate and
contractivity of (Ts(t))t>0 imply that

2l < f— /O Re(Ty(t) (A — Ap)(I — Ap)’e, To(t)(I — Ag)Pa) dt

= f_ OT Re((I — Ap)°(I — Ap) PTp(t)(A — Ap)(I — Ap)*z, Tp(t)z) dt

T (1 - A5)°(1 - Ag) (A = A)U - Ap)Pz] o).

T

<

Since C4 C p(Ap) we in particular obtain

sup  ||(A— AB)fl(I — AB)*%H < 00.
0<Re <1

Thus [|[(A — Ap) Y| < 1+ A\ for 0 < ReX < 1 by [39, Lem. 3.2]. In
particular, the inequality |[(A\ — Ag)~'|| > 1/dist(\,0(Ap)) implies that
iR C p(Ag) and ||(is — Ag) ™| < 14 |s|? for s € R. Finally, for 8 € (0,1],
the estimate (43)) follows from Theorem [2.7] and for 8 = 0 the claim follows
from the Gearhart—Priiss theorem. O

As shown in the following proposition, non-uniform observability of (B*, A)
can also be characterised in terms of the orbits of the semigroup (T5(t)):>o0-

Proposition 4.5. Let A be skew-adjoint and B € L(U, X). The pair (B*, A)
is non-uniformly observable with parameters B € [0,1], T > 0 if and only if

(4.4) 17— A)Pal? S ll2l® — [ Ta(r)el?, @€ X.

In particular, if (£4) holds for some B € [0,1] and T > 0, then iR C p(Ap)
and ||(is — Ag) Y| S 1+ |s|*? for s € R.

Proof. Fix f € [0,1] and 7 > 0. Similarly as in the proof of Theorem [4.4]
we have ||(I — A)Pz|| < (I — Ap)Pz| < ||(I — A)~Pz|| for all z € X by
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Theorem For every x € D(A) = D(Ap) we have

2/T|]B*T3(t)xH2 dt = 2/T Re((—A + BB*)T5(t)z, T (t)z) dt
0 0

T d
—— [ SITa(0)al? de = ol - | T(r)al
0

Thus (44) is equivalent to non-uniform observability of the pair (B*, Ap)
with parameters 8 and 7, which in turn is equivalent to non-uniform ob-
servability of (B*, A) with parameters § and 7 by Lemma A3(b). If (£4)
holds, then non-uniform observability of (B*, A) and Theorem [£4] imply
that iR C p(Ap) and ||(is — Ag)~'|| <1+ |s|*8 for s € R. O

Note that by Theorem B2 the norm ||(I — A)~Pz| on the left-hand side
of (@4) can be replaced by ||(I — Ag)~Pz||, or by ||(=A) Pz| if 0 € p(A).
Estimates similar to (4.4]) have been used in the literature in order to prove
polynomial decay rates for (Tz(t)):>0 based on discrete-time iterations, espe-
cially for damped wave equations [54] and coupled partial differential equa-~
tions [52), 24]. In particular, in the special case f = 1/2 condition (£.4]) is
equivalent to the observability estimate [24) Eq. (39)]. Thus Theorem [£.4]
improves and generalises the stability result in [24], Sec. 5] in the case where
A is skew-adjoint. Finally, if A generates a contraction semigroup and
B € L£(U,X), then non-uniform observability of (B*, A) with parameters
B €[0,1] and 7 > 0 implies (£.4)

4.2. Time-domain conditions for second-order problems. In this sec-
tion we study non-uniform observability for second-order systems of the form
(4.5) w(t) + Lw(t) + DD*w(t) = 0, t>0.

Throughout the section, L, D, A and B are as in Section In the proofs
of our results we also make use of the operator |Agiag| : D(|Adiag|) € X — X
defined by

L'? 0
a6 lal= (" Je). DlAsd) = D)

For second-order systems the concept of non-uniform observability in Defi-
nition [1] has the following alternative characterisation.

Proposition 4.6. Let L, D, A and B be as in Section 22l The pair (B*, A)
is non-uniformly observable with parameter § € [0,1] and 7 > 0 if and only

if
L2 2w 3 + 1275 Pun | S / ID* (1) dt,
0
where w is the (classical) solution of
w(t) + Lw(t) =0, w(0) = wp € Hy, w(0)=wyi € Hyp.

Proof. Fix 8 € [0,1] and 7 > 0. Since 0 € p(A), the norm ||(I — A)~Pz||
in (1) can be replaced by ||(—A)Pz||. If |Agiag| is defined as in (&B), then
for x = (z1,22) € X = Hyjp x H we have

I=A7 al% = L7 w2llg, , + leallE = [ Adagl ™ 211



26 R. CHILL, L. PAUNONEN, D. SEIFERT, R. STAHN, AND YU. TOMILOV

Thus Theorem B2 implies that ||(—A)Pz|| < |||A|Pz| < ||[(=A)~Pz|| for
all x € X, and hence

I(=A)"a|® S ILO 2| + 1L Pz g S I(=A)Palf?

for all z = (z1,22) € X. The claims now follow from the fact that for x =
(wo,w1) € D(A) = Hyx Hy o we have T'(t)z € D(A) and B*T(t)xz = D*w(t)
for all ¢ > 0. |

We conclude this section by studying the damped second-order equa-
tion (48] for damping operators D € L(U, H) satisfying

(4.7) 1L 2wl S |1D*w| S IIL™wl|,  we H,

for some o € (0,1]. Non-uniform stability of such equations was studied
in [45], and in [23] in a slightly more general setting. The assumptions on D
are satisfied in particular for the damping operator D = L™*/? in the wave
and beam equations in [23] Sec. 15], as well as for the damped Rayleigh plate
studied in [45, Sec. 3]. We shall show that such damping implies non-uniform
observability in the sense of Definition BIl In particular, the following
proposition reproduces the result of [45, Thm. 2.1] for a symmetric damping
operator of the form DD* and for a € (0,1]. The degree of stability was
shown in [45, Sec. 3] to be optimal for a class of systems with a diagonal L.

Proposition 4.7. Let L, D, A and B be as in Section with D €
L(U,H) such that (@) holds for some constant « € (0,1]. Then the pair
(B*, A) is non-uniformly observable with parameter B = « and for any
> (1 +2%)| L7, Moreover, the semigroup (Tg(t))i>0 generated
by Ap is polynomially stable and there exists a constant C > 0 such that

C
[T (t)|| < tl/(—za)HABxHa z € D(Ag), t> 0.

