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Introduction & Motivations

This talk deals with discrete-time BCSs in port-Hamiltonian form 
We present a parametrized expression of the state evolution, used to…. 

Design a simple model predictive control (MPC) law, by exploiting the 
passivity of the discrete-time system 

This work shares several ideas with 
 
 
 
in particular the fact that the MPC design is based on a  
discrete-time approximation of the plant 

In the linear case, the discrete-time approximations are equivalent 

Here, the dynamics is described by a BVP to be solved at each iteration to 
have the state evolution that is a constraint in the optimization problem  

We derive a parametrization of the trajectory and of the control input in 
terms of a finite number of parameters which become the design variables
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Introduction & Motivations

The parametrization is used for the MPC design 
The approach relies on standard arguments and the optimization problem 
includes input and output constraints 

To achieve asymptotic stability, a terminal cost and a terminal constraint 
are introduced 

The passivity of the BCS, the damping injection law and the terminal 
constraint play a fundamental role in deriving conditions for constraint 
satisfaction 

The terminal cost is necessary to have asymptotic convergence  
by relying on passivity arguments 

The optimization problem is a quadratically constrained  
quadratic programming (QCQP) problem 

Feasibility is not guaranteed when output constraints  
are present, and is assumed at the beginning of the  
transient
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Introduction & Motivations

What is a port-Hamiltonian system? 
It is modeling framework for complex physical systems that “tracks” their 
energy  

It breaks systems into parts that store energy (like springs or capacitors), 
parts that lose energy (like friction or resistors), and  
interconnections that move energy around without  
losing it.
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Introduction & Motivations

This work is that it is heavily based on a discrete-time approximation 
of a linear, port-Hamiltonian BCS 

To present the framework, we start from the finite-dimensional case, so we 
provide the discrete-time formulation of the port-Hamiltonian system 

Along system trajectories we have that 
 
so if  is lower-bounded, we have passivity 

To get the discrete-time dynamics, the time-derivative is approximated by 
the finite difference as

H
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…but what about the gradient operator?
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Introduction & Motivations

Definition. Let  be a continuously differentiable function. 
A discrete gradient  is a continuous map such 
that, for all , we have 
 
 

Examples are the mean value 
 
 
or the Gonzales discrete gradients 

Note that

Φ : ℝp → ℝ
∇̄Φ : ℝp × ℝp → ℝp

φ, φ+ ∈ ℝp
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Introduction & Motivations

The discrete-time formulation of the port-Hamiltonian dynamics is 
 
 
 
where  and  are the approximations of  and , i.e.: 

With simple calculations, we get that  

In the linear case, it is easy to see that

F̄ Ḡ F G
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̂xk = ( xk
xk+1) ∈ ℝ2n
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T
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The drawback of this discrete-time system is that the dynamics is in implicit form. This is the price to pay to have “for free” the energy-balance relation 
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Discrete-time port-Hamiltonian BCSs
We refer to the class of linear port-Hamiltonian BCSs in the form 
 
 
where , , 
 
 
 
and  denotes the co-energy variable 

The boundary variables are defined as 
 
 
 
and the input and output as

z ∈ [a, b] x ∈ L2([a, b], ℝn)

e(t, z) = ℒx(t, z) ≡ ∇h(x(t, z))
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1

P0 + PT
0 ≤ 0
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Discrete-time port-Hamiltonian BCSs

Along system’s trajectories we have that 

The BCS is well-posed in the sense of the semigroup theory 

The goal is to get a discrete-time formulation of the BCS that preserves 

The dependance on  of the energy variable , and… 

The passivity property 

We start by approximating the time derivative as 
 
 
and the co-energy variable with the discrete gradient of 

z x

h(x)
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Discrete-time port-Hamiltonian BCSs

Putting everything together, we get the discrete-time system 

The boundary input and outputs are defined as follows 

The definition of  assures the well-posedness iff at each  for a given 
 there exists only one  that satisfies the previous ODE 

The following “boundary conditions” are imposed on : 

It has been shown that the resulting boundary-value problem  
has a unique solution for every  and 

uk k
xk xk+1

xk+1

xk uk
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Discrete-time port-Hamiltonian BCSs

Proposition. The static feedback action 
 
asymptotically stabilizes the discrete-time dynamics if  is such that 
 
for some  and all  

Proof. We really on the energy-multiplier method and on the 
Lyapunov function , where 
 
 
Since for some  we have that , we get that 
 
and also that 
 
 
with 

K

κ0, κℓ > 0 k ∈ ℕ

Vε(x) = H(x) + εW(x)