Proof. We begin by showing that if we define (0,1) € L(X, H), then the
pair ((0,7), A) is exactly observable for any 7 > (7 4 27°)||L™*?|~1. To
prove this, let g = ||L~'/?||. Then Lemma B8 shows that every non-trivial
(s,00)-wavepacket = of A has the form z = (w, isign(s)L"*w) where w is a
(|s], 60 )-wavepacket of L'/? and for such x we have

100, D)eellr = || = %HJJHX-
Since ||(0,1)|| = 1, it follows from [47, Cor. 2.17] that the pair ((0,1),A) is
exactly observable for 7 > (4 273)||L~/2|| 1.

If | Agiag| is defined as in (@6]), then |Agiag| "' commutes with A, and thus
the same is true for |Agiag|~*. Similarly as in the proof of Proposition
we have ||[(—A4)7%z| < |||Adiag|™ axH SI(=A)~ %z for all z € X. We may
write B* = (0,D*) = (0, D*L“ 2)|Ad1ag| , where the operator D*L*/? is
bounded below by assumption. Thus, for any fixed 7 > (7w 4 273)||L~/2|~!
and for all x € D(A), exact observablhty of ((0,I),A) implies that

[T ez [ 10.D70) Ass 1

2 1 Adiag| =2 ll% 2 I(=A) [l
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Theorem now implies that the pair (B*, A) is non-uniformly observable
with parameter 8 = a and with the chosen 7 > (w + 27%)||L~"/2||~!. Since
A is skew-adjoint, the remaining claims follow from Theorem [4.4] O

5. OPTIMALITY OF THE DECAY RATES

In this section we investigate the optimality of our non-uniform decay esti-
mates for the damped semigroup (T5(t))¢>0. In particular, we present lower
bounds for || Tp(-)Az"||, which in turn impose a restriction on the growth
of N71(t) as t — oo in estimate (B.I). Our results will allow us to show
that our resolvent estimates and the resulting non-uniform decay rates are
optimal or near-optimal in several situations of interest, including various
PDE models to be explored in Section [l As we shall see in Section
below, however, there are also situations of interest in which our techniques
fail to produce sharp results and, in particular, the resolvent estimates ob-
tained by means of non-uniform Hautus tests or wavepacket conditions are
necessarily suboptimal.

Our first result of this section provides a lower bound for the resolvent
norm ||(is — Ag)~!| near eigenvalues of A. Here A is assumed to be skew-
adjoint, but it need not have compact resolvent. In this section we define
B := (B*P;)* € L(U,X), where Py := xy,(—4A) is the orthogonal pro-
jection onto Ker(is — A). Note that Ran(Bs) C Ker(is — A) and hence
we subsequently consider Bs as an operator from U into Ker(is — A). If
Ran(B;) = Ker(is — A), we write Bf € L(Ker(is — A),U) for the Moore—
Penrose pseudoinverse of Bs. If dimKer(is — A) = 1 and Bs # 0, then
1B31| = 1B

Proposition 5.1. Let A and B satisfy Assumption 21 and suppose that A
is skew-adjoint. Suppose, in addition, that iR C p(Ap) and let N : R —
(0,00) be a function such that ||(is — Ag)~Y|| < N(s) for all s € R. Then
Ran(B;) = Ker(is — A) for all s € R, and N(s) > ||BS||? for all s € R such
that is € op(A).

Proof. Fix is € op(A) and let y € Ker(is — A) be arbitrary. Then (y, z) x =
(y, Psz)x for all z € X. Hence if x € D(Ap) is such that (is — Ag)z = vy,
then
(y,2)x = ((is — A1)z, Pez)x_, x, + (BB"z, Poz)x_, x,

for all z € X. It is straightforward to show that the first term on the right-
hand side is zero, so by definition of By we have (y,z)x = (BsB*x,z)x
for all z € X. Thus B;B*x = y. Since y € Ker(is — A) was arbitrary,
we deduce that Ran(Bs) = Ker(is — A), and in particular the Moore—
Penrose pseudoinverse B € L(Ker(is — A),U) of By is well defined. Now
|Bfy|l = min{ |ju|| | v € U and Bsu = y }, so by the identity BsB*z =y
and Lemma 2.TT] we have

1Byl < 1B |* = [|B*(is — Ap) ™' ylI* < N(s)llyl>
This holds for all y € Ker(is — A), so || Bf ||> < N(s). O

Remark 5.2. If the skew-adjoint operator A in Proposition [B.1] has pure
point spectrum and the eigenvalues of A are uniformly separated (but not
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necessarily simple), so that the spectral gap
dgap = Inf {|s — §'| | is,is’ € 0(A), s # 5"}

is strictly positive, then the norms ||BJ|| can be used to construct func-
tions ¢ and v for which Theorem provides the optimal rate of resolvent
growth. Indeed, if we choose a constant 6(s) = ¢ := dgap/4 > 0, then all
non-trivial (s, d(s))-wavepackets of A are eigenvectors corresponding to the
unique eigenvalue s’ in the interval i(s — 0, s + d). If By maps surjectively
onto Ker(is’ — A) (which is in fact necessary for is’ to be an element of the
resolvent set p(Ap)), then for every x € Ker(is' — A) we have

1Bz = || Byall > | BEI ™ |-

The wavepacket condition (B.4]) is therefore satisfied for every bounded func-
tion y such that y(s) = ||BY|| ™! whenever s € (s'— 4,5’ +6) and is’ € o(A).
Theorem then implies that ||(is — Ag)~ || < v(s)~2, and by Proposi-
tion [5.1] this estimate is sharp in the sense that N(s") > «(s’)~? whenever
is' € o(A) and N is as in (3.

As Proposition (.l provides us with a lower bound for the resolvent of
Ap, we proceed by showing that such a bound implies a lower bound for
orbits of (T'’B(t))¢>0. This will be done in a more general context in antic-
ipation of possible applications elsewhere. It was shown in [§, Prop. 1.3]
that one cannot in general hope for a better rate of decay than that given
in Theorem 2.7 The following new result is a consequence of [8, Prop. 1.3].
More specifically, it is a variant of a claim made in [7, Thm. 1.1] and in
the discussion following [6 Thm. 4.4.14], and it gives a sharp optimality
statement of the same type but which, crucially, is applicable as soon as one
has a lower bound for the resolvent along a (possibly unknown) unbounded
sequence of points on the imaginary axis. The proof uses the same ideas as
that of 7, Cor. 6.11].