ε0 > ε ε0 |W(x) | ≤ H(x)

κK, κμ, κ̄μ > 0
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Explicit solution of the discrete-time dynamics

The damping injection law does not allow to explicitly  
handle constraints on the input and on the output 

This motivates the design of MPC laws 

Note that the passivity and the stability results are independent  
from , while the accuracy increases when  

The receding-horizon control law that regulates the state  of the BCS 
equipped with the input  by iteratively solving an optimization 
problem over an finite horizon  

To simplify its solution, we “get rid” of the state , and express  
the evolution thanks to a certain number of parameters 

Note that the dynamics can be rewritten as

τ τ > 0

xk
uk

N ∈ ℕ
xk
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dek
dz

(z) = P→1
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2
ωL

→1 → P0
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ek(z)→ 2

ω P
→1
1 xk(z)

= !ek(z) + ”xk(z)
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Explicit solution of the discrete-time dynamics

The idea is to iteratively solve the previous ODE with  
a free “initial condition” which corresponds to  

Such a solution is employed to compute  which appears  
as a “forcing action” in the same ODE, but at step  

Proposition. Given  and for all , there exists a 
unique set of constants  such that for every  
 
 
 
 
 
 
If we let 
 
then we have that…

ek(0)
xk+1

k + 1

x0 ∈ X k = 0,…, N
ēk ∈ ℝn uk
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dek

dz
= Πek(z) + Φxk(z)

xk+1 = 2ℒ−1ek − xk
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⌊︄
i
j

⌋︄
!j(z)ēk→i→1

+
k]︄

j=0

(→1)k→j

⌊︄
k
j

⌋︄
Xj(z)

⌈︄

⌉︄
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Explicit solution of the discrete-time dynamics

… for any : 
 
 
 
 
 
and 

The result is proved by induction 

For example, for , we have 
 
where  is the unique solution for given  and  of

z ∈ [0, ℓ]

k = 0

ē0 x0 u0
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I
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ē0 +WR
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e!ω

0
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X0(ω)

These quantities can be computed in advance…

The “next” state can be computed 
since xk+1 = 2ℒ−1ek − xk
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MPC design

We drive the state  to the origin via a receding-horizon control law 

At each sampling instant , we determine a sequence of future controls of 
length  and only the first one is applied; at , the sequence is 
computed again based on a “new” measure 

The control input is determined by solving an optimal control 
problem at time , with initial state  

Such a problem is formulated as 
 
where 
 
 
subject to the system dynamics,  with , and

xk
t

N t + 1

t ∈ ℕ x0 = xt

x0 = xt t ∈ ℕ
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J(x̂t, ût) =
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[︄
→xk→2Q + →uk→2R
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J →(xN+1) = ω!Vω(xN+1)
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uk → U , with k = 0, . . . , N
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MPC design

The constraints associated to the BCS dynamics can be written as 
 
 
and this implies that 

We map the optimization problem to a QCQP, with design variable  

The terminal constraint is based on an -norm and it introduces a 
quadratic constraint on ; for some , we let 

The condition  means that, at the end of the prediction horizon, 
the stored energy is “small” 

Finally, also the terminal cost is quadratic in  or in 

̂et
L2

̂et δ′￼> δ > 0

xN+1 ∈ XΩ

xN+1 ̂et
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MPC design

Proposition. The initial optimization problem with the input and 
output constraints reformulated as 
 
 
 
is a QCQP problem in the design variable  

The computations related to the parametrization are performed in 
advance, so the complexity of the MPC scheme is rather low 

This is immediate for the functions  and  

If  is represented by a sequence of samples, also the operators  and  
admit a matrix representation that can be computed off-line 

The stability proof requires to define the set

ēt

Υk Υ′￼k

x0 Ξk Ξ′￼k
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MPC design

Proposition. Let us assume that there exists  such that 
 
 
 
 
 
If the prediction interval  is sufficiently long so that the optimization 
problem is feasible, the receding horizon control law renders the BCS 
asymptotically stable in the nominal case if there exists a stabilizing 
damping injection gain  and