Proposition 5.3. Let X be a Banach space and let (T'(t))i>0 be a bounded
semigroup on X whose generator A satisfies iR C p(A). Suppose that N :
Ry — (0,00) is a continuous non-decreasing function such that N(s) — oo
as s = oo and

. (s = A)~H|

(5.1) lim sup ——~—— > 0.
|s]—o0 N(’SD

Then there exists ¢ > 0 such that

(5.2) ligr;sup N et)|Tt)A™ | >0,

and if N has positive increase then ([5.2)) holds for all ¢ > 0.

Proof. Consider the continuous non-decreasing function n : Ry — (0,00)
defined by n(t) = sup,; |T(7)AY|, t > 0, and let n~! denote any right-
inverse of n. Note that n takes strictly positive values since by (G5.1) the
semigroup (7'(t))¢>0 cannot be nilpotent, and that n(t) — 0 as t — oo
by [8, Thm. 1.1]. Furthermore, by (5.1l and [8, Prop. 1.3] we may find
a constant ¢ > 0 and an increasing sequence (sj)ken of positive numbers
such that s, — oo as k — oo and N(sp) < cn~!((2s;)~!) for all k € N.
Let t, = n~((2s;)~!) for k € N. Then t;, — oo as k — oo because N
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is assumed to be unbounded, and we have s; = (2n(t;))"!, k € N. Now
N(N~(cty,)) = cty, > N(sy) and hence N~1(ct;,) > (2n(t;))~! for all k € N.
Letting K = sup;> ||T(t)]], it follows that

< n(ty) < K|T(tp)A™! keN
2N—1(ctk) = n( k‘) = ” ( k‘) ”7 >
which establishes (5.2]). If N has positive increase then by [53, Prop. 2.2] we
have N=1(t) < N~1(ct) as t — oo for all ¢ > 0, which immediately yields
the second statement. O

Remark 5.4. If V is not assumed to have positive increase then it is possible
for (5.1)) to be satisfied but for (5.2) to hold only for certain values of ¢ > 0.
We refer the interested reader to the discussion following [53, Rem. 3.3] for
an example of a contraction semigroup on a Hilbert space such that (5.1)
holds for N(s) = log(s), s > 2, and |T(t)A™|| = O(e™*/?) as t — oco. In
particular, (5.2]) does not hold for any ¢ € (0,1/2).

The considerations above lead to the following statement, which is the
main result of this section. It is an immediate consequence of Proposi-
tions Bl and (23], both of which are applicable under more general assump-
tions. The result provides lower bounds for orbits of (T(t));>0 under an
assumption on the action of B* on eigenvectors of A associated with imag-
inary eigenvalues is; € o,(A). These lower bounds will allow us to show
in Section below that the non-uniform decay rates we obtain from our
observability conditions are optimal (or near-optimal) in several concrete
situations of interest.

Theorem 5.5. Let A and B satisfy Assumption 211 and suppose that A is
skew-adjoint. If there exist a sequence (sg)reny C R, |si| = 00 ask — oo and

a continuous non-decreasing function Ny : Ry — (0,00) of positive increase
such that || B ||* > No(|sk|) for all k € N, then

limsup Ny~ (6) | T (£) A" || > 0.
t—o0

Consequently, if [BI) holds then there exists a sequence (ty)ren C (0,00)
with ty, — 00 as k — 0o such that N~ (ty) < Ny'(ty,) for all k € N.

We finish this section with a result of independent interest, offering an
asymptotic estimate for a collection of eigenvalues of Ap under a uniform
spectral gap condition of the type discussed in Remark

Proposition 5.6. Let A be skew-adjoint and suppose that B € L(U, X) is
compact. Suppose further that o(A) = o,(A) and that this set is infinite,
that dimKer(is — A) = 1 for every is € 0(A), and that dgap, > 0. Then there
exist a family (As)iseq,(a) and so > 0 such that A\s € o(Ap) for [s| > so and
[As = (is = [|1Bs[*)] = o([| Bs|*) as [s] = oo.

Proof. First, we note that
{AeC_ | Ker(I+B*(A\—A)"'B)#{0}} Co,(Ap).

Indeed, if A € C_ and u € U \ {0} are such that B*(A— A)~!Bu = —u, then
(A—Ap)(A\—A)"'Bu = 0. Since (A — A)~!Bu # 0 (otherwise u = —B*(\ —
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A)~!Bu = 0), we conclude that A € o,(Ag). This reduces our problem to
finding suitable points A € C_ with Ker(I + B*(A — A)~!'B) # {0}.

Our assumptions on A and compactness of B imply that || Bs|| = || PsB|| —
0 as |s| — oo. Fix is € 0,(A) such that |s| > 9||B||> and || Bs||> < dgap. By
Proposition[5.1] Bs maps surjectively onto Ker(is— A), and therefore B, # 0.
Let

Fs(\) = (A —is)(I+ B*(\— A)7!'B).

Note that for A € p(A) we have Ker(I + B*(A — A)~!B) # {0} if and only
if Ker(Fs(A\)) # {0}. Our aim is to apply Rouché’s theorem for operator-
valued functions [27, Thm. 2.2]. We have Fs(\) = G5(\) + Hg(\) with

Gs(\) =X —is+ B'Bs,  Hy\) = (\—is)B*(\— A)"'B — B!B,.

Since B!Bjg is a rank-one operator and dim X > 1, G4(A) is boundedly
invertible if and only if A ¢ {is — ||Bs||?,is}. Let rs = ||Bs||?/2 and define
the closed disk Qs = {A € C | |\ — (is — ||Bs||*)| < rs } € C_ and 'y = 95,.
Then G4(A) is boundedly invertible for all A € €\ {is — || Bs||?}, and for all
A €I’y we have

1 1

1y _
16N = ST B

Let J, = {s' e R| |s' —s|] < [s]/2}. For every s’ € R\ Jg and every
A € Qg we have
3
N —is'| > |is’ —is| — |\ —is| > sl _ 2B, > M,
2 2 3
where the last inequality follows from the condition |s| > 9||B||?. Hence, for
every A € (g,

1 3|11
1]l < :
5]

Thus, for every u € U with ||u|| < 1, by the Cauchy-Schwarz inequality, the
uniform spectral gap assumption and Bessel’s identity, we see that

1B*(A = A) " xwy g, (—iA) B < [|B*]| sup :
\ |s’—s|>|s|/2 ’)‘ - ZS,‘

[ Hs(Nul - :
,;_ 5] SIBT -4 X\, (—iA4) Bul
BB
—l—'B*()\—A)lXJS(—iA)Bu— s Js
— 18
SEILTN Lo
L] X—is 57
is'e(op(A)Nid)\{is}
1
2 2
3|| B> = 1
e L ) p ) I B SR TR
|s| |s'[>]s]/2 — dgap]
= j=1 gap: is'€op(A)
3|B|?>  «|B
< 318l 151 o Bl

T Il VBdgap 15121812
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Thus ||Hs(M\)|| < gs|A — is| for some ¢s > 0 satisfying g5 — 0 as |s| — oc.
Then, for |s| large enough and A € T,

qs| A — is]

IGsN) T HH (V)| < <3¢ <1

T's
Rouché’s theorem [27, Thm. 2.2] now implies that for every is € 0,(A) with
|s| sufficiently large there exists Ay € €5 such that Ker(F()\;)) # {0}, and
the proof is complete. O

Observe that if A and B are as in Proposition 5.6l then the result implies
that liminfs_,o || Bs||?||(is — Ag) || > 0. Then using Proposition (3] as in
Theorem 5.5, we obtain a lower bound for | T5(-)A5'|| along a sequence
(tk)ken C (0,00) with ¢, — 0o as k — oco. We omit a precise formulation of
the corresponding statement since it is completely analogous to Theorem (.51

6. NON-UNIFORM STABILITY OF DAMPED PARTIAL DIFFERENTIAL
EQUATIONS

In this section we apply our general results to several concrete partial
differential equations of different types. In particular, we consider damped
wave equations on one- and two-dimensional spatial domains, a one-dimen-
sional fractional Klein—-Gordon equation, and a damped FEuler—Bernoulli
beam equation. We also refer to a recent article [61] for an application of
Theorem in the study of a coupled PDE system describing the dynamics
of linearised water waves.

6.1. Wave equations on two-dimensional domains. In this section we
consider wave equations on bounded simply connected domains  C R?
which are either convex or have sufficiently regular (say C?) boundary to
ensure that the domain of the Dirichlet Laplacian on € is included in H?(£2).
The wave equation with viscous damping and Dirichlet boundary conditions
is given by

(61&) wtt(éat) - Aw(éat) + b(é)zwt(g’t) =0, §€Q, t>0,
(6.1b)  w(&, 1) =0, £Con, t>0,
(6.1c)  w(-,0) =wo(-) € HX(Q)NHy(Q),  wi(-,0) = wi(") € Hy(Q).

Here b € L*°(9) is the non-negative damping coefficient. It is well known
that the geometry of Q0 and the region where b(-) > 0 have great impact
on the asymptotic properties of the wave equation. In the framework of
Section 22 we set H = L?(f2), L = —A with domain Hy = H?(Q) N H} (),
and define U = L?(Q) and D € £(L*(Q)) by Du = bu for all u € L?().
Since D € L(U, H), the function pg in Section can be chosen to be
bounded.

6.1.1. Ezact observability of the Schrodinger group. In order to apply Propo-
sition B0 to the damped wave equation (6.I]) we need to understand the
observability properties of the Schrodinger group on €. Of particular in-
terest here is the case of exact observability of the Schrédinger group,
which corresponds to (B.I3]) being satisfied for constant functions My and
mg. In such cases Proposition B.I0 immediately yields the resolvent bound
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|(is — Ag)~!| £ 1+ 52, s € R, so by Theorem 2.7] (and Remark 8 classi-
cal solutions of the corresponding abstract Cauchy problem decay like (and
in fact faster than) t~'/2 as t — oo. This was first proved in [], but we
mention that, similarly as in [32, App. B], Proposition 310 also allows us
to deal with the much more general situation where (3.13)) is satisfied for
functions My and mg which satisfy suitable lower bounds but need not be
constant. We take advantage of this added generality in Section below.

The study of energy decay of damped waves via observability conditions
has a long history [57, [54} 9] 42} 2, 111 [16}, 43|, 40], and in particular it predates
the resolvent approach. It is not surprising, therefore, that there is a rich
literature on exact observability of the Schrédinger group, giving many con-
crete examples to which our abstract theory may be applied. For instance, if
2 is a rectangle then it follows from a classical result due to Jaffard [31] that
the Schrodinger group corresponding to our system is exactly observable for
every non-negative b € L°°(Q) such that esssupge, b(§) > 0 for some non-
empty open set w C €; see [I5] for an even stronger result on the torus.
Similarly, it follows from [14] Thm. 9] that if Q is the Bunimovich stadium
then the corresponding Schrodinger group is exactly observable provided
the damping b has strictly positive essential infimum on a neighbourhood of
one of the sides of the rectangle meeting a half-disk and also at one point
on the opposite side. This allows us to recover under a slightly weaker as-
sumption the decay rate obtained in [11, Thm. 1.1]. Finally, if Q is a disk
then by [5, Thm. 1.2] the Schrodinger group is exactly observable whenever
ess suPge,, b(§) > 0 for some open subset w of Q such that w NN # 0.
In fact, this condition is also necessary for exact observability, as can be
seen by considering so-called whispering gallery modes. We thus recover
the decay rate for classical solutions obtained in [5, Rem. 1.7]. Further ex-
amples of when the Schrodinger group is exactly observable, including also
higher-dimensional situations, may be found in [4, Sec. 2A]. We point out in
passing that there is also scope to apply directly the wavepacket result Theo-
rem [3.9] which underlies Proposition .10l One case in which this is possible
is if one knows that esssupge,, b(§) > 0 for some open set w C Q such that
w2y > cllwll2(q) for some constant ¢ > 0 and all eigenfunctions w of
the Dirichlet Laplacian on 2. This would allow us to take g to be constant
in Theorem B.9], provided we know how to choose dy in such a way that the
(s,00(s))-wavepackets of (—A)'/2 are eigenfunctions associated with a single
eigenvalue of A. The appropriate lower bound is obtained in [30] in the case
where () is a polygonal region and w contains a neighbourhood of each of
the vertices of €2, and in fact these assumptions can be relaxed somewhat;
see [30, Rem. 4]. Choosing an appropriate dy, however, requires detailed
information on the distribution of the eigenvalues of the Dirichlet Laplacian
on 2, which imposes a rather severe restriction on the domains §2 for which
this approach is likely to bear fruit.