δU, δY, δȲ > 0

N

K
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MPC design

Proof. (Almost) By construction, if , the state reaches  in 

finite time. Thus, we have to study what happens when  

In this case, we employ the sub-optimal control sequence 
 
obtained thanks to the damping injection law, an so  if  is 
sufficiently large 

The only thing that must be checked is the input and output constraints 
are satisfied: this follows from the passivity of the BCS and from the fact 
that for the damping injection law we have that 
 
 
and also 

The damping injection control law provides a sub-optimal input that is 
only instrumental for the proof, and the gain  is related to the design 
parameter  associated with the terminal constraint 

xt ∈ X∖XQ XQ
xt ∈ XQ

xt+N+1 ∈ XΩ N

K
δ′￼
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MPC design

The lack of a well-defined lower bound on the prediction horizon  
The first issue is due to the fact that, unlike the continuous-time case, no 
exponential stability results are available for the discrete-time BCS  

In practice,  may be selected using the continuous-time result, or tuned 
according to the propagation speed of the underlying hyperbolic PDE so 
to have enough time to see the effect of the control input and of the 
current state on the output 

No feasibility characterization for the optimization problem 
Input constraints can be handled by choosing a sufficiently  
long prediction horizon, whereas output constraints depend  
on the initial condition 

When the system is far from equilibrium, i.e. the stored energy  
is large, the simultaneous presence of input and output  
constraints may render the optimization problem infeasible,  
especially during the initial transient

N

N
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Two limitations!!
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Numerical example

The MPC strategy damps the longitudinal vibrations in a beam 

The state variable is , being  and  the beam deformation and 
linear momentum density, and 

 The co-energy variables are the velocity of the cross section  and 

the axial stress  

Boundary actuation and sensing are defined as  

The sampling period is  and we have chosen  

For simplicity, no constraints are imposed on 

x = (q, p) q p

v = p
ρSb

σ = ESbq

τ = 0.05 K = 1
ȳk
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uk = ωk(ε) =
1
2ESb

)︄
qk+1(ε) + qk(ε)

[︄

yk = vk(ε) =
1

2ωSb

)︄
pk+1(ε) + pk(ε)

[︄

0 = vk(0) =
1

2ωSb

)︄
pk+1(0) + pk(0)

[︄

→ȳk = ωk(0) =
1
2ESb

)︄
qk+1(0) + qk(0)

[︄

 
 

ℓ = 1
D = 0
ℒ = I
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Numerical example

Some information about the main parameters 

Based on empirical considerations, the prediction horizon is , thus 
it is possible to have a prediction horizon of 1.5s 

The weighting matrices are  and  

The terminal cost  is with 
 , but since there is no  
constraint on , we can set  

It is easy to see that , so a simple choice is to have 
 and  

Finally, we can set , while the last parameters  and  depend on 
the input and output constraints

N = 30

Q = 10I R = 1
κΩVε(x)

μ(z) = μ̄0 + μ̄1z
ȳk μ̄0 = 0

|W(x) | ≤ μ̄1H(x)
μ̄1 = 1 ε0 = 0.05

κΩ = 50 δ δ′￼

23

<latexit sha1_base64="5vONrkMbEBa/FFn45HuPfbzZSvQ="></latexit>

Vω(x) = H(x) + ωW (x)

<latexit sha1_base64="DAodhf3iGaLrm3Sh6BCEHYK2ic4="></latexit>

W (x) =
1

2

)︄ ω

0

µ(z)xT(z)P
→1
1 x(z) dz



ALMA MATER STUDIORUM - UNIVERSITÀ DI BOLOGNA

Numerical example

Transient response with only input constraints and  

 An admissible choice for  is 0.05, while we let  

We have verified that values of  larger than  do not give a 
substantial improvement

uM = − um = 1.2
δ′￼ δ = 0.045

N 25 ÷ 30
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Fig. 1. System response with input constraint uM = →um = 1.2.

Fig. 2. System response with output constraint yM = →ym = 1.2.

of the input and the outputs changes in a similar way. The
amplitude of the control action increases to satisfy the output
constraint. If we would have imposed an input constraint e.g.
with uM = 2.0, the optimization problem would not have been
feasible. As discussed in Remark 4.3, if the system is far from
the equilibrium, i.e. the internal energy is still high, input and
output constraints require opposite strategies to be met. It is
preferable to rely on soft constraints, [23]. This extension is
under investigation.