6.1.2. Large damping away from a submanifold. Consider the damped wave
equation (G.I) on the square 2 = (0,1)? but with periodic rather than
Dirichlet boundary conditions. These boundary conditions allow us to view
Q as the 2-torus T? and hence to apply the results in [I3]. Note that the
setting is not exactly the same as in Section 21 In particular, Ap does not
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generate a contraction semigroup on the space X = H'(T?) x L?(T?) and the
origin will lie in the spectrum of both A and Ag. To resolve these issues, we
follow e.g. [4] and let Xy = (I — Py) X, where Py denotes the Riesz projection
corresponding to the isolated eigenvalue 0, and we equip this space with
the Hilbert space (energy) norm as in Section Then the restriction of
(Tp(t))i>0 to the invariant subspace X generates a contraction semigroup
on Xy, and its generator has the same spectrum as Ap except that the
point zero has been removed. In order to obtain decay rates for (Ts(t))t>0
it suffices, by Remark B.7], to estimate the resolvent of Ag away from zero,
and we do so by applying our general machinery under the assumption that
the damping coefficient b satisfies a certain type of lower bound away from
a submanifold 3 of T2. A typical example would be for ¥ to be a circle of
the form ¥ = {(&,&2) € Q| & € (0,1) } for some fixed & € (0,1), but
the results in [13] also apply in a much more general setting than this. The
following result is a simple extension of [I3, Cor. 1.3] in our special case.
The distance referred to here is the geodesic distance on the manifold T?.

Corollary 6.1. Let r : Ry — R4 be a non-decreasing function satisfying
r(s) > 0 for all s > 0, and suppose that b(€)? > r(dist(£, %)) for all £ € T?.
Then iR C p(Ap) and there exist € € (0,1) and sop > 0 such that

IGis = Ap)ll S r(elsl ™)~ sl = so.

Proof. Tt follows for instance from [4, Lem. 4.2] and the subsequent remarks
that iR C p(Ap). We now prove the resolvent estimate. Given ¢ € (0,1)
and s € R\ {0} let w. ; = {& € T? | dist(¢, %) < e|s|~Y/2}. By [13, Thm. 1.1]
(but see also [58]) there exists sg > 0 such that

(6.2) )l 2oy S €2 (81718 + A)wll z2r) + [lw] L2 r))

for all w € H?(T?), ¢ € (0,1) and s € R with |s| > sg. By assumption
we have b(€)? > r(e|s|71/2) for all & € T? \ w. . Thus if we let m.(s) =
r(e|s|~1/2)~1 for € € (0,1) and |s| > sg, then

me(s)[bwl|72 g2y > me(s)[bwl 2 por, ) > lwlZiey = lwlZaq ),

and hence by (6.2]) and an application of Young’s inequality we may choose
e € (0,1) sufficiently small to ensure that

|22y < 1sI721(s% + A)wl|Za 2y + me(s)l|bw| 22 pe,)

for all w € H?(T?) and all s € R such that |s| > sg. The result now follows
from Proposition B.I0] and Remark 3.7 O

We may use Corollary to study the asymptotic behaviour of damped
waves. In particular, if 7(s) = ¢s?* for some constants ¢, x > 0 then Corol-
lary yields the estimate |[(is — Ap)|| < 14 |s|® for s € R, and hence
by Theorem 2.7] any classical solution of the damped wave equation decays
at the rate t~'/%. Note that this is worse than the rate obtained under
additional assumptions in [41] 2I]. On the other hand, it is stated in [13]
Rem. 1.5] that in the general setting the rate t~1/% cannot be improved.
The main value of Corollary lies in the fact that it leads to interesting
non-polynomial resolvent estimates whenever the function r providing the
lower bound is chosen appropriately.
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6.1.3. Suboptimality of the observability and wavepacket conditions. In this
section we discuss certain natural limitations of our results in Sections B3]
and in particular describe situations where the non-uniform decay rates
obtained by our methods are suboptimal. As shown in [I1], 4, [41], 21], [62] in
the case of multi-dimensional wave equations with viscous damping, rates of
non-uniform decay are dependent not only on the location of the damping
but also on the smoothness of the damping coefficient b. By studying the
damped wave equation (6.I)) on a square £ = (0,1)? we can illustrate that
the resolvent growth rates in Sections Bland [ are inherently suboptimal due
to the fact that our observability concepts — the non-uniform Hautus test,
the wavepacket condition, the observability of the Schrédinger group and the
non-uniform observability — are unable to detect the degree of smoothness
of the damping coefficient b.

For this purpose, let w = (0,1/2) x (0,1). For any arbitrarily small
e € (0,1/2) we may as in [11} Sec. 3] define a smooth non-negative damping
coefficient b, such that suppb. C w, ||be| L=~ < 1, and ||(is — Ap.) | S 1+
|s|'T¢) s € R, where B. € L(L*(Q),X) is the damping operator associated
with b.. Now consider the damping coefficient b, = x.,, and denote the
damping operator associated with this function by B, € £(L*(f2), X). For
this damping coefficient the optimal order of resolvent growth is known to
be 1+ |s|3/2 [60), 4], and in particular limsup|sHoo|s|_3/2H(is—ABX)_lH > 0.
However, since b, (§) > b-(€) for all £ € Q, we clearly have

Byl = |Bzx|l, =€ X.

Hence the non-uniform Hautus test ([8.2), the wavepacket condition (3.4,
observability of the Schrédinger group (B.I3]), or non-uniform observabil-
ity (£1I) for the pair (B}, A) immediately implies the same property for
the pair (B;,A) with the same parameters. In particular, any resolvent
estimate of the form |[|(is — Ap.)~!|| < N(s), s € R, obtained from The-
orem [3.2] Theorem [B.5] Proposition 310 or Theorem F.4] also implies that
|(is — Ap,) | < N(s) for s € R. However, by [4, Prop. B.1] we then also
have limsup|8‘_>00]s]3/2N(s) > 0. This means that N(s) is a suboptimal
upper bound for ||(is — Ap.)~!|| as |s| — oo.

Comparing the rates of non-uniform decay of (6.1]) with the two damping
profiles b, and b, also shows that in the second part of Theorem it is
in general impossible to choose functions M and m satisfying M +m < N.
To see this, let M. and m. be functions M and m corresponding to the
damping b.. Then the inequality by, > b. implies that (BY, A), too, satisfies
the Hautus test for the same functions M. and m,., and by Theorem we
have ||(is — A, )| S M:(s) + me(s), s € R. However, since the optimal
order of resolvent growth for the damping b,, is |s3/2, the conclusion cannot
be true unless

lim sup | s|*/2 (M(s) +mes(s)) > 0.

|s| =00

Thus M, + m. provides a strictly worse resolvent bound than the estimate
l(is — Ap.) Y| < 1+ |s|'*¢, s € R, obtained in [IT], Sec. 3].
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Finally, comparison of the damping coefficients b, and b, further shows
that a dissipative perturbation of a generator of a polynomially stable semi-
group can strictly worsen the rate of decay. Indeed, since b, > b. by con-
struction, the “additional damping” of the difference b = b, — b, > 0
increases the asymptotic rate of resolvent growth as |s| — oo from at most
|s|*¢ to |s|?/2. In terms of the semigroup generators this means that Ap,
has a strictly slower asymptotic resolvent growth than Ap even though Ap,
is a dissipative perturbation of Ap_.

6.2. Damped wave equations on one-dimensional domains.

6.2.1. Damping at a single interior point. In this section we consider the
one-dimensional wave equation with pointwise damping studied in [2, Sec. 5.1];
see also [55] for a closely related problem on the stability of two serially con-
nected strings. Our arguments rely essentially on ideas from [2]. Given an
irrational number &y € (0, 1), let us consider the problem

(6.3&) wtt(§7t) - w§§(§7t) + wt(t7§0)5§0 (5) = 07 5 S (07 1)7 > 07
(6.3b) w(0,t) =0,  w(l,t) =0, t>0,
(6.3¢) w(-,0) = wo(-) € H*(0,1) N HF(0,1), wy(-,0) =wi(-) € HA(0,1).
As shown in [2, Sec. 5.1], the system (6.3]) satisfies the assumptions in
Section with H = L?(0,1), L = —0¢¢ with domain H; = H?(0,1) N
H{(0,1), and L has positive square root with domain Hyy = H}(0,1). The
damping operator D is given by Du = d¢yu for allu € U = C, where d¢, is the
Dirac delta distribution at § = &, and we indeed have D € L(C, H_; 5) and
D* € L(H,/3,C), where H_y /5 = H~1(0,1) and Hy/ = HZ(0,1). In order
to describe the domain D(Ag), note that A"} B = (=L '5¢,,0) = (2,0),
where z € H}(0,1) is the solution of the differential equation z” = &g, with
boundary conditions z(0) = z(1) = 0 in H~*(0,1). We thus have

e =), 0 <& <&,
“)= {50(1 —-§), §o<&< 1L

Since D(Ap) ={x € Xp | A_1x — BB*z € X } by Remark 2.4] we deduce
that (cf. [2, Sec. 5.1])

D(AR) = { (u+ z(-)v(&),v) | uw € H*(0,1) N H(0,1), v € H}(0,1) },
and therefore classical solutions of (6.3]) correspond to initial conditions

(6.4) wo = woo + 2(-)wi (&), woo € H*(0,1) N Hy(0,1), wy € Hy(0,1).

Since the eigenvalues A2 = n?7r2 n € N, and corresponding normalised

eigenfunctions ¢,(-) = v/2sin(nz-) of L are known explicitly, we may use
the wavepacket condition in Theorem [3.9] to analyse the stability properties
of the damped system (6.3]). Indeed, the eigenvalues )\, = nm, n € N, of
L'/2 have a uniform gap, so we may choose d(s) = w/4. The non-trivial
(s,0(s))-wavepackets of L'/? are then simply multiples of the eigenfunctions
¢n, for n € N such that nm € (s — 7/4,s + 7 /4). For any n € N we have

|D*pn| = |pn(&0)| = V2sin(nm&p)|.



36 R. CHILL, L. PAUNONEN, D. SEIFERT, R. STAHN, AND YU. TOMILOV

In order to determine the rate of resolvent growth we need to estimate the
coefficients | D*¢,,| from below. This certainly requires & to be an irrational
number, but in fact we shall need to assume more, namely that & is badly
approximable by rationals. It is known, for instance, that given any ¢ > 0
almost every irrational & € (0, 1) has the property that

1
n?log(n)l+e
for all sufficiently large n > 2, while simultaneously for almost every irra-

tional {y € (0,1) there exist rationals m/n with arbitrarily large values of
n > 2 such that

(6.6) ‘50 - %‘ <

m
( ) n%é%% §O nit

1 .
n?log(n)’
see for instance [34, Thm. 32]. A rather special class of irrationals &, € (0,1)
is the set of irrationals that have constant type. These are commonly defined
to be those irrational numbers which have uniformly bounded coefficients
in their partial fractions expansions. Irrationals of constant type include all
irrational quadratic numbers, that is to say irrational solutions of quadratic
equations with integer coefficients. As shown in [35, Ch. II, Thm. 6], an
irrational number &, € (0,1) has constant type if and only if there is a
constant cg, > 0 such that

. m C¢o

©7) minlo- 725 nen
It follows from the Dirichlet approximation theorem [35, Ch. II,Thm. 1]
that for any irrational number & € (0,1) there exist rationals m/n with
arbitrarily large values of n € N such that

(6.8) ‘50 -—| <.

The following result yields (essentially) sharp rates of decay for the energy
of our damped system for irrational numbers &y € (0,1) of different nature.

Corollary 6.2. Let w be the (classical) solution of (63)) corresponding to
initial conditions as in (6.4]).
(a) Fize > 0. For almost every irrational number & € (0, 1) there exists
C: > 0 such that

1+e
69) Nl 0) el )llinze < OB g, wn) s, 0> 2.

Moreover, the rate is almost optimal in the sense that if r : Ry —
(0,00) is any function such that r(t) = o(t~/?log(t)) ast — oo, then
there exist wo,wy as in 64) for which r(t) = | (w(-, ), we (-, )| g1 x 12
s unbounded as t — oco.

(b) If & € (0,1) is an drrational number of constant type then there
exists C > 0 such that

C
[(w(s ), we () xre < 5l (woo, wi)lgexms,  t2=1.
t1/2

Moreover, the rate is optimal in the sense that if r : Ry — (0, 00)
is any function such that r(t) = o(t™'/?) as t — oo, then there



NON-UNIFORM STABILITY OF DAMPED CONTRACTION SEMIGROUPS 37

exist wo, w1 as in (G.4) for which r(t) " |(w(-,t), ws (-, )| grxp2 is
unbounded as t — 0.

Proof. The form of the estimates follows from Theorem 2.7l and the property
that for initial conditions as in (6.4]) we have

A5 (wo, wi)l% = | A(woo, w)lx = llwgoll72 + [lwillF:-

In order to prove (a), we will use Theorem 391 As shown in [2, Lem. 5.3],
we have |s| |[D*((1+is)?2+ L_1)"'D| <1, s € R. To verify the wavepacket
condition, let £ be such that (635]) holds. For a given n > 2, choose m € N
in such a way that C),, € R defined by

m C,
b0 = w e log(n)lte
has minimal absolute value. By (6.5) we have 1 < |C,,| < nlog(n)'*¢/2 for
all sufficiently large n > 2, and since 2r/7 < sin(r) <7 for 0 <r < 7/2 it

follows that
, Cym 2v/2
sSin >
nlog(n)ite nlog(n)ite

for all sufficiently large n > 2. Thus by Theorem B9 we have ||(is—Ag) || <
s21og(|s])?*2¢, |s| > 2, and hence (6.9)) follows from Theorem 2.7t see also [7,
Thm. 1.3].