VI. CONCLUSIONS AND FUTURE DEVELOPMENTS

In this paper, a discrete-time approximation of a linear
port-Hamiltonian BCS is the reference model within an MPC
scheme. The control law is obtained by solving an optimization
problem where the plant dynamics are imposed as constraints.
To simplify the solution procedure, a parametrization of the
state trajectory is derived. The resulting controller is able
to handle constraints on the control input, as well as on
the collocated and non-collocated outputs. Future research
will focus on the introduction of soft constraints to improve
feasibility properties, on the extension to more challenging
scenarios, such as output tracking and the stabilization of

nonlinear BCSs, and on the stable coupling between the
discrete-time MPC system and the continuous-time plant.
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Numerical example

Transient response with only output constraints and  
The previous choice for the parameters is still valid 

If we would have imposed an input constraint e.g. with , the 
optimization problem would not have been feasible

yM = − ym = 1.2

uM = 2.0
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Fig. 1. System response with input constraint uM = →um = 1.2.
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Fig. 2. System response with output constraint yM = →ym = 1.2.

of the input and the outputs changes in a similar way. The
amplitude of the control action increases to satisfy the output
constraint. If we would have imposed an input constraint e.g.
with uM = 2.0, the optimization problem would not have been
feasible. As discussed in Remark 4.3, if the system is far from
the equilibrium, i.e. the internal energy is still high, input and
output constraints require opposite strategies to be met. It is
preferable to rely on soft constraints, [23]. This extension is
under investigation.

VI. CONCLUSIONS AND FUTURE DEVELOPMENTS

In this paper, a discrete-time approximation of a linear
port-Hamiltonian BCS is the reference model within an MPC
scheme. The control law is obtained by solving an optimization
problem where the plant dynamics are imposed as constraints.
To simplify the solution procedure, a parametrization of the
state trajectory is derived. The resulting controller is able
to handle constraints on the control input, as well as on
the collocated and non-collocated outputs. Future research
will focus on the introduction of soft constraints to improve
feasibility properties, on the extension to more challenging
scenarios, such as output tracking and the stabilization of

nonlinear BCSs, and on the stable coupling between the
discrete-time MPC system and the continuous-time plant.
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[5] P. Kotyczka and L. Lefèvre, “Discrete-time port-Hamiltonian systems: A
definition based on symplectic integration,” Systems & Control Letters,
vol. 113, p. 104530, 2019.

[6] A. Moreschini, M. Mattioni, S. Monaco, and D. Normand-Cyrot, “Stabi-
lization of discrete port-Hamiltonian dynamics via interconnection and
damping assignment,” IEEE Control Systems Letters, vol. 5, no. 1, pp.
103–108, Jan. 2021.

[7] A. Macchelli, “Trajectory tracking for discrete-time port-Hamiltonian
systems,” IEEE Control Systems Letters, vol. 6, pp. 3146–3151, Jun.
2022.

[8] ——, “Control design for a class of discrete-time port-Hamiltonian
systems,” Automatic Control, IEEE Transactions on, vol. 68, no. 12,
pp. 8224–8231, Dec. 2023.

[9] O. Gonzalez, “Time integration and discrete Hamiltonian systems,”
Journal of Nonlinear Science, vol. 6, pp. 449–467, 1996.

[10] C. Garcı́a, D. Prett, and M. Morari, “Model predictive control: Theory
and practice – a survey,” Automatica, vol. 25, no. 3, pp. 335–348, 1989.

[11] D. Mayne, J. Rawlings, C. Rao, and P. Scokaert, “Constrained model
predictive control: Stability and optimality,” Automatica, vol. 36, no. 6,
pp. 789–814, 2000.

[12] A. Alessio and A. Bemporad, Nonlinear Model Predictive Control:

Towards New Challenging Applications. Springer Berlin, 2009, ch.
A Survey on Explicit Model Predictive Control, pp. 345–369.

[13] J. Rawlings, D. Mayne, and M. Diehl, Model Predictive Control: Theory,

Computation, and Design, 2nd ed. Madison, Wisconsin, USA: Nob Hill
Publishing, LLC, 2017.

[14] K. Ito and K. Kunisch, “Receding horizon optimal control for infinite
dimensional systems,” ESAIM: COCV, vol. 8, pp. 741–760, 2002.
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If the system is far from the equilibrium, input and 

output constraints require opposite strategies to be 

met. Thus, it is preferable to rely on soft constraints
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Conclusions & Future activities

In this talk, a discrete-time approximation of a linear port-
Hamiltonian BCS is the reference model within an MPC scheme 

The control law is obtained by solving an optimization problem where the 
plant dynamics are imposed as constraints 

To simplify the solution, a parametrization of the state trajectory is derived 

The controller is able to handle constraints on the control input, as well as 
on the collocated and non-collocated outputs 

Future research will focus on  
The introduction of soft constraints to improve feasibility properties 

On the extension to more challenging scenarios, such as output tracking 
or nonlinear BCSs 

On the stable coupling between the discrete-time  
MPC controller and the continuous-time plant
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