In order to prove the optimality statement, note that by (6.6]) there exist
infinitely many n > 2 for which |C),| < log(n)® and therefore also

V2r

|D*¢p| = V2|sin(nréy)| = V2

Cpm
D>k = 2 1 _— _—
[D%n] = V2 fsin <nlog(n)1+6> ~ nlog(n)
Now Proposition 5.1l shows that
. A 1
lim sup M > 0,

|s]—o0 ’8’210g(’8’)2
and it follows from Proposition (.3 that
log(t)
lim sup —=
t—>oop t—1/2
Now the optimality statement follows from a simple application of the uni-

form boundedness principle.
The argument for part (b) is entirely analogous and slightly simpler. It

uses ([0.7) and (6.8)) in place of (G.5]) and (6.6]), respectively. O

6.2.2. Weak damping. In this section we consider a weakly damped wave
equation on (0, 1), namely

IT5(t) A5 > 0.

1
(6.10a) wy(§,t) —wee(&,t) + b(§)/0 b(r)wy(r,t)dr =0, €€ (0,1), t >0,
(6.10b) w(0,t) =0, w(1,t) =0, t >0,
(6.10c) w(-,0) = wo(-) € H*(0,1) N HJ(0,1), w(-,0) = wy(-) € HJ(0,1),

where b € L%(0,1;R) is the damping coefficient. The wave equation has the
form considered in Section with H = L%(0,1), L = —8 with domain
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Hy = H?(0,1)NHE(0,1), and L has positive square root with domain Hyjp =
H}(0,1). Moreover, U = C and D € L(C,H) is the rank-one operator
defined by Du = bu for all u € C.

The operator L is the same as in Section Hence if we define 6(s) =
7/4 then the non-trivial (s,d(s))-wavepackets of L'/ are multiples of the
normalised eigenfunctions ¢, for n € N such that nm € (s — /4,5 + 7/4).
For any n € N we have

D" ] =2 ' / ' b(€) sin(nme)de

For a large class of functions b these Fourier sine series coefficients have
explicit expressions. In order to have iR C p(Ap) we require that D*¢,, # 0
for all n € N, and the rate at which |D*¢,| decays to zero as n — oo
determines the rate of resolvent growth. In the following we summarise the
conclusions of Theorem for a class of dampings.

Corollary 6.3. Assume that |D*¢,| 2 f(nmw), n € N, for a continuous
strictly decreasing function f : Ry — (0,00) such that f(-)~! has positive
increase. Then there exist C,tg > 0 such that for all wy € H?(0,1)NHE(0,1)
and w1 € HL(0,1) the (classical) solution w of (GI0) satisfies

C
(6.11)  |[(w(-t), we () prspe < m\\(woawl)|’H2lea t > o,

where N~1 is the inverse function of N(-) := f(-)"2. Moreover, if there
exists an increasing sequence (ng)gen C N such that |D*¢p, | S f(ngm) for
all k € N, then the decay rate is optimal in the sense of Theorem [B.5]

Proof. It |D*¢,,| > f(nr), n € N, then the wavepacket condition in (BIT)) is
satisfied for &g = 7/4 and 7o(s) = f(s+m/4). Moreover, since D € L(C, H),
we have |s| ||D*((1 +is)? + L)"'D|| £ 1, s € R. Thus Theorem 3.9 implies
that ||(is — Ag) Y| < f(|s| +7/4)72, s € R, and Theorem 2.7 yields (6.11))
with the function Ny defined by No(s) = f(s+ m/4)2 for s > 0. The claim
now follows from the fact that N~ = Ny 4 7 /4. O

For the particular damping functions b defined by b(§) = 1 — &, b(&) =
€21 — &) and b(§) = X(0,6)(§), where & € (0,1) is an irrational of constant
type, the optimal decay rates are given by (writing b, = D*¢,, for brevity)

V2

612) bO)=1-6 b= R —
©120) by =201 —), b= 2PECNTZD g g
(6.12¢) b(¢) = X(O,&o)(é)a b, = \/5(1 - ZC:(nWEO))’ Nfl(t)fl < +—1/6

The required upper and lower bounds for |D*¢,| in the third example
follow by arguments similar to those used in the proof of Corollary [6.2] once
again using (6.7)) and (6.8]). Optimality in all three examples is a consequence
of Theorem

Remark 6.4. The above discussion implies that the Fourier sine series
coefficients b,, = D*¢,, of the damping b determine the resolvent growth and
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thus the rate of energy decay in (GI0). So it is natural to try to relate
the energy decay to the properties of b and (b, )nen directly. However, it is
difficult to give a succinct answer here without specifying a precise class of
functions b. First note that since b € L?(0,1), we have (b, )nen € £2. On the
other hand, the results in [48] show that for any (c,)nen € £? with ¢, > 0
there exists b € C]0, 1] such that |b,| > ¢, for all n € N, and thus any rate
of decay that can be achieved with a damping function b € L?(0,1) can also
be achieved with a more regular function b € C[0,1]. However, imposing
further regularity properties on b, such as Holder type conditions, changes
the situation substantially.

In general, finer estimates for decay of (b, )nen depend heavily on the mod-
ulus of continuity (or the integral modulus of continuity) of b, and conversely
for (by)nen close in a sense to being monotone one may infer regularity prop-
erties of b from the sequence (by,)nen; see for instance [26, Ch. 7], [67, Ch. 5],
[25] and references therein.

Note finally that any polynomial rate of decay ¢~ with a € (0,1) can
be achieved by choosing the damping function b € L?(0,1) such that b, =
n~1/(®) for n € N. Moreover, by [48] the same scale of polynomial rates
can be realised by means of continuous damping functions. It would be
interesting to consider similar statements about other scales of decay rates,
for instance of regularly varying functions, but we do not pursue this here.

6.3. A damped fractional Klein—Gordon equation. In this example
we consider a “fractional Klein—-Gordon equation” with viscous damping
studied in [46]; see also [28]. For a fixed o € (0, 1] this system has the form

wtt(gat) + (_8§§)aw(§7t) + mw(fat) + b(f)th(&t) = 07 5 € Ra t>0
w(,0) = wo() € H2(R),  wi(0) = wi() € H(R),

where m > 0 and b € L*°(R) is the non-negative damping coefficient. We
assume that essinfec,, b(§) > 0 for some non-empty open set w C R which
is invariant under translation by 2.

Polynomial stability of this equation was studied e.g. in [46]. In the fol-
lowing proposition we use the wavepacket condition (3.I7]) to derive the same
resolvent estimate under the above assumptions on b (strictly weaker condi-
tions on the damping were also considered recently in [28]). The fractional
Klein—Gordon equation is again of the form studied in Section 22 now with
H=U = L*R), L = (—0¢)* +m > 0 with domain H, = H?*(R) and
Hyj; = H*(R). The damping operator D € L£(L*(R)) is the multiplication
operator defined by Du = bu for all u € L*(R).

Proposition 6.5. Let 0 < a < 1. There exists C > 0 such that for every
wo € H**(R) and wy € H¥(R) the solution w of the fractional Klein—Gordon
equation satisfies

C
o8, larexrz < gy o, wllaresge, £ 0.

Proof. Let us begin by showing that the classical Klein—-Gordon equation
corresponding to o = 1 is exponentially stable. Due to the properties of
the damping coefficients we may choose a smooth and 27-periodic function
by such that 0 < by < b on R and infee,, b1(§) > 0 for a non-empty open



40 R. CHILL, L. PAUNONEN, D. SEIFERT, R. STAHN, AND YU. TOMILOV

set w1 C w. By [12, Thm. 1.2] the Klein—-Gordon equation with damping
coefficient by is exponentially stable. If we define D; € L£(L?*(R)) so that
Diu = byu for all u € L3(R), and define By = (5, ), then (B}, A) is exactly
observable, and by [47, Cor. 2.17] the pair (Bj, A) satisfies the wavepacket
condition (B.4]) for constant functions d(s) = ¢ > 0 and 7(s) = v > 0.
However, since b(§) > b1(€) for all & € R we see that also (B*, A) satisfies
the wavepacket condition for the same functions § and ~.

Let us temporarily write L, for the operator (—0g)* +m, 0 < a < 1,
accepting that this entails a minor abuse of notation. Since o(L,) C [m, 00)
for 0 < a < 1, we obtain from Lemma B8] that

(6.13) I1D*wly = 7llwlla

for all (s, d1)-wavepackets w of Ltll/ 2, where 41,1 > 0 are suitable constants.

For 0 < a <1 and any bounded function dy : Ry — (0,00) the (s,do(s))-
wavepackets of LY are precisely the elements of Ran(xr, , ., (Ltll/ 2))7 where
I 50(s) = (8= d0(s),s + do(s)). Using the spectral theorem we see that if
I C [/m, ) is a bounded interval then Ran(XI(Léﬁ)) = Ran(x, (L}p)),
where J, = ((I? — m)Y/* + m)/2. Now fix a € (0,1) and let dy(s) =
c(14 s '71), s >0, where ¢ > 0 is a constant. Straightforward estimates
show that the images of the intervals I 5, N [y/m, c0) under the map I — J,
have length bounded by some constant multiple of c¢. It follows that (6.13])
holds also for all (s, dy(s))-wavepackets w of LY/? provided that c is suffi-
ciently small. (Here the form of the function Jp can either be guessed or
alternatively derived by considering the images of constant-width intervals
under the inverse of the map I + J,.) Moreover, since D € L(L?()) we
have |s|||D*((1 +is)? + L)"'D|| £ 1, s € R. Thus we deduce from Theo-
rem 3.9 that ||(is — Ag)| < |s|2@ D7 for s € R. The claim now follows
directly from Theorem 2.7 O

6.4. A weakly damped beam equation. In this section we consider the
stability of the following Euler—-Bernoulli beam equation with weak damping,

1
wi(€.1) + weeee (6,1) + b(E) /O b(rYwy(r, )dr =0, €€ (0,1), >0,
(0,1) wee (0, 1) = 0, t>0,
(1,1) wee(1,£) =0, >0,
w(-,0) = wo(-) € HY(0,1) N HY(0,1),
wy(-,0) = wi(-) € H*(0,1) N HL(0,1),

w =0
w =0

where b € L%(0,1;R) is the damping coefficient. The boundary conditions
describe a situation in which the beam is simply supported.

The beam equation fits into the framework of Section with the choices
H = L*0,1) and

L= ee, Hi={xe€H0,1)|2(0)=2"(0)=2(1) =2"(1) =0}.

The operator L is invertible and positive and its positive square root is given
by L'/? = —0¢ with domain Hys» = H?(0,1) N Hg(0,1). The eigenvalues
and normalised eigenfunctions of L'/? are given by A, = n?r? and On(:) =



NON-UNIFORM STABILITY OF DAMPED CONTRACTION SEMIGROUPS 41

V/2sin(n7-), respectively, for n € N. As in Section 6.2.2, U = C and D €
L(C, H) is the rank-one operator defined by Du = bu for all u € C.

Our aim is to study the asymptotic behaviour of the solutions of the
damped beam equation using the wavepacket condition in Theorem 3.9l
Since the eigenvalues \,, = n?7%, n € N, have a uniform gap, we may choose
§(s) = n2/4. The non-trivial (s, (s))-wavepackets of L'/? are then multiples
of the eigenfunctions ¢, for n € N such that n’n? € (s — w2/4,s + 72 /4).

For any n € N we have

D" ] =2 ' / ' b(€) sin(nme)de

These Fourier sine series coefficients are identical to the ones in Section [6.2.21
However, the locations of the eigenvalues of A now result in a slower rate
of resolvent growth than in the case of the wave equation. In order to have
iR C p(Ap) it is again necessary that D*¢, # 0 for all n € N. However,
since the gaps between the eigenvalues n?w? of L'/? grow without bound
as n — oo, the same damping has a greater relative effect for the beam
equation than for the wave equation.

Corollary 6.6. Assume that |D*¢,| 2 f(n?m?) for a continuous strictly
decreasing function f : Ry — (0,00) such that f(-)~! has positive increase.
Then there exist C,tg > 0 such that for every wo € Hy and wy € Hy o the
(classical) solution of the weakly damped beam equation satisfies

C
[(w(, ), we ()l 2wz < 5= I(wo, wi)lgaxgz, ¢ = to,
N=H(H)
where N™1 is the inverse function of N(-) := f(-)"2. Moreover, if there
exists an increasing sequence (ng)ken C N such that |D*¢p, | S f(ngm) for
all k € N, then the decay rate is optimal in the sense of Theorem [B.5.

The coefficients |D*¢,,| for the functions b defined by b(§) = 1—¢, b(&) =
€21 =€) and b(§) = X0, (&) (with & € (0,1) an irrational number of
constant type) are presented in (6.12]), and for these functions Corollary
implies the asymptotic rates t—1, t=1/3 and t~1/3 as t — oo, respectively.
Note finally that Remark applies also in the setting of this section.
